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GOAL  ORIENTED  I  D  DELS 


FOR  ACCOUliTIlia  AND  CONTROL 


Yuji  Ijiri 


lo  The  Main  Problems  addressed  by  the  Thesis: 

-  - 

This  thesis  is  directed  toward  analyzing  fundamental  factors 
in  accounting  for  control  without  being  restricted  to  the  conventional 
monetary  accounting  systems,  and  constructing  mathematical  models 
by  which  planning  processes  and  control  accounting  processes  are 
tied  in  together  for  better  coordination  of  the  two  processes, 

) 

2,  Accounting  for  Planning  and  Accounting  for  Control: 

-vZ  .  ' 

The  classification  of  accounting  into  "accounting  for  planning" 

and  "accounting  for  control"  is  first  discussed.  The  basic  requirement 
of  the  former  is  to  preserve  maximum  flexibility  of  data  at  minimum 
cost  whereas  that  of  the  latter  is  to  maintain  uniformity  and 
consistency  of  data.  The  thesis  mainly  deals  with  the  latter,  even 
though  the  outcome  from  the  models  in  the  thesis  cam,  of  course, 
oe  used  for  planning  purposes  as  well  as  control  purposes  of  management. 


1The  main  results  of  the  study  are  listed  in  Section  1  of 
Chapter  VII  in  the  thesis  with  indices  of  chapter  aid  section 
numbers  in  which  the  results  are  discussed. 
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3  -  Planning  Processes 

Planning  is  viewed  as  a  process  of  translating  or  decomposing 
management  "goals"  into  "subgoals"  which  are  more  operational  and 
contx*ollable  by  management  and  their  su'oordinates  than  goals* 

For  example,  the  role  of  breakeven  analysis  is  to  translate  the 
management  goal  of  profit  attainment  into  a  subgoal  (sales  volume) 
which  is  more  operational  and  controllable  than  profit  since  sales 
volumes  do  rot  depend  upon  cost  factors.^  Such  goals  and  subgoals 
of  management  may  be  monetary  or  non-mo ne tary ,  optimizing  or 
satisficing,  single  or  multiple*  The  analyses  and  the  model  construction 
in  the  thesis  proceed  taking  into  account  all  these  characteristics 
of  management  goals  and  subgoais  without  restriction  to  any  particular 
goals  or  sub goal Sc  Goal  programming  and  generalized  inverses  of 
mati’ices  are  utilized  in  the  mathematical  models  in  the  thesis. 

.Special  problems  of  incompatible  multiple  goals  are  discussed 
together  with  a  way  of  deriving  a  solution  by  ordering  and  weighting 
of  goals  even  when  incommensurable  goal 3  are  involved. 

Control  Accounting  Processes t 

Accounting  for  control,  or  control  accounting,  is  viewed  as 
a  process  of  generating  feedbacks  ox*  indicators  a3  to  where*. 

■^The  extension  of  the  simple  breakeven  analysis  toward  a 
piecewise  linear  breakeven  model  together  with  an  analysis  of  fixed 
and  variable  cost  components,  comparison  of  a  piecewise  linear  total 
revenue  curve  in  the  above  extended  breakeven  model  with  conventional 
continuous  and  everywhere  differentiable  total  revenue  curve, 
substitution  of  the  concept  of  elasticity  by  "marginal  revenue  head," 
etc.,  are  also  discussed  in  connection  with  the  breakeven  analysis. 
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management  stands  relative  to  its  goals*  The  central  problems  of 
control  accounting  as  described  in  the  thesis  are:  (i)  knowing  the 
relationship  between  subgoals  and  goals,  what  relationship  between 
subgoals  and  Indicators  is  critical  in  order  to  determine  the  degree 
of  goal  attainment  from  knowledge  of  indicator  values  and  (ii)  if  the 
goal  level  cannot  be  determined  uniquely  from  an  indicator  value, 
how  does  the  reading  of  an  indicator  value  help  to  narrow  the  possible 
range  of  the  goal  level  that  has  been  attained?  The  concept  of  an 
"indicator-goal  divergence  coefficient"  was  developed  relative  to  the 
former  problem  whereas  "indicator-goal  control  chart"  was  designed  to 
answer  the  latter  problem.  Here  again,  the  analyses  and  the  model 
construction  proceed  without  restriction  relative  to  any  particular 
indicators. 

( 

5.  The  Double-entry  Bookkeeping  System: 

After  the  above  analyses  of  the  fundamental  factors  of  control 
accounting,  the  basic  principle  of  the  double-entry  bookkeeping 
system  is  reviewed  by  means  of  a  spread  sheet,  an  incidence  matrix, 
and  an  accounting  network.  In  particular,  uses  of  multiple  measuring 
units  in  a  double-entry  bookkeeping  system  are  discussed,  as  when,  say, 

physical  as  well  as  cash  flows  are  to  be  accounted  for  and  qualitative 
as  well  as  quantitative  designations  are  to  be  accomodated. 
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6 ,  Spread  l .heel  Planning ; 

Thent  data  available  under  the  ctouble- entry  bookkeeping  system 
are  utilizec  as  subgoals  into  which  the  management  goals  are  to 
be  translated 8  and  these  subgoals  are  incorporated  in  the  mathematical 
models  of  planning  developed  in  earlier  chapters.  Such  planning  is 
called  "spread  sheet  planning"  since  these  subgoals  are  elements  in  a 
spread  sheet  of  the  double-entry  bookkeeping  system.  By  spread  sheet 
planning  it  is  possible  to  incorporate  control  accounting  processes 
in  dealing  with  planning  in  any  level  of  detail,  producing  such 
managerial  ly  useful  data  as  projected  balance  sheet  and  projected 
income  statements  when  plans  are  executed,  accounting  statements  of 
dual  evaluators,  indicator-goal  control  charts,  iso-profit  price-volume 
curves,  etc.  Practical  uses  of  the  spread  sheet  planning  were  effected 
through  an  application  to  a  firm  in  the  Carnegie  Management  Game  which 
provides  enough  complexity  for  a  reasonable  test.  Then,  the  problems  of 
multiple  preciod  spread  sheet  planning  are  discussed  as  a  way  to  combine, 
simultaneously,  capital  budgeting  and  operating  budgeting  which  are 
ordinarily  treated  separately  in  the  practice  of  budgeting. 


7.  /lathematics  in  the  Thesis 

3ven  though  mathematics  per  se  is  not  the  main  concern  of 
the  thesis,  it  involves  some  topics  which  would  be  of  interest  from 


mathematical  view  point,  too. 

In  the  thesis,  the  generalized  inverse  of  an  arbitrary  matrix 
is  utilized ,  VJhen  a  matrix  is  singular  or  rectangular,  the  ordinary 


G 


is  utilized 
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inverse  of  the  matrix  dees  not  exist.  However,  the  generalized 
inverse  exists  uniquely  for  any  matrix,  singular  or  non-singular, 
square  or  rectangular,  thus  opening  a  new  and  wide  area  in  applying 
linear  mathematical  toolSo  In  view  of  the  fact  that  few  applications 
of  generalized  inverses  have  been  made  even  in  the  sophisticated 
area  of  management  science,  an  introductory  analysis  of  generalized 
Inverses  was  made  in  Appendix  A  as  a  bridge  between  elementary 
linear  algebra  and  the  theories  of  generalized  inverse.  A  discussion 
of  methods  for  confuting  generalized  inverse  is  contained  in  Appendix  13, 
together  with  a  flow  chart  and  a  GATE  computer  program  for  calculating 

generalized  inverses  by  the  "elimination  method."  Main  interest 
focuses,  however,  on  the  use  of  these  inverses  for  accounting  processes 
since,  in  general ,  such  processes  are  associated  with  matrices  that 
do  not  have  ordinary  inverses. 

A  method  of  deriving  an  indicator-goal  control  chart  is 
developed  in  Appendix  C  of  the  thesis.  This  can  also  be  used  as  a 
method  of  generating  all  the  extreme  points  of  a  convex  set  mapped 
into  a  twD  dimensional  space.  Since  the  method  was  developed  as 
an  extension  of  a  dual  evaluator  analysis,  only  minor  modifications 
in  the  simplex  routine  are  required  for  the  method.  The  main  point, 
of  course,  is  to  secure  a  way  of  actually  implementing  these 
indicator-goal  control  charts  and  related  traditional  instruments 
of  management,  control. 
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8.  Conclusions: 

The  thesis  concludes  with  remarks  on  relations  between  traditional 
accounting  and  some  currently  popular  proposals  for  its  alteration. 
Further  areas  of  research  and  development  axe  also  delineated. 


c 


TABLE  OF  CONTENTS 


CHAPTER  PAGE 

I.  INTRODUCTION  oooooooooooooo.ooo.oooo  I*  X 

lo  Motivation  Behind  the  Thesis  oo.oooo.oooo.o  I-  1 
2o  Lines  of  Attack  oo.oo.ooo  .00.0000000.  X*  £ 

3„  Mathematics  Used  in  the  Thesis  0000000. 00000  1-12 

4o  The  Structure  of  the  Thesis  . .  1-16 

II o  ANALYSIS  OF  COALS;  AN  EXTENSION  OF  BREAKEVEN  ANALYSIS  ...  II-  1 
I.  Introduction  .oocoo.oooo.oo.o.oo.oo  II-  1 

2c  Single  Goal  with  Single  Subgoal  ....coo......  II-  9 

£l)  Introduction  oocooooooooooooooooo  II—  9 

(2)  Extension  to  a  Piecewise  Linear  Breakeven  Model  «  »  11-11 

(3)  Justification  for  a  Piecewise  Linear 


Breakeven  Model  ........c  .  .  .  11-23 

3°  Single  Goal  with  Multiple  Subgoals: 

Analyses  by  Generalized  Inverses  ..........a  11-29 

4o  Single  Goal  with  Multiple  Subgoals: 

Analyses  by  Goal  Programming  ..........c..  11-37 

III.  CONSTRAINTS  ON  SUBGOALS  AND  MULTIPLE  GOALS  ...  ....  .  Ill-  1 

1.  Introduction  oooo««ooooooo...  Ill-  1 


2»  Constraints  on  Subgoals  oooooooo.ooooo.o.  Ill-  3 
3c  Analysis  of  Multiple  Goals: 

A  Goal  Programming  Approach  0.0000000000.  •  IU-12 

(1)  Introduction  ..........c...  .  111-12 

(2)  A  Linear  Programming  Model  of  Multiple  Goals  .  •  «  .  Ill -13 

(3)  Ordering  and  Weighting  .Goal  s  00000.00000.  IU-15 


CHAPTER  PAGE 

4  Analysis  of  Multiple  Goals; 

A  Generalized  Inverse  Approach  ............  HI-24 

(1)  A  Generalized  Inverse  Approach  ...........  111-24 

(2)  Incompatible  Multiple  Goals  ............  1H-30 

/  v 

(3/  Ordering  and  Weighting,.  Goals  ............  HI-35 

XV.  FEEDBACK  ARRANGEMENTS  FOR  INFORMATION  ON  COAL  ATTAINMENTS  .  IV-  1 

lr.  Introduction  ...o...  . . .  IV-  1 

2,  The  Relationship  Among  Coal s r  Subgoals,  and  Indicators  .  .  IV-  3 
3=  The  Determination  of  Actual  Values  of  Goal  Variables  ...  IV-  8 

4,  Constraints  on  Su’cgo'ils  ...  .0.00...  ......  IV— 13 

5.  Choice  of  Indicators  ........ ...........  IV-24 

V.  A  SPREAD  S.TiEr  APF ROACH  TO  ANALYSIS  OF  GOALS  .......  V-  1 

j.z  Introduction  ......  ......  ...........  V-l 

2.  The  Double-Ekjiry  Bookkeeping  System  ...........  V-3 

3  .  A  Spread  3hf  ete  an  Incidence  Matrix  and  a  Network  Repre¬ 
sentations  of  the  Double  Entry  Bookkeeping  System  ...  V-  7 

(1)  A  bpread  Sheet  Approach  ......  .  V-? 

(2)  An  Incidence  Matrix  Approach  ............  V-ll 

(3  The  Network  Implication  of  the 

Incidence  Matrix  Approach  ...... ......  V-13 

4.-  analysis  of  Goals  via  a  Spread  Sheet;  An  Example  .....  V-l4b 

(1)  A  Single  Goal  Problem  ...............  V-I4b 

(2)  A  Multiple  Goal  Problem  ..............  V-20 

The  Aggregation  of  Activities  .......  V-26 


CHAPTER 


PAGE 


CHAPTER 


PAGE 


VII,  SUIC  ARY  Ail  D  CONCLUSION  „  ®  .  »  „  .  ,  .  .  o  „  .  .  .  „  VII-  1 

1.  Summary  of  the  Results  of  the  Studies  VII-  1 

*1-0  conclusion  OOOOt<OOOQO*tOOOO*090900c>  VII— 10 

(1)  Accounting  for  Control  »  »  «  >  .  .  o  „  .  »  «  e  .  .  VII-10 

(2)  Coordination  between  Planning  and 

Accounting  for  Control  .nooooec.co^ao  VII-11 

( 3)  Control  Accounting  for  Non-Profit  Goals  .  •  „  «  „  „  V1I-14 

( 4)  Accounting  and  Mathematics  *»»<>.  o«o»,.<>«o  VII--16 

(5)  Accounting  in  the  Future  »*><..  *>»«  VII-18 

APPENDIX 

Ac  AN  ANALYSIS  OF  GENERALIZED  INVERSES  „  .  .  .  .  «,  .  .  .  .  „  .  A-  1 

1 o  Introduction  9»ooooi>0oooocoooooc>»«n  A—  1 

2«  Linear  Transformations  oc.»oo»«»*o».  A- 4 

3*.  One-to-One  Correspondence  between  R(A.)  and  R(A*)  „  „  „  „  A-  8 

4o  The  Null  Space  of  a  Transformation  .9oooooo.»o  A-12 
5o  Solutions  to  a  Linear  System  .  ®  s  „  »*><,.  A-20 

6.  An  Example  of  Computation  of  a  Generalized  Inverse  *  «  «  A-26 

?.  A  List  of  Some  Properties  of  Generalized  Inverses  6  •  «  «  A-30 

3o  A  REPORT  ON  THE  MACHINE  COMPUTATION  OF  THE  GENERALIZED 

INVERSE  OF  AN  ARBITRARY  MATRIX  »  ,  .  ®  o  „  „  .  o  .  »  -  .  D-  1 

lo  The  Generalized  Inverse  of  an  Arbitrary  Matrix  »  »  .  »  »  JB —  1 

2;>  Computational  Methods  o®ooooooo<.<ioo«o»oo  B~  2 
An  Elimination  Method  for  Computing  A"^  oooo®o».o  D-  6 
4,  An  Iteration  Method  for  Computing  A"®"  „  ®  »  o  o  «  <>  »  »  *>  d-li 


\ 


APPENDIX 


PAGE 


3*  RGiGI^SnCSS  or  000000000000000000*00  3“*13 

60  Appendix  1  §  Flow  Chsirts  oooooooo©o©«ooooo  B~18 

7*  Appendix  2s  A  GATE  Program  for  Generalized  Inversion 

of  Peal  matrices  (6EKXV )  ooooocooo*©©©©©  3^31 

Cc  A  COMPUTATIONAL  ALGORITHM  FOR  GENERATING  ALL  THE 
EXTREME  POItrCS  OF  A  CONVEX  3EI  MAPPED  INTO 

A  T’/JO  DIMENSIONAL  SPACE  o  *  *  *  „  o  ©  *  *  *  .  *  ©  *  *  e  *  C-  ! 

lo  Introduction  ©ooooooooo©*  ©©<>0000000  C  1 

2o  Problem  O  oo  ooocooooeoooo©  oooooooo  C“*  2 

3*  Algorithm  OOOOOOOOOOO  0  9  0  0  0  O©  0*0000  C—  3 

A  o  An  Example  ooooooooooooeeeooooeooo  C®*  3 

3©  Discussion  oocoooooooooeoooooooooo  C-13 

BIBLIOGRAPHY  oo  oooeooooooo  oooooooooooco  D-  1 


o 


LIST  OF  FIGURES 


FIGURE 

II-lo 

II-2o 

II-3" 
II -4. 

II-5. 

II-6. 

11-7  o 

II-8. 

IV-lo 

IV-2o 

iv-3„ 

IV-4o 

IV-5. 

V-lo 

V-2. 

Vl-lo 

VI-2. 

A-l. 

A-2. 


A  Br6^k6v6n  Ch&v t  ooo»oooooooo..oo.oo©ocoooeooo..ooo.o.oo 

A  Breakeven  Chart  (with  a  negative  fixed  cost)  .o....... 

A  Total  BiGv  enue  Curve  oooooooooo.oo  .00.000. 000.000.000.0 

S  6IH1  "F  ixed  Co  St  S  o.ooo.eoooooo.aooooooooo.oooooooooooo.o 

Semi-V an able  Co st s  .000.000000.000.000.0000.00000.000.0 

A  Fixed  Cost  Component  and  a  Variable  Cost  Component  .... 

A  Variable-Cost  Way  of  Representing 

a  Fixed  Co  st  Component  a.ooo.o.o».oo.oe....*.o..oooo.. 

Approximated  Total  Cost  Curve  o...o...o°o..o.....o..o... 

Feasible  Machine  Loading  Program  ... ...o. .......... ..... 

The  Limitation  on  the  Range  of  the  Goal  ................ 

An  Indicator-Goal  Control  Chart  . . . . 

Indicator-Goal  Divergence  Coefficient  ....... ........... 

An  Indicator  with  1  oo.oo.o.ooooooo.ooo...oo...o..oo» 
Accounting  Network  1  oooo©o.o©ooooooooeo.o...o©ooe..oo©© 
Accounting  network  II  oooo.»co.o.*oo..oo.o.oo.ooooo.oooo 
Relationship  between  Sales  Volume  and  Net  Addition 

to  Retained  Earnings  •o.oft.o.ooeo.o.a...o..o.o.....ooo 

Selling  Price  and  Sales  Volume  at  Optimum  Solutions; 

An  Iso— Prof it  Curve  o.oo....»c«ooo..o.oo.»oo.o»..o o... 

R( S* )  and  N  (B )  .o.o. .... ..000000.... 00. ... ........ ...... 

R(b)  and  £4  £  D*  )  oaoooo.o.co9«.eoo©o»*oooooooo0»o..oeeoo©. 


PAGE 

11-  2 
11-10 
11-11 
11-15 
11-16 
11-18 

11-20 

11-21 

IV-16 

1V-19 

IV-20 

1V-26 

IV-27 

V-14 

V-17 

VI-34 

VI-39 

A-15 

A-16 


LIST  OF  TABLES 


CHAPTER  I 


INTRODUCTION 

1,  Motivation  Behind  these  Thesis 

TSiis  thesis  analyzes  relationships  trftoetween  the  planning 
processes  of  an  organization  and  the  accouuunnting  processes  it  uses 
to  generate  control  data.  That  is,  the  eoocon Bern  here  is  with 
processes  of  accounting  for  controls  The  aim  is  to  derive  criteria 
for  better  coordination  between  the  two  prxrroeesses— planning  and 
accounting  for  control., 

The  basic  ournoee  of  accounting  for  control,  or  simply 
control  accounting,  is  to  supply  data  feedbciibicks  so  that  a  firm's 
management  can  decide,  from  time  to  time,  as  to  where  their 
organization  stands  relative  to  its  ob.lectittlm,  or  goals.  This 
involves  such  processes  as  setting  stamhrr^s,  measuring  performance, 
comparing  actual  performance  with  standdr<fx03»  reporting  deviations 
from  standards,  etc. 

Control  accounting  is  actually  only  one  branch,  although  a 
very  important  one,  of  accounting  defined  in  the  broadest  sense.  If 
accounting  is  to  be  grossly  classified  financial  accounting  and 

management  accounting,  control  accounting  mjy  be  classified  with  the 
latter  by  virtue  of  the  fact  that  the  use  of  the  data  derived  from 
control  accounting  is  mostly  internal,  HoOCJwmrer,  from  the  standpoint 
of  overall  managerial  objectives,  or  gonls£*““«uch  as  profit,  etc,-= 


there  is  a  rather  close  relationship  between  control-  and  financial- 


accounting  in  that  the  details  of  system  design  and  reporting  are 
formulated  and  fudged  relative  to  these  total  ends  and  the  inner 
details  of  the  system  are  rearranged  or  adjusted  accordingly,,  To 
this  extent  the  view  of  accounting  for  control  purnoses  differs 
from  the  ordinary  characterisations  of  managerial  accounting  insofar 
as  the  latter  are  oriented  to  the  needs  of  individual  decision 
malcers  in  the  separate  p^rts  of  a  total  system „ 

For  Dumose  of  this  thesis,  in  fact,  a  better  classification 
is  obtained  by  distinguishing  between  "accounting  for  planning* 
and  "accounting  for  control,,"  In  accounting  for  planning,  the  main 
problem  is  directed  towards  the  design  of  systems  which  supply 
information  on  the  firm’s  operations  and  on  its  environment  (not 
necessarily  in  any  specific  way  related  to  management  goals),  in 
the  moxt  flexible  and  economical  way„  The  measure  of  economy  is 
relative  to  minimum  time  or  minimum  cost  and  the  measure  of 
flexibility  is  relative  to  the  systems  ability  to  supply  the  varying 
needs  of  management  for  data  in  terms  of  any  planning  problems  that 
may-  be  relevant,.  In  a  rrmke-or-buy  decision,  for  example,  management 
may  want  to  have  data  such  as  the  opportunity  costs  of  producing  or 
buying  t'ne  products,  the  capacity  of  the  currently  available  machines, 
capacity  of  the  suppliers,  availability  of  labor,  sales  forecasts, 
storage  limitations,  and  so  on,.  Of  course,  all  of  this  information 
may  not  be  available  in  the  books  of  account  or  the  statistical  records 
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of  the  accounting  department,  but  a  wholly  flexible  system  would 
nevertheless  have  it  all  identified  and  available  as  requiredc  Of 
course,  cost  needs  to  be  considered,  too0  Hence  the  main  issue  for 
accountants  concerning  such  information  reouirements  from  management 
is  either  how  to  obtain  maximum  data  flexibility  at  a  given  cost 
or»  v^-ce  IEL2*»  to  minimize  the  cost  of  attaining  a  given  decree 
of  flexibility  so  that  a  wide  variety  of  information  (e^g,,,  average 
or  expected  cost,  maximum  and  minimum  costs,  total  cost,  etc0)  may 
be  prepared  in  either  case  ftom  prime  information  (e0g„,  costs  on 
individual  .lobs)  with  minimum  cost  or  time„  On  the  other  hand,  it 
Is  hard  to  predict  what  kinds  of  information  management  may  need  io 
planning  processes  that  are  not  repetitive,,  This  adds  a  farther 
dimension  of  uncertainty  which  admittedly  clouds  and  complicates 
the  issues  with  respect  to  system  design  for  planning  in  terms  of 
the  previous  criteria  and  so  it  is  difficult  to  construct  realistic 
general  theories  and  models  for  system  design  in  accounting  for  planning „ 
It  is  not  the  object  of  this  thesis  to  deal  with  these  problems 
in  accounting  for  olanningc,  The  purpose  of  the  preceding  discussion 
is  rather  simply  tc  provide  a  general  sketch  of  these  problems  and 
then  to  contrast  them  with  problems  in  accounting  for  control,,  Contrary 
to  the  basic  demand  of  flexibility  in  accounting  for  planning,  the 
basic  demand  in  accounting  for  control  is  uniformity  and  consistency „ 

This  will  subseouently  be  developed  in  more  detail  but,  for  the  moment, 
we  may  say  that  this  demand  arises  from  the  related  needs  of  "measurement* 
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and  "ewiosrison15  in  a  comolex  of  activities  over  continuing  periods 
of  cime0  We  may  then  use  this  as  a  way  of  exolaining  the  tendencies 
in  accounting  which  have  been  directed  towards  uniformity  and 
consistency  in  practice  as  well  as  in  the  accounting  theories, 
especially  in  financial  accounting*  which  have  been  developed 
systematic ally „ 

One  purpose  of  control  accounting  is  to  measure  and  report 
"actual"  performance  of  management  and  their  subordinates  relative 
to  overall  and  subsidiary  management  goals,.  It  follows  that  we  must 
know  what  these  goals  are  before  we  can  set  ud  a  control  accounting 
system  which  generates  feedbacks  for  the  processes  of  goal  attainments 

From  the  preceding  discussion  we  can  again  see  that  there 
are  close  relations,  at  least  on  a  functional  level,  between  control 
and  financial  accounting  „  In  fact.  In  the  s  ense  .lust  discussed, 
financial  accounting  may  be  viewed  as  control  accounting  for  cases 
in  which  the  management  goal  is  to  attain  a  maximum  or  satisfactory 
level  of  profito  Hence,  from  this  standpoint,  standard  accounting 
theories  on  asset  valuation,  income  determination,  etCn,  may  be 
viewed  as  directed  toward  establishing  a  control  system  which  generate 
feedbacks  in  terms  of  special  goals  such  as  the  attainment  of 
satisfactory  level  of  "profito"  This  control  may  be  viewed  as  operating 
on  management  via  its  stockholder  reports  and  other  related  devices o 
It  may  also  be  viewed  as  a  social  and  governmental  control  and  doubtless 
has  other  dimensions  as  wello  Insofar  as  this  is  true  we  can  then 
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begin  to  understand  seme  of  the  pressures  towards  uniformity  and 
consistency,  when  financial  accounting  is  viewed  from  a  control 
standpoint,  and  then  we  can  also  begin  to  understand  why  this  may 
sometimes  be  purchased  at  the  cost  of  some  decrease  in  flexibility 
from  a  purely  management  standpoint , 

If  we  now  view  top  management  as  being  laced  to  its  external 
environment  by  controls  such  as  these  then  we  can  also  begin  to 
obtain  a  clearer  assessment  of  accounting  control  within  the 
managerial  hierarchy  itself.  For  instance,  profit  is  only  one 
of  numerous  possible  goals  which  management  may  have.  This  any  bj 
true  even  if  profit  is  regarded  as  an  ultimate  control  on  this 
management  because  in  most  firms  it  will  be  necessary  to  consider 
also  the  goals  of  other  tiers  of  management  as  well.  The  latter,  of 
course,  may  not  be  immediately  and  operationally  translated  into 
overall  total  profit.  For  example,  a  sales  manager's  goal  may  be 
to  attain  a  given  target  sales  volume  assigned  by  the  top  management, 
or  a  production  manager "s  goal  may  be  to  fulfill  the  production 
requirements  with  minimum  costs.  Note  that  control  accounting  exists 
not  only  for  top  management  but  also  for  their  subordinates  at  various 
vertical  and  horizontal  stages  of  an  organizational  hierarchy.  This 
means  that  the  concept  of  "entity"  in  financial  accounting  should  not 
be  restricted  to  the  firm  in  its  entirety  when  we  are  talking  about 
control  accounting  in  general. 

From  a  formal  theoretical  standpoint  it  may  be  true  that  there 
is  no  barrier  to  calculating  the  profit  of  a  firm  and  using  the 
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resulting  innutations  to  different  individuals  instead  of  calculating 
say,  a  figure  on  sales  volume  for  a  sales  department  and  using 
this  as  a  control c  In  practice,  however,  accountants  generally 
trepare  control  feedbacks  for  various  types  of  goal3  for  various 
segments  of  an  organization  and  managers  rely  on  these  feedbacks 
and  adjust  their  ooerations  accordingly*.  Sometimes  these  reports 
are  even  used  as  a  basis  for  promotion  within  or  across  departments 
end  penalties  as  well  as  rewards  are  assessed  against  different 
individuals  on  the  basis  of  the  "feedbacks"  rrepired  by  accountants.. 

It  would  seem  that  some  attempt  at  theorizing  or  explanation  should 
be  essayed  here  hut  virtually  all  of  the  main  theories  in  accounting 
are  directed  solely  towards  the  goal  of  profit  for  a  firm  as 

a  whole..  This  is  true  of  the  asset  and  eoulty  accounts  as  wall  as 

V 

the  income  statement  reports  and  even  of  the  cost  and  "managerial 

1/  See  especially  African  Institute  of  Acoountarts, .1952# 
as  well  as  the  more  recent  AICPA  report  by  R»  T„  Sprouse  and  Maurice 
Moonitz  (1962)  which  would  axiom* tlze  all  of  accounting  by  the  basis 
of  asset  valuations  in  terms  of  income  flows., 

accounts"  as  well,  But  accounting  for  control  Is  also  important  and 
a  completely  adequate  theory  of  accounting  should  accommodate  it  as 
wello  From  this  standpoint  at  least,  it  is  our  belief  that  accounting 
theories  of  asset  valuation,  income  determination,  etc.,,  should  be 
developed  and  restated  as  only  one  part  of  a  new  and  higher  dimension 
of  accounting  theory  in  which  accounting  for  control,  and  perhaps 

(  ) 


other  topflo*ic3}  too*  will  find  a  place  .  It  is  our  belief  that  when 
this  isdaHIone  It  will  be  found  necessary  to  relax  and  alter  Ideas 
that  h#«  s  -  now  become  relatively  fixed  on  such  things  as 

monetary  valuation  conventions*  etc.,,  in  order 
to  broitomMi  the  perspective  of  accounting  theorists  beyond  their 
limited  sn»:  Tea  of  current  attention „ 
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So  Linas  of  Attack 

As  has  already  been  observed,  there  is  very  little  formal 

1/ 

theory  available  in  the  area  of  accounting  for  control,.  This 

1/  Notable  attempts  have  recently  been  made,  however,  in  the  cases 
of  A„  Stedry  (i960)  and  C.  Pc  Bonini  (1962)0  An  earlier,  unpublished, 
attempt  may  also  be  found  in  the  study  by  WD  W0  Cooper,  (. 1 950), • 

thesis  is  intended  as  a  contribution  in  this  direction,.  It 
considers  accounting  for  eontrci,  per  se0  as  a  prime  topic  of 
interest  and  attempts  to  formalize  aspects  of  the  problems 
encountered  for  control  data,  This  is  done  by  means  of  a  general 
treatment  that  is  not  restricted  to  any  particular  type  of  management 
goal.  Since  planning  processes  and  control  processes  are  so  closely 
related  the  first  part  of  the  thesis  is  concerned  with  an  analysis 
of  planning  processes,,  These  are  then  related  to  control  processes 
after  which  the  latter  is  then  made  the  center  of  subsequent  discussion., 
From  the  standpoint  of  this  thesis,  planning  is  considered  as  a 
process  of  decomposing  given  management  goals  into  a  set  of  subgoals 
(or  means)  which  are  more  operational  and  eontrollable  by  management 
or  their  subordinates  than  goals „  Here,  for  example,  budgeting  is 
viewed  as  a  process  of  constructing  a  set  of  subgoals  for  a  given 
goal  of  profit  attainment „  Such  subgoal-goal  notions  or  means-ends 
notions  are,  of  course,  only  relative..  Each  subgoal  thus  derived  may 
be  regarded  as  a  goal  given  to  a  subordinate,  on  which  the  subordinate 
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constructs  sub  ’goals  which  will  achieve  the  given  subgoal „  In  such 
1/  Refer  to  March  and  Simon *  19$8o 

a  string  of  subgoal-goal  relationships*  we  then  take  one  segment  as 
representative  and  consider  the  planning  process  As  one  which  Is 
directed  towards  deriving  a  set  of  subgoals  that  will  collectively 
achieve  the  given  goals „  For  example*  the  given  level  of  profit 
(a  goal)  may  be  derived  by  a  combination  of  sales  volumes  of 
several  kinds  of  products  ( subgoals  )»  Such  a  set  of  subgosls  which 
collectively  at'ain  the  given  goals  need  not  be  unique*  however* 
and  when  this  is  the  case  there  is  opened*  as  a  consequence*  some 
discretion  and  problems  of  further  choice  by  management  and 
accountants o 

Of  course  a  derivation  of  the  relation shins  between  subgoals 
and  goals  must  proceed  by  reference  to  technological*  economic* 
legal,  or  social  environmental  considerations  if  it  is  to  be  really 
relevant^  In  any  event*  then,  the  central  problem  of  control 
accounting  becomes 8  how  we  should  measure  performance  in  the 
aubgoals  in  order  to  determine  performance  in  terms  of  a  given  goalo 
For  example*  measuring  the  sales  volume  of  each  of  several  products 
that  contribute  to  a  goal  may  be  used  if  it  can  be  related  In  some 
way  to  other  measures  that  are  available  for  determining  the  goal 
level  which  has  been  achievedo  Notice,  however,  that  instead  of 
measuring  sales  volume  of  each  one  of^ products*  the  total  dollar 
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sales  volume  of  all  the  products  may  be  a  perfectly  good  feedback 
from  which  the  profit  level  may  be  inferred*  or  the  total  weight 
of  products  sh loped  may  very  well  be  a  good  indicator ,  The  problem* 
here*  is  then*  knowing  the  relationship  between  subgoals  and  goals 
what  relationship  between  subgoals  and  feedbacks,  or  indicators* 

»  is  critical  in  order  to  determine  the  goal  level  from  knowledge  of 
indicator  values? 

The  latter  topic  will  subsequently  be  amplified  in  considerable 
detail  as  a  main  topic  of  this  thesis „  Here*  however*  we  should  note 
that  several  other  topics  are  also  treated  for  their  bearing  on  s 
better  coordination  between  accounting  and  management.  Numerous 
aspects  of  the  letter  topic  could  be  treated  including  new  methods 
of  record  keening  and  reporting,  Here*  however*  we  have  restricted 
ourselves*  in  the  main*  towards  innovations  that  will  help  to 
produce  more  flexible  uses  of  the  kinds  of  data  that  are  likely  to  bs 
available  from  the  accounting  practices  now  in  use.  This  treatment 
has  not  been  restricted  to  the  area  of  control  accounting.  Neither 
has  it  been  restricted  to  the  confines  of  the  present  mechanics  of 
accounting  for  planning  purposes.  Thus  we  suggest  alternative  ways 
of  "booking"  and  "reporting"  accounting  transactions  even  when 
this  departs  from  rr settees  that  are  now  in  wide  use.  We  also 
aoply  "accounting  mathematical  techniques"  such,  as  linear  programing, 
etc.  The  main  orientation,  however,  is  towards  a  use  of  these  techniques 
for  securing  increased  flexibility  in  managerial  uses  of  current  accounting 
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ThuSj,  for  instance,;  we  utilize  standard  kinds  of  accounting 
cost  categories— -variable  and  fixed,  semi-variable  and  sen infixed, 
etc o— along  with  related  projections  of  "historical”  (or  projected 
"outlay1}  costs  to  implement  the  mathematical  formulations  directly^ 
Then  we  rely  on  known  mathematical  properties  of  these  "models"  to 
obtain  the  related  opportunity  costs  in  readily  ascertainable  formc 
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3  <  Mathematics  Used  in  the  Thesis 

At  this  point  we  went  to  mention  some  of  the  other  motivation a 
that  have  led  to  the  kinds  of  mathematics  we  shall  use  in  oar  analyses. 
As  nujntior.se  earlier  ,  we  are  interested  in  relationships  among  goals* 
subgo*i3,  and  indicators  in  general  forms  without  specifying  what 
actually  they  are,  This  means  that  we  are  not  concerned  with 
particular  cuantltntive  details  of  these  goals,  subgoals,  and 
indicators,  but  rather  with  their  qualitative  relation ships o  For 
concreteness  we  shall  refer  to  particular  goals  such  as  profit, 
sales  volume,  or  total  costs,  etc,  But  we  do  not  mean  thereby  to 
restrict  ourselves  to  these  particular  illustrations.  Moreover,  we 
also  do  not  want  to  restrict  ourselves  to  specific  dimensions  like 
total  dollar  sales,  or  the  total  weight  of  products  shipped,  number 
of  sales  orders,  etc,,  snd  in  fact  we  do  not  even 

want  to  restrict  ourselves  to  the  dimensions  of  ordinsry  numbers. 

For  instance,  we  may,  lllte  in  thermometry  analysis,  be  concerned 
only  with  directions  or  rates  of  change  in  a  measurement  of  qualitative 
properties  like  "temperature"  and  we  are  not  always  concerned  with 
whether  different  readings  that  are  obtained  at  different  times  can 
be  added  or  subtracted  in  any  meaningful  manner;,  We  are,  however, 
concerned  with  issues  like  calibration  in  the  sense  that  we  want 
our  scale  to  be  uniform  and  consistent  for  the  readings  that  will  be 
obtained  by  different  observers,  say,  on  a  replicated  application 
in  any  particular  situation. 

For  effecting  analyses  at  this  level  of  abstraction  it  is  both 
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convenient  and  efficient  to  U3e  the  language  of  mathematics,*  Burt, 
of  courses  this  should  be  susceptible  of  verbal  explanation,  too, 
in  order  that  the  content  of  the  models  may  be  understood  and 
assessed,,  Therefore,  in  our  analyses  we  first  construct  some 

mathematical  models  that  will  reflect  the  planning  and  accounting 

t lltf  cAn  be  of" 

processes  developed  our  analyses  these  models „  But  the 

results  of  these  explorations  are  then  always  translated  into 
management  terms  by  reference  to  special  examples 0 

The  mathematical  prerequisite  required  to  read  this  thesis 
are  elementary  linear  algebra  and  an  introductory  Icnowledge  on 
linear  programming ■--& j. at  the  level  contained  in  Chapters  IV  and  V 
of  Chsmes  and  Cooper  (1961),  or  Chapters  IV  and  V  of  Keneny,  Snell, 
Mirk.il,  end  Thompson  (19*>9K  However,  Chapter  VI  of  this  thesis 
can  be  read  without  a  knowledge  of  linear  algebra  or  linear 
programming— even  though  a  linear  programming  technique  is  there 
used  to  derive  solutions  to  a  planning  problem  using  accounting 
data  , 

The  mathematical  models  developed  in  the  thesis  are  all 
linear  models c  This  does  not  mean  that  actual  planning  and 
accounting  processes  are  all  linear*  However,  linear  models  seem 
to  have  two  essential  properties?  they  are  satisfactory  aa  a  first 
approximation  to  the  actual  crocesses,  and  yet  they  are  analytically 
simple  enough  to  produce  interesting  theoretical  results,,  There  are, 
moreover,  s  wide  variety  of  nonlinear  problems  that  have  proved  amenable 
to  treatment  by  only  linear  means,  and  it  seems  to  unwise  to  abandon 
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possibilities  from  this  quarter  ab  initio..  Computational  convenience, 
ease  of  interpreting  the  results  obtained  from  the  models  in  terms 
of  management  language,  ease  of  making  sensitivity  analyses*  and 
so  on,  are  also  advantages  that  can  be  secured  by  dealing  only  with 

y 

linear  models- 

1/  See  the  discussions  on  justification  of  the  use  of  a  piecewise 
linear  model  in  Section  2-(3)  of  Chapter  II  in  the  thesis0 

For  this  reason,  we  have  concentrated  our  efforts  on  making 
the  most  effective  use  of  the  concepts  and  the  theories  of  linear 
algebra  in  oar  analyses.,  In  particular*  we  have  used  the  concepts 
and  the  theories  about  generalized  inverses  of  arbitrary  matrices  - 
In  linear  systems,  we  often  encounter  situations  in  which  we  need 
to  derive  the  Inverse  of  a  matrix.,  If  the  matrix  is  singular  or 
recta ngular,  however,  its  ordinary  inverse  is  not  defined „  In  order 
to  get  rid  of  this  non-singularity  restriction  on  the  matrices  that 
are  of  interest  here,  we  did  not  want  to  restrict  ourselves  fur(*i«r 

to  completely  determined  systems  <>  Hence  we  used  the  theory  of 
generalized  inverses  which  exist  for  any  matrices,  even  those  that 
are  singular,  rectangular,  or -contains  only  sero  elements „ 

In  ’•'lew  of  the  fact  that  few  applications  of  generalized 
Inverses  have  bean  made,  even  In  sophisticated  areas  of  management 
science,  we  developed,  in  Appendix  A,  an  introductory  analysis  of 
generalized  inverses  as  a  bridge  between  elementary  linear  algebra 
and  the  theories  of  generalized  inverses,  thus  avoiding  a  long 


1-15 


niathematieal  digression  in  the  train  part  of  the  thesiac  Even  though, 
in  this  wajr,  we  proceeded  in  the  mein  part  of  the  thesis  assuming 
the  render “e  knowledge  of  Dioperties  of  generalized  inverses,  we 
reproduced  some  of  the  properties  ef  generalized  inverses  in  the 
discussions  and  footnotes  of  the  main  oart  of  the  thesis  so  that 
those  who  want  to  read  this  thesis  without  referring  to  Appendix  A 
may  do  so  without  undue  difficulty* 

A  discussion  of  methods  for  computing  generalized  inverses  is 
contained  in  Section  6  of  Aopendix  A  and  in  Appendix  B,  together 
with  a  flow  chart  and  GATE  computer  program  for  calouliEVing 
generalized  inverses  by  the  "elimination  method*"  This  was  done. 

In  part,  because  it  was  hoped  that  this  might  be  of  help  for  some 
of  the  practical  applications  of  these  ideas* 
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o  The  Structure  of  the  Thesis 

Following  this  introductory  chapter ,  we  commence  In  Chapter  II 

of 

by  reviewing  a  familiar,  extremely  simple,  linear  model  fpwn  ‘breakeven 
analysis,  This  provides  a  convenient  beginning  for  much  of  the 
subsequent  analysis,  For  instance,  as  Is  noted  in  Chapter  II,  the 
breakeven  model  carries  with  it  the  notion  of  "satisficing"  as  an 
objective  in  contrast  with  the  "optimizing"  that  is  normally  assumed 
In  much  of  formal  economic  analysis 0  We  eiso  use  this  opportunity 
to  note  that,  essentially,  the  role  of  the  breakeven  analysis  is 
to  tranalate  a  management  goal  (i0e0i.  a  breakeven  level  of  profit) 
into  a  more  operational  subgoal  (a  sales  volume )0 

In  Section  2  of  Chapter  II,  the  simple  linear  breakeven  model 
is  extended  to  a  "piecewiae  llnear*'-=-i0eo,  nonlinear  accounting — 
breakeven  model  as  one  approach  to  a  wide  variety  of  non-linear 

revenue  and  cost  curves.  We  also  review  some  of  the  distinctions 

W  sem>-  f 

between  fixed,  variable,  semi-variable  costs  in  ord'r  to  see  hew 
the  standard  versions  of  such  cost  curves,  may  be  approximated,  oven 
when  nonlinear,  by  a  set  of  only  "variable  cost  components,"  Of 
course,  the  approximation  may  also  be  "real"  especially  when,  as  is 
often  the  case,  it  is  not  wholly  clear  that  the  nonlinear  curve  is 
itself  only  an  aoproxi nation  which  was  originally  developed  in  order 
to  obtain  access  to  convenient  properties  like  continuity, 
differentiability,  etc.  In  any  event,  we  also  try  to  justify  our 
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approach  via  piecewise  linear  models  as  possibly  superior  to  the 
approach  by  the  use  of  continuous  and  everywhere  differentiable 
functions  which  are  ordinarily  used  in  formal  economic  analysis « 

Of  course ,  this  can  raise  problems  with  reference  to  other  notions 
such  as  "elasticities, "  etc.  But  even  when  this  is  the  case,  however, 
other  alternatives  may  be  develooed0  For  instance  the  lack  of 
a  well  defined  elasticity  which  occurs  at  points  where  a  derivative 
does  not  exist  may  be  compensated  by  referring  back  to  the  original 
idea  of  one  economic  magnitude  being  incremented  as  a  result  of 
incremental  variations  in  another  economic  magnitude  and  so  for 
this  reason  we  develop  other  idens  such  as  the  "marginal  revenue 
head83  which  is  discussed  in  this  section  of  Chapter  H0 

In  Section  3  of  Chapter  II,  we  deal  with  cases  in  which  a  given 
goal  can  be  attained  by  a  combination  of  two  or  more  subgoal  variables 0 
We  there  introduce  the  notions  of  a  "special  solution"  and  a  "general 
solution  factor"  by  means  of  the  generalized  Inverse  of  a  maty.’*  and 
the  null  space  basis  of  the  transformation  associated  with  the  matyiVo 
We  then  go  into  the  analysis  of  goals  in  Section  U  by  reference  to 
the  special  type  of  linear  programming  which  goes  by  the  name  of  "goal 
programming.." 

Chapter  IH,  in  its  first  seotion,  deals  with  cases  in  which 
environmental  constraints  are  imposed  upon  subgoal  variables  in  goal 
programming „  There  analyses  are  made  on  various  types  of  functionals 
which  may  be  incorporated  in  a  goal  programming  model  together  with 
their  managerial  implications,.  In  Section  3,  the  goal  programing  approach 
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is  extended  to  analysis  of  multiple  goals e  together  with  possible 
orderings  and  weightings  of  multiple  goals  when  these  goals  are 
found  to  fee  .incompatible,,  The  same  problem  of  multiple  goals,, 
including  the  discussion  on  ordering  and  weighting  of  incompatible 
multiple  goal s B  is  also  approached  by  means  of  generalised  inverses 
in  Sgstton  li.  We  then  note  differences  that  arise  between 

these  two  approaches  to  incompatible  multiple  goals  after  which  we 
relate  them  oy  means  of  the  fact  that  our  version  of  a  goal  progMsisimising 
appe'cxeh  minimizes  the  sura  of  the  absolute  value  of  the  deviation 
from  each  goal  level  whereas  the  generalized  inverse  approach 
minimizes  the  "Euclidean  distance"  from  a  set  of  goal  levels „  PnctrittioiX 
applications  of  such  models  of  planning  processes  are  suggested  by 
means  of  a  set  of  examples „ 

In  Chapter  IV „  after  setting  up  models  of  planning  processes, 
we  discuss  the  control  problems  of  generating  feedbacks  for  goal 
attainmentc  We  do  so  by  first  setting  up  b  model  far  accounting 
processes  of  generating  feedbacks  and  then  we  derive  30me  criterii 
which  can  be  imposed  upon  accounting  processes  in  order  to  be 
able  to  determine  the  degree  of  goal  attainment  from  a  set  of  feedbiiosadts 
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'these  monies  occupy  the  first  3  sections  of  this  chapter.,  In  Section 
it,  we  show  that  when  constraints  are  imposed  upon  subgoal  variables 
the  requirements  on  the  accounting  process  may  be  relaxed*  In 
this  ease-,  the  actual  goal  level  mar  not  be  uniquely  determined 
from  the  reading  of  an  Indicator  or  feedback  prepared  from  the 
accounting  processes,,  but  the  range  for  the  actual  goal  level 
i,maxiniutf  and  minimum)  can  be  determined  h-ecM'.Se^  for  practical 
purposes  knowledge  of  this  range  may  be  satisfactory.,  A  Way  to 
derive  a  chart  which  shows  such  a  relationship  between  a  goal 
and  sn  indicator  is  developed  in  Appendix  C  along  with  a  computational 
algorithm  we  have  devised  for  this  purpose..  Managerial  uses  of 
such  a  chart,,  which  is  called  an  "indicator-goal  control  chart", 
fire  discussed  This  chart  is,  we  think,  particularly  informative 
in  comparison  with  same  of  the  devices— e„ go,  breakeven  charts, 
profit  graphs,  etc-— that  are  now  employed*  For  instance  it  generally 
substitutes  control  ranges  for  the  precise  point  indicators  of  the 
latter  charts  in  such  a  way  that  subordinates  may  be  given  further 
leeway  on  thexr  accomplishments  while  they  are,  nevertheless, 
instructed  specifically  how  their  performances  will  be  evaluated 
within  the  indicated  ranges  0  We  also  develop  a  coefficient,  called 
an  ’'indicator-goal  divergence  coefficient"  (or  simply  a  "divergence 
coefficient*)  which  shows  the  degree  of  divergence  between  the 
relationship  between  subgoals  and  a  goal  as  it,  at  the  same  time,  shows 
the  relationship  between  subgoals  and  an  indicator- 
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In  Chanter  V  and  VI,  we  try  to  combine  the  techniques  used 
in  a-'slysis  of  goals  with  data  that  are  normdly  available  from 
the  usual  double-entry  bookkeeping  system.,  As  has  already  been 
3ugge3ted7  we  hops,  in  this  way,,  to  show  how  to  extract  more  useful 
managerial  data  from  the  data  generated  by  currently  available 
systems  -  In  prepa  ration  for  this  we  review,  in  aection  2  of 
Chapter  Va  the  basic  equation  of  double-entry  bookkeepingo 

In  particular,  we  note  the  fact  that  multiple  measuring  units  can  perfectly 
be  accomodated  in  the  double  entry  bookkeeping  system.  Then, 
in  Section  3.  we  represent  the  relationship  between  transactions 
snd  asset-equity  balances  by  means  of  a  so-called  "spread  sheet," 
which,  in  turn,  is  related,  as  we  show,  to  the  mathematical 
constructs  of  an  incidence  matrix  and  an  accounting  network,,  Next, 
we  use  as  subgoal  variables  in  the  analysis  of  goals  the  variables 
set  ut -j  for  each  cell  in  a  spread  sheet«  We  refer  to  these  as  spread 
sheet  variables  and  observe  that  these  can  be  placed  in  exact 
correspondence  with  the  branches  of  a  rigorously  defined  "accounting 
network,,"  By  means  of  these  ideas  we  Ere  then  able  to  develop  an 
example  of  planning  based  on  spread  sheet  variables,  which  can  be 
called  "spread  sheet  planning,"  After  this  has  all  been  done  we  come 
to  Section  5  of  this  same  Chapter  where  we  briefly  review  the  problem 
of  aggregation  of  activities  in  connection  with  "spread  sheet  planning" „ 
This  is  necessitated  because  "spread  sheet  planning"  will  generally 
involve  soma  need  for  basing  planning  decisions  on  aggregates  in  which 
spread  sheet  variables  are  used  as  aggregates  of  individual  transactions.. 
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Chapter  VI  ig  a  report  on  an  experimental  application  of 
the  "spread  sheet  planning"  Ideas  that  are  discussed  in  Chapter  V„ 

In  view  of  the  fact  that  many  of  these  ideas  were  still  only  in 
an  experimental  stage,  and  were  not  even  wholly  and  explicitly 
formulated  at  the  time  of  this  study,  it  did  not  seem  prudent  to 
effect  an  immediate  contact  with  the  Veal*  world  of  a  going 

business  in  its  full  complexity®  Hence,  as  a  testAthe  Ideas  of 
"spread  sheet  planning"  which  also  allowed  further  room  for 
experimentation,  this  application  was  effected  by  reference  to  the 
operation  of  a  firm  in  the  so-oalled  Carnegie  Tech  Management  Came® 

This  is  a  game  which  possesses  sufficient  complexity  sc  that  it  did 
provide  a  challenge  while  it  allowed  us,  at  the  same  time,  to  trace 
an  array  of  "typical"  business  features  such  as  production,  marketing, 
finance,  etc®,  in  an  experimental  context®  In  Section  h  and  5,  of 
this  chapter,  after  discussion  of  the  model  construction  and  the 
results  obtained  from  the  model,  we  show,  by  means  of  a  dual  evaluator 
as  well  as  a  sensitivity  analysis,  how  further  flexibility  may  be 
readily  added  to  the  data  streams  produced  from  the  usual  double-entry 
bookkeeping  system  when  the  latter  are  systematized  and  exploited  by 
suitable  models  with  such  mathematical  aids®  The  model  dealt  with 
in  Sections  1-5  of  Chapter  VI  is  only  a  single  period  model®  It  was 
not  deemed  desirable  to  extend  this  in  all  detail  to  a  corresponding 
multiple-period  model®  Instead,  the  implications  of  extending  the 
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model  to  a  multiple  period  version  are  discussed  in  Seetion  6  of 
Chapter  VI  ip  order  to  note  the  fruitful  results  which  can  thereby 
be  obtained,.  This  also  carried  with  it  some  further  implications 
with  respect  to  current  practices-  For  instance,  such  a  multiple 
period  model  via  spread  sheet  planning  suggests  that  capital  budgets 
and  operating  budgets  should  be  combined  for  simultaneous  consideration 
in  one  model „  But,  then,  it  should  also  be  noted  that  this  may  be 
done  without  requiring  drastic  changes  to  be  made  in  the  more 
fundamental  principles  and  practices  of  double-entry  accounting  as 
it  is  currently  practiced:,  That  is,  the  distinction  here  ia  one 
of  procedure  rather  than  substance  and  so  we  again  avoid  any  need 
for  distinguishing  between  the  requirements  of  control  and  other 
aspects  of  accounting  such  as  the  planning  decisions  covered  in  this 
chapter 

In  Charter  VII,  all  of  the  main  findings  of  our  studies  are 
summarized,  together  with  our  conjectures  as  to  where  these  results 
may  be  used  to  guide  some  of  the  future  developments  that  should  be 
considered  for  accounting  in  the  future,, 
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ANALYSIS  OF  GOALS:  AM  EXTENSION  OF  BREAKEVEN  ANALYSIS 

1 ,  Introduction 

The  purpose  of  this  chapter  is  to  review  some  of  the  basic 
ideas  underlying  simple  breakeven  analysis  by  a  profit  graph, 
and  then  to  extend  the  analysis  by  means  of t>>eSo -called  "generalized 
inverse"  of  an  arbitrary  matriXo 

The  simple  profit  breakeven  analysis  can  be  developed  as 
follows:  Suppose  a  firm  produces  a  single  product  which  is  sold 
at  $10  a  unit,  Suppose  further  that  all  variable  costs  associated 
with  the  production  of  one  unit  of  the  product  amount  to  $5  a  unit „ 

The  latter  cost  is  assumed  to  be  constant  for  all  levels  of 
production,.  Assume  that  besides  these  variable  costs  the  firm 
has  to  pay  fixed  costs  of  $5,000  a  month  irrespective  of  the  level 
of  production,1 

1The  Encyclopedia  Brittanica  credits  Dionysus  Lardner  (1850) 
with  being  the  first  to  make  distinctions  between  fixed  and  variable 
costs  and  it  credits  the  idea  of  profit  charting  and  flexible 
budgeting  to  John  Manger  Fells  (1903)  *  W°  Rautenstrach  and  E,  Xnceppel 
are  also  mentioned  as  early  advocates  of  profit-volume  planning 
and  breakeven  charting.  See  also  Solomons,  1952,  p,34  ff»  and  the 
reference  to  C,A„  Ouilbault  on  pp,  59  ff  in  Gamer,  1954, 

On  these  assumptions  we  can  prepare  the  following  profit 
graph  and  find  that  the  firm  will  break  even  (i,e,  achieve  neither 
profit  nor  loss  )  if  they  can  sell  1,000  units  a  month  of  the  products. 
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or  in  other  words,,  if  they  can  achieve  a  total  sales  of  +10s0Q0o 


Fifpire  II-l 
U  i  Breakeven  Chart 

This  graphical  solution  caa*J«n  also  he  verified  algebraically °  IT  we 
let  x  stand  for  the  breake$z*«ven  sales  volume  in  physical  units, 
total  revenue  is  given  by  '  rr  lCx  whereas  total  costs  are  given  by 
5x  +  5 ,  000 .  In  order  to  oo  •  obtaiurt  a  breakeven  point,  we  set  total 
revenue  equal  to  total  cose®  *5b!»  5-«e» 

(2,1)  I0x==  ■  =  5x  -+-  5,000 

or  5x  =*  s  5,000 

x=*  =1,000 

and  this  value  for  x  (salesJJ-es  voILume)  is  the  unique  breakeven  point,1 


^Refer  to  Kohle?  ]_£  1952,  for  a  definition  and  a  brief  introduction 

to  breakeven  chart  and  bre'!rreal!ev'on  P°int»  f'ore  detailed  discussions 
may  be  found  in  the  literas'rTsture  cited  in  the  bibliography,  Mote  that 
in  the  ordinary  breaker^  nfl  analysis  the  sales  volume  and  the  production 
volume  are  assumed  to  be  ©  «lu»l  »  thus  avoiding  issues  on  dynamic  production 
planning.  We  shall  develocil°P  ouaf  analysis  based  on  the  same  assumption,  but 
extensions  to  multiple  pertfi^niod  breakeven  analysis  can  readily  be  effected  by 
such  techniques  are  ones  <j t  discussed  in  Section  6  of  Chapter  VI, 
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The  analysis  is  quite  straightforward..  However,  let  us 

ie 

pause  for  a  moment  and  ask  ourselves  (1)  whyAwe  worry  about  a  breakeven 
point  and  (2)  what  is  gained  by  knowing  that  a  breakeven  sales 
volume  is  1,000  units? 

The  answer  to  the  first  question  may  seem  to  be  very  simple, 
i,So  people  who  operate  a  business  firm  (managers)  are  deeply 
concerned  with  whether  or  not  the  business  has  reached  a  profitable 
region  or  not.  For  managers,  there  is  a  qualitative  difference 
between  profit  and  loss,  al though  arithmetically  the  two  are  on 
the  same  continuous  scale*  For  them,  the  difference  between  $1,000 
profit  and  $1,000  loss  seems  to  be  much  greater  than  the  difference 
between  $10,000  profit  and  $8,000  profit  or  the  difference  between 
^ 10 ,000  loss  and  $8,000  loss. 

The  above  characterization,  if  accepted,  may  also  be  extended 
in  a  variety  of  ways,  Notice  that  this  no-profit  no-loss  point 
is  not  the  only  one  which  can  have  such  a  psychological  "qualitative 
difference"  property,  A  manager  of  a  firm  that  has  been  operating 
profitably  may  be  concerned  with  achieving  at  least  the  profit 
level  of  the  preceding  year  rather  than  simply  achieving  a  profit. 

If  the  profit  of  the  preceding  year  was,  say,  $10,000,  then  a 

manager  might  be  much  more  concerned  with  the  difference  between- 

$11,000  profit  and  $9,000  profit  than  the  difference  between  $5,000 

profit  and  $3,000  profit.  In  this  situation,  the  $10 ,000-profit 

point  is  as  significant  as,  or  more  significant  than^the  zero-profit  point 
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Such  psychological-institutional  poirits  vrhich  are  often 
of  significance  in  business  operations  may  be  referred  to  as  a 
manager5  s  goals,  in  order  to  distinguish  them  from  other  commonly 
assumed  objectives  like  maximum  profit ,  maximum  growth;  etc» 

Such  goals  may  be  imposed  externally  (e.g.  by  boards  of  directors) 
or  they  may  be  imposed  internally,,  as  when  a  manager8  s  own  psychology 
leads  him  to  impose  such  goals  which  are  both  a  constraint  and  an 
objective,^  Once  a  goal  is  set,  it  is  assumed  that  some  tension 

^See,  e*go  Chames  and  Cooper,  1961,  Appendix  B, 

will  be  created  for  a  manager  that  causes  him  to  become  concerned 
about  achieving  the  goalo  Conversely  when  a  goal  is  achieved,  the 
tension  is  reduced  and  the  desire  for  further  actions  i3  also 
reduced  unless,  perhaps,  further  stimulated  by  another  higher  goalo 

This  kind  of  goal  striving  can  be  made  to  accomodate  other, 
narrower,  concepts  like  the  profit  maximization,  etc,,  that  are 
usually  assumed  to  apply  in  economics  and  elsewhere.  For  the  moment, 
however,  we  may  draw  certain  contrasts.  In  traditional  theory, 
a  manager  is  supposed  to  seek  a  maximum  profit.  In  other  words 
he  should  be  an  "optimizer,"  This  should  not  be  equated  to  the 
idea  of  rationality,  however,  since  the  requisite  degrees  of  knowledge 
may  be  absent  as  is  the  case,  for  instance,  when  uncertainty  is  present. 
It  may  then  be  the  case  that  it  is  rational  for  a  manager  to  be 
a  " satisficer"  and  thereby  proceed  "rationally"  towards  goals  that 
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he  establishes  for  himself  or  others,  rather  than  to  seek  only 
an  optimum  point.  ^  Such  goal -oriented  practices  may  also  play 


March  and  Simon  (1958,  p.140  ff)  discuss  these  satisficing 
notions  in  order  to  contrast  them  with  optimizing  properties  in 
terms  of  a  discussion  toward  "satisfactory  vs.  optimal  standards „ n 
Chames  and  Cooper  (I96  0),  on  the  other  hand,  are  able  to  obtain 
analytical  characterizations  that  relate  certain  important  aspects 
of  both  approaches  by  means  of  extremal  characterizations  under 
conditions  of  probabilistic  constraints. 


a  crucial  role  as  a  managerial  device  for  organizing  activities 
by  others  via  the  establishment  of  tensions  or  targets  needed  to 
"get  things  done,,"'*' 


^Actually,  the  relationship  between  a  goal  and  tension 
is  not  as  simple  as  this.  Uncertainty  associated  with  goal 
achievement  is  a  major  factor  influencing  the  level  of  tension. 
However,  at  this  poi^t,  it  is  sufficient  to  note  that  such  goals 
give  rise  to  a  cycl^l  fluctuation  of  tension  and  qualitatively 
differentiate  points  on  a  continuous  scale.  Refer  to  Krech  and 
Gruthfield,  1948c  Murphy,  195^.  etc.,  for  more  detail  discussions 
of  the  relationship  among  needs,  goals,  tension,  and  motivation. 


As  already  noted  and  as  will  be  elaborated  later  in  more 
detail,  it  is  possible  to  consider  optimization,  too,  as  a  special 
kind  of  goal  orientation.  Furthermore,  even  when  a  manager  wants 
to  optimize,  he  may  have  several  target  points  which  he  wants  to 
attain  successively  during  the  course  of  optimization,  and,  therefore, 
it  may  be  of  interest  for  him  also  to  know  when  he  has  achieved 
these  targets.  A  goal  orientation  or  analysis  may  then  be  valuable 
even  when  an  optimization  is  at  issue. 
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Dy  means  of  these  considerations#  we  can  generalize  from 
breakeven  to  goal  analyses  vfithout  even  compromising  ourselves 
or  losing  anything  with  respect  to  optimization,  Thus,  in  this 
sense  the  term  "goal  analysis"  or  "target  analysis"  will  be  used 
in  lieu  of  the  narrower  ideas  of  "breakeven  analysis,"  "optimization," 
etc.  Our  concept  of  goals  can,,  thus,  be  specialized  to  breakeven 
points  or  optimum  points  when  the  latter  are  of  interest. 

Some  further  preliminaries  are  also  in  order  here  if  we 
are  to  distinguish  between  breakeven  and  a  more  general  goal  analysis. 
Once  a  goal  is  set,  the  next  step  for  the  manager  is  to  search 
for  mean3  that  will  help  to  achieve  it,1  Thus,  a  manager  may 

1This  does  not  imply  that  he  will  forego  the  possibility 
of  searching  for  other  goals,  too,  when  he  confronts  causes  that 
make  him  dissatisfied  with  the  goals  he  is  currently  entertaining, 

want  to  break  an  overall  goal  down  into  a  set  of  more  operational 
.vubgoals  that  are  more  or  less  amenable  to  organizational  manipulation 
—  e,g,,  because  these  subgoals  can  be  related  to  factors  that 
are  under  the  control  of  his  subordinates. 

There  are  issues  of  information  economy  and  control,  too, 
which  require  consideration  in  this  connection.  Thus,  it  may 
also  be  of  interest  for  him  to  have  some  indicators  to  tell  him 
when  he  has  reached  the  goal.  For  example,  it  may  be  easier, 
quicker,  less  expensive,  etc,,  for  him,  or  his  subordinates,  to 
watch  sales  volumes  than  to  focus  on  a  net  profit  figure,  which 


can  be  calculated  only  after  taking  .into  account  cost  factors 
variance  allowances t  and  so  on.. 
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A  breakeven  analysis  and  its  more  general  form,,  a  goal 
analysis,  can  make  a  real  contribution  to  management  by  translating 
an  overall  goal  into  more  operational  and  measurable  subgoals . 

A  simple  illustration  may  be  synthesized  as  follows*  Let  b  be 
any  overall  goal ,  such  as  the  level  of  sales  needed  to  attain 
a  breakeven  point*  Let  x^„  x^„  x^  be  the  sai.es  levels  attainable 
from  each  of  n  products*  If  vre  define  a  functional  relation 
(2*2)  f(xj  t  x2„  xn)  =  b 

which  corresponds  to  all  possible  mixes  which  yield  the  wanted 
breakeven  value „  then  we  can  regard  each  of  the  variables  x2,  xn 

as  corresponding  to  subgoals  that  can  be  used  to  secure  the  overall 
result  (or  goal)  f(x)  =  b,  where  x  =  (x^,  Xg,  .<>,  xr). 
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This  relationship  between  the  goal  and  a  set  of  subgoals 
formulated  in  (2,2)  will  be  analyzed  and  extended  in  more  detail 
in  this  chapter  and  the  next  one,.  Then  in  Chapter  IV  we  shall 
attempt  to  see  how  such  subgoals  might  be  reconsolidated,  A  major 
purpose  of  this  analysis  is  to  establish  ways  for  synthesizing 
indicators  for  convenient  managerial  use3  in  assessing  how  far 
or  close  they  are  to  attaining  a  specified  overall  goal  level. 


O 


o 
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2.  Single  Goal  with  Single  Subgoal 

lo  Introduction 

We  proceed  now  to  examining  possible  ways  of  synthesizing 
functions  for  ascertaining  suitable  ways  of  measuring  the  degrees 
of  goal  attainment.  Let  us  start  with  the  case  where  a  goal  needs 
to  be  translated  in  terns  of  only  one  subgoal.  The  above  graphical 
analysis  associated  with  (2.1)  is  taken  as  a  typical  example  involving 
one  goal  (profit  level)  and  one  subgoal  (sales  volume).  In  this 
case,  we  have  one  goal,  b,  and  one  subgoal  variable,  x,  which  are 
related  to  each  other  by  the  following  functions 
(2.3)  f(x)  •  (10  -  5)x  -  5.000  =  b. 

Here  we  have  a  very  simple  linear  relationship  between  the 
goal  and  the  subgoal,  and  we  can  now  submit  this  relation  to  further 
analysis  very  readily.  Let  p  be  unit  sales  price  and  c  the  variable 
costs  per  unit.  Then  if  h  is  fixed  cost  per  period  and  x  represents 
possible  sales  volume,  we  can  relate  all  this  to  total  profit, 
b,  by 


(2.4) 


(p  -  c)x  -  h  -  b 


or,  when  p  f  c 
(2.5) 


h  +  b 
p  -  c 


At  a  breakeven  point  we  have,  by  definition,  b  =  0,  so  that  this 


further  simplifies  to 
(2.6)  x  = 


If  h,  fixed  cost,  is  also  equal  to  zero,  the  breakeven  sales  volume 


is  always  zero.  Of  course,  if  p  =  c,  this  expression  (2.5)  is  not 
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defined,  except  we  know  that  if  h  >  0  and  p  =  c  then  the  firm  can 

never  break  even,  If  h  >  0,  p  has  to  be  greater  than  c  in  order  to 

have  a  non-negative  breakeven  sales  volume,  For  formal  completeness 

we  may  also  say  that  if  h  <  0„  c  has  to  be  greater  than  p  in  order  to 

have  a  non-negative  breakeven  sales  volume „  but  this  case  is  usually 

of  no  interest  unless,  perhaps,  h  is  interpreted  as  an  initial 

T LO 

endowment  or  subsidy,  (See  Figure  below,) 


Total  cost 


A  Breakeven  Chart 
(with  a  negative  fixed  cost) 


Initial 

endowment 
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2o  Extension  to  a  Piecewise  Linear  Breakeven  Modal 

In  the  above  basic  breakeven  model,  it  was  assumed  that 

the  price  of  the  product  is  constant  over  the  entire  range  of  a 
feasible  production  volume,,  and  that  the  costs  of  the  product  consist 
of  only  fixed  costs  and  variable  costs „  We  shall  extend  this  basic 
model  to  include  cases  in  which  the  price  of  the  product  is  no 
longer  constant  and  its  cost  schedule  involves  so-called  semi-variable 
and  semi-fixed  costs., 

First  of  all,  consider  the  following  piecewise  linear  total 
revenue  curve. 


Total 

Revenue 


Sales 

quantity 


Figure  II-3 
A  Total  Revenue  Curve 

In  order  to  derive  analytic  expressions  for  this  geometric 

picture  of  a  total  revenue  curve,  we  now  proceed  as  follows,. 

Let  r.  be  the  marginal  revenue  between  the  sales  volumes  k.  and 
J  J 
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^j+1  (3  s*-  2,  «  ,  to)  with  *  0„  Then,  in  any  interval  k  <  x  ^  k^+, 

we  can  obtain  the  total  revenue  R(x)  by  means  of  the  relation. 


(2,7) 


R(x)  =  r1kz  +  r2(k^  -  k2)  +  .,,+  r^Ck^  -  k^)  +  r^(x  - 


This  can  be  rewritten  as  follows. 


(2.») 


R(x)  =  r  .x  -  ^(r.  -  r^Jk. 

cf~  _ 

=  1=1 ( ri  “  ri_i^x  -  'fiv( r-  ~  ri-i^ki 


=  t-I(ri  “  ri-l)(x  "  ki)s 

where  rQ  =  0  and  «  0.  This  means  that  we  can  cover  all  relevant 
x  values  by  means  of  these  expressions  and  the  corresponding  constraint 
relations. 

We  now  want  to  replace  this  collection  of  functions  and 
constraints  by  a  single  model  and  so  extend  the  analysis  further 
in  this  direction,  We  shall  introduce  new  variables,  which  are 
defined  and  constrained  to  produce  a  wholly  linear  problem,1- 


LRefer  to  Chames  and  Cooper,  19&1 ,  pp,  351  -  55* 


This  is  done  as  follows,  We  insert  for  each  range  of  x  a  pair  of 
variables  x*s  x7  which  are  defined  and  constrained  by 

(2.9)  x*  -  x"  =  x  -  k± 

where 

(2.10)  x^c  x~  -  0 

(2.11)  xt\  x"  >  0  (i  =  1,  2,  m) 

X  if 

Observe  now  thatAthe  xt  and  x7  (i  =  1,2,  »,,m)  in  (2,9)  are  always 
chosen  in  accordance  with  (2,10)  and  (2,11)  then  they  will  have  the 
characteristic  that  if  x  >  then  x^  -  x  -  k^  ;md  x^  -  0  while 
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if  x  <  then  -  x  and  -  Oo  Also  these  variables  x ^ 

have  the  farther  desirable  property  that  when  k  ^  <  x  <  k^+^ p 
for  any  j„  then 

x*  =  x  -  k^  for*  i  =  1,  2,  oos  j 


-  0 


for*  i  =  j+1 1  j+2„ 


since  <  ...  <  kj  <  x  <  <  k^2  <  •«  <  km°  That  is, 

for  all  preceding  i  <  j  we  will  hiave  jc^  =  0  and  for  all  succeeding 
i  >  ,j  we  will  have  xt  -  0»  This  penults  a  further  simplification 
since  by  using  the  variable  xt  (i.  =  1,  2,  m)  the  expression 


(2a 8)  which  was  applicable  only  Cor  lp.  <  x  <  k.+^  ran  be  rewritten 
in  the  following  form,,  which  is  applicable  for  any  x  in  the  range 


cf  0  <  x  <  km+1 
(2.12) 


R(x)  =  tS  (ri-  VkK 


xi  =  x  -  ki  + 


x,  o  x.  =  0 
i  i 

xt  x7  >  0 
i  >  i  — 

Having  thus  obtained  a  general  representation  for  piecewise 
linear  revenue  functions  ,  we  next  turn  our  attention  to  the  cost 
side  of  the  problem  in  order  to  derive  a  similar  expression  for  the 
cost  function o  Here  we  should  perhaps  first  emphasize  accounting 
approaches  to  this  topic.  In  accounting  literatures  dealing  with 
breakeven  analysis,  the  cost  function  ordinarily  consists  of  fixed 

costs  and  variable  costss  —  the  first  category  representing  any 
costs  that  are  constant  regardle  ss  of  the  production  volume  and 
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t 

) 


the  latter  varying  with  volume.  Generally  aocc anting  analysis  proceed# 
y*  <3.^  0}r*©n  c  o 

by  '  '  to  certain  "linearizations,"  First  the  variable  costs 
are  assumed  to  vary  proportionately  with  production  volume,  while 
fixed  costs  (also  linear)  are  assumed  to  be  constant,  independent 
of  volume.  Of  course,  this  is  not  always  adequate,  in  which  event 
two  new  categories  of  cost  variations  may  be  introduced  under  the 
names  "semi-variable"  and  "semi-fixed,"^ 


"Semi-variable"  costs  are  defined  as  "costs  which  vary  with 
the  production  volume  but  not  proportionately?  (Kohler,  1952s 
Anthony,  19*>b„ )  However,  "semi-variable"  is  also  used  to  denote 
costs  having  fixed  and  variable  components,  without  iiqplying  any 
non-linear  characteristics,  (Hill  and  Gordon,  1959, 

1951-,)  On  the  other  hand.  Schlatter  defines  "semi-fixed"  costs  as 
costs  that  increase  abruptly  at  some  critical  points  and  remain 
constant  at  other  points  (Schlatter,  19 39)° 


For  our  purposes  we  may  consider  the  latter  category  to  be 

reflected  in  terms  of  certain  "  jumps"  or  "discontinuities"  of  total 

cost  which  occur  at  certain  x  =  k.  values  and  then  relegate  tha 

former  to  certain  "kinks"  or  discontinuities  in  the  derivatives 

at  various  k.  values.  With  this  in  mind  we  can  separate  these 
0 

two  additional  categories  for  specific  examination  and  thereby 
relate  them  to  our  former  categorization. 

First  of  all,  let  us  consider  the  semi -fixed  costs^ 
we  represent  as  a  step  function  in  Figure  II-4, 


which 
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volume 


Figure  II-4 

Semi-Fixed  Costs 


That  is0  in  contrast  to  "fixed  costs,."  which  are  represented 
by  horizontal  line  over  all  x„  these  " semi-f ixed"  costs  are 
associated  with  a  series  of  horizontal  line  segments  which  vary 

A 

only  at  particular  points  x  =  k.  and  otherwise  remain  constant. 

Next  we  turn  to  the  category  called  semi -variable  costs 

and  represent  them  as  in  Figure  II-5»  Here  again  the  ordinary  variable 

costs  represented  by  one  line  which  is  proportional  to  x  over  its 

entire  range  is  replaced  by  a  set  of  line  segments  which  have  different 

A  A 

slopes  (proport,  reality  constants)  over  different  ranges  <  x  <  kj+1o 

Vi  s  *  <  °“- 


C 
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Figure  II-5 

Semi- Variable  Costs 


Now  we  wish  to  derive  a  convenient  analytic  representation 
for  all  these  costs  —  variable,  fixed,  semi-variable,  and  semi-fixed. 

For  this  we  first  interpret  all  costs  which  are  ordinarily  considered 
to  be  variable  in  such  a  way  that  they  are  only  special  instance 
of  a  more  general  category  of  "semi-variable"  costs.  Thus,  as  in 
the  above  diagram, any  curve  of  total  variable  costs  can  be  described 
completely  by  a  set  of  three  factors  which  we  associate  with  each 
line  segment  as  a  component  of  total  variable  cost.  These  are 
(1)  the  production  volume  at  which  the  line  segment  (a  variable 
cost  component)  starts  (k.),  (2)  the  slope  of  the  segment  (v. ), 
and  (3)  either  (i)  the  length  of  the  range  in  which  the  proportionality 

n  A 

holds  (or  the  "proportionate  range"),  d^=  or  (ii),  alternatively, 
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the  production  volume  at  which  the  segment  ends  (ki+^)o  Thus  if 

there  is  no  semi-variable  behavior  present,  a  variable  cost  is 

represented  by  a  cost  function  which  has  only  one  slope,  v,  which 

holds  over  the  entire  range  of  x.  In  that  case  we  have  our  total 

variable  cost  completely  described  by  specifying  v^  and  d^» 

Now  we  continue  our  synthesis  of  a  total  cost  function 

for  one-product  (or  homogeneous  product)  analysis  by  reference  to 

a  consideration  of  fixed  and  semi-fixed  component  of  cost.  As 

we  already  saw,  we  may  define  a  fixed  cost  component  as  the  cost 

A  , 

increment  that  enters  at  a  given  production  volume  (k^)  in  a  given 

amount  (f^)  and  then  remains  constant  over  a  finite  range  of  x  >  k^» 

This  is  in  contrast  with  a  variable  cost  component  that  also  commences 

at  a  given  production  volume  ( k . )  but  then  continues  to  add  a  given 

J 

amount  of  increment  (v^)  per  unit  increment  in  the  production  volume 

over  its  "proportionate  range"  (d.)«  Combining  these  two  ideas 

D 

we  can  then  extend  the  ordinary  accounting  definitions  of  "fixed" 
cost  and  "variable"  cost  to  include  these  " semi -fixed"  and  "semi¬ 
variable"  considerations.  Hence,  by  replacing  these  "fixed  vs, 
variable"  classifications  over  all  ranges  with  the  variations  that 
appear  over  specific  ranges  we  are  in  a  position  to  identify  fixed, 
semi-fixed,  variable,  and  semi-variable  components  of  total  cost 
according  to  whether  jumps  or  kinks  appear  in  particular  intervals. 


t 
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Of  courset  there  roay  be  approximation  issues,  too,  as  we 

shall  see  later,  and  one  that  can  be  usefully  singled  out  occurs 

when  our  procedures  of  model  construction  or  computation  cause  us 

to  use  various  artifacts  in  order  to  achieve  practical  implementation 

of  our  results,  Consider,  for  instance,  a  fixed  cost  component 

which  occurs  at  with  the  amount  f  ^  and  a  variable  cost  component 

A 

which  commences  at  the  same  production  volume  with  increment 
per  unit  of  the  production  volume  for  the  proportionate  range 
d^o  The  range,  d^,  is  assumed  equal  to  f^/v^,  so  that  the  total 
cost  increment  from  both  cost  components  are  the  same,,  This  can 
be  given  diagrammatic  clarification  as  in  Figure  II -6  where  a 
fixed  cost  and  a  variable  cost  component  are  represented  by  the 
two  vectors,  (F)  and  (V),  respectively „ 


A  Fixed  Cost  Component  and 
A  Variable  Cost  Component 
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Mote  that  in  general  we  need  three  factors  in  order  to  specify  a 

variable  cost  component  (i.e„,  k^,  and  d^)  whereas  we  need 

only  two  factors  in  order  to  specify  a  fixed  cost  conponent  (i»e„ , 
a 

k^  and  f  )  As  this  representation  makes  clear  we  can  regard  a 
fixed  cost  component  as  a  special  case  of  variable  cost  conponents 
in  which  d.^  is  set  equal  to  ze?o  and  is  replaced  by  f^  This 
is  only  a  formalism „  however,,  since  we  need  to  note  that  there 
is  also  a  qualitative  mathematical,  difference  between  and  f^ 
even  though  both  can  be  interpreted  as  marginal  (incremental)  costs 
as  we  shall  see  in  the  next  subsection.  In  particular  has 
the  ordinary  concept  of  calculus  derivative  as  its  precise  correspond 
whereas  f^  does  not.  Alternatively,,  if  we  proceed  by  means  of  the 
definition  of  marginal  costs  relative  to  the  slope  of  the  total 
cost  function  —  assumed  to  be  everywhere  defined  —  then  at  the 
fixed-cost  jumps  we  will  have  an  infinite  slope. 

To  accomodate  thi3  way  cf  representing  a  total  cost  function 
we  can  introduce  a  suitable  device  as  follows.^"  For  instance, 

■'"Alternatively,  we  may  use  so-called  diophantine  (integer) 
linear  programming  techniques.  Cf . ,  e„g.„  Charnes  and  Cooper, 

1961,  Ch.  xvin. 

A 

we  may  introduce  a  vector  that  commences  at  with  unit  increment 

where  £  is  a  small  positive  number, 

vi  =  f^/e  over  the  proportionate  range  of  <£  y  /  The  total  contribution 
of  this  variable  cost  way  of  representing  the  semi-fixed  cost  jump 
is  then  f ^  since  v.  =  (f. /£  )  €  =  f^.  (Refer  to  Figure  II-7  below.) 


Figure  1 1-7 


A  Variable-Cost  Way  of 
Representing  A  Fixed  Cost 
Component 

■i'J  setting  £  >  0  sufficiently  small,  we  can,  in  this  way,  approximate 
as  close  as  we  please  the  behavior  of  total  costs  by  only  variable 
cost  components. 

There  are  certain  issues  of  optimality  that  need  to  be  addressed 
but  for  purposes  of  our  breakeven  approach  we  do  not  need,  to  examine 
them  in  detail^  For  our  purposes,  then,  we  may  say  that  any  cost 

^Refer  to  Chanies  and  Cooper,  1961,  Chapter  X  and  XVXH„ 

curve  can  be  represented  by  a  suitably  arranged  set  of  variable 
cost  components,  each  one  of  which  is  specified  by  a  set  of  v^, 

A  A  \ 

1-n  and  or  alternatively  by  a  set  of  k^  and  ki+1  (i  =  1,  2,  , ,  „  n 
as  shown  in  the  following  diagram. 
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Production 

volume 


Figure  11-8 

Approximated  Total  Cost  Curve 


Once  the  cost  curve  is  represented  by  a  piecewise  linear 
function,,  the  total  cost  C(x)  which  is  a  function  of  the  production 
volume  x  can  be  derived  in  an  analogous  way  a3  in  the  total  revenue 

A  A 


function,  i.e. 
(2 .13) 


for  k ,  <  x  <  k , ,, 

J  -  0+1 

.  A  A 

C(x)  -  v^k2  +  Vg(k^ 


a 

k2)  + 


=  v.x 
0 . 


+  v0(x  -  V 


t=l  (vi  “  vi~l)x  -  w  (vi  -  vi~l)ki 


-•5  (vi  -  Vi-I)k- 


“  -S  (vi  "  Vi)(x  -  ki} 


■\  _  _ 

where  k^  -•  0  and  =  0 


By  the  use  of  the  variables  xt  and  x”  described  in  deriving  the  total 
carve, 

revenue/  we  rewrite  (2,13)  for  a  general  case  in  which  x  is  allowed 

A 

to  vary  over  0  <  x  <  k  as  follows s 

•*“  nr.L 
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(  2,  1  ^ } 


\A  + 

;x. 

i-l  i 


(i  =  1,  2, 


n) 


C(x)  =  “ife  (vi 

A+  A 

x.  =  x  -  k.  +  x. 
i  i  i 

A+  A - 
x.  »  x.  =  0 
i  l 

xt  ,  &7  >0 
0  <  ^  <  Vl 

Thus,  we  obtain  approximate  expressions  for  the  total  revenue 
curve  and  the  total  cost  curve „  from  which  the  net  profit  function 
can  be  obtained  easily  by  subtracting  the  latter  from  the  former. 

The  resulting  expression  can  be  loaded  to  a  linear  programming 
foioulation  as  follows  by  introducing  two  additional  variables 
y ^  and  y~  with  the  condition  that  y+  °  y~  =  0  and  y+„  y~  >  0, 

(2,16) 

Minimize  y+  •+  / 

Subject  to 


t^L  (ri  ‘  ri-l)xi 


i»i  <vi  -  vi-i)xi  -  y  +  y  =  0 


X  -  X.  +  x. 
1  X 


X 

X 


A  ■+■ 

-X.  +  X. 

z  i 


(i  —  If  2,  oo,  m) 

=  (j  =  1,  2„  i«i  m) 

<  k 


+  —  '*•'4-  A—  +  —  _ 

xs  xi8  x±,  xi<r  y  ,  y  >  0 


The  solution  to  (2,1 6)  gives  us  all  the  breakeven  points.  Even  though 

the  bilinear  constraints  x+°x7  -  0 ,  x?°x7  =  0 ,,  and  y+,'y~  =  0  are  not 

11  11 

shown  in  the  above  formulation,  the  simplex  method^-  of  solving  a 
linear  programming  problem  guarantees  that  these  (bilinear)  constraints 


1 

io8. 5  standard  versions  of  this  method.  In  other  cases  there 
may  be  need  for  recourse  to  modifications  in  use  of  the  simplex  method, 
as  are  available,  for  instance,  by  means  of  the  so-called  "restricted 
bsuiis  entry  procedures"  that  were  developed  by  A,  Charnes  and  W. Wo  Cooper, 
See  Ch,  X,  op»  cit. 
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be  satisfied  in  a  solution-,  We  shall  discuss  this  topic  in  more 
detail  in  Section  4  of  this  chapter.'*' 


^The  reader  is  again  referred  to  Chapters  X  and  XVIII  in 
Charnes  and  Cooper,  1961,  for  a  discussion  of  such  issues  as  local 
vs.  global  optima,  modifications  in  the  ordinary  simplex  algorithm 
routine,  etc,. 


3=  Justification  for  a  Piecewise  Linear  breakeven  Modal 

Before  leaving  thi3  section,  we  would  like  to  raise  some 
arguments  on  the  issues  of  approximations  in  order  to  find  some 
justifications  for  the  use  of  a  piecewise  linear  breakeven  model. 

We  have  used  th6  term  an  "approximated"  cost  curve  for  such 
a  piecewise  linear  cost  curve  like  one  given  in  Figure  II-8. 

Let  us,  however,  compare  such  a  piecewise  linear  cost  curve  with 
a  continuous  and  everywhere  diff erentiablo  cost  curve  of  the  type 
normally  dealt  with  in  economic  theories.  Clearly  in  the  real 
would,  we  cannot  produce  1,5  units  of  automobiles,  3-7  units  of 
refrigerators,  0,4  units  of  air-compressors,  etc.  In  some  cases, 
it  may  be  physically  possible  to  produce  a  fractional  unit  of 
product,  such  as  .001  gallon  of  gasoline,  but  it  would  never  be 
of  interest  of  managers  in  the  real  world  to  know  the  effect  on 
the  total  cost  by  such  a  snail  increment  in  the  production  volume, 
not  to  mention  any  infinitensimal  change  in  the  production  volume. 
We  may  therefore  say  that  the  real  cost  function  which  we  are 
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interested  in  is  a  discrete  step  function,  Xt  is,  of  course, 
perfectly  legitimate  to  approximate  such  a  step  function  by  a 
continuous  and  differentiable  function  for  the  purpose  of  economic 
analyses,  However,  we  want  to  emphasize  that  such  a  piecewise 
linear  cost  function  as  given  in  Figure  II-S  is  intended  to  approximate 
a  real  cost  curve  but  is  not  intended  to  approximate  a  continuous 
and  differentiable  cost  curve  simply  because  the  latter  is  normally 
used  in  economic  analyses.  As  a  matter*  of  fact  a  piecewise  linear 
cost  curve  can  be  a  precise  reflection  of  a  real  cost  curve,  at  lea3t 
over  realistic  ranges  of  assumed  production  alternatives,  whereas 
a  differentiable  function  need  not  have  this  property  ipso  facto. 

This  point  seems  to  be  necessary  because  some  of  the  accounting 

literature  appears  to  be  unduly  apologetic  here,  perhaps  in  deference 
to  others,  such  as  economists,  who  are  also  concerned  with  the 
costing  problems  of  business  management- ,  3ut  in  this  connection 
it  may  be  recalled  that  until  the  advent  of  linear  programming, 
an  assumed  differentiability  was  needed  to  obtain  access  to  the 
differential  calculus  as  was  needed  to  discuss  such  issues  as 
optimization,  etc. 

Professor  P»  A,  Samuelson  has  stated  this  all  very  nicely  as  follows; 

It  is  curious  to  see  the  logical  confusion  into  which  many 
economists  have  fallen.  The  pr'Amary  end  of  economic  analysis 
is  to  explain  a  position  of  minimum  (or  maximum)  where  it  does  not 
pay  to  make  a  finite  movement  in  any  direction.  Now  in  the 
case  that  all  functions  are  continuous,  it  is  possible  as  a 
means  towards  this  end  to  state  certain  equalities  on  differential 
coefficients  which  will  insure  that  certain  inequalities 
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will  hold  for  finite  movements.  It  is  no  exaggeration  to 
say  that  infinitesimal  analysis  was  developed  with  just 
such  finite  applications  in  view.  Unfortunately  e  the  means 
have  become  confused  with  the  ends,  and  so  conventions  and 
artifices  are  continously  sought  in  order  to  be  able  to 
make  statements  concerning  marginal  equivalences,. <.1 

^Samuel son,  1947,  p»  75° 

But  with  the  advent  of  linear  programming  and  related  techniques 
it  is  no  longer  necessary  to  follow  the  dictates  of  the  calculus. 

This  can  be  done,  moreover P  without  undue  concern  about  the  imputations 
which  are  also  often  wanted  and  which  the  differential  calculus 
supplies  when  differentiability  is  assumed.  Notice,  for  instance, 
as  in  Figure  I1-?  any  cost  component  can  be  made  attributable  to 
a  unit  of  product,  e<>g.»  kj  unit,  even  when  an  "infinitesimal 
change"  in  the  production  volume  causes  a  discrete  finite  jump. 

Hence,  as  this  case  shows,  we  can  retrieve  our  underlying  costs 
a3  wanted  and  hence  we  remain  on  solid  grounds  here,  too,  when 
we  lump  the  fixed  cost  component  and  a  variable  cost  component 
together  in  one  total  cost  function  via  a  piecewise  linear  analysis, 

A  similar  approximation  argument  also  holds  for  the  total 
revenue  curve.  Here,  too,  it  is  not  clear  that  the  total  revenue 
curve  must  necessarily  be  a  continuous  and  differentiable  function 
and,  furthermore,  it  is  perhaps  a  more  common  situation  for  the 
relationship  between  the  total  revenue  and  the  sale  quantity  to 
be  linear  if  small  ranges  of  the  sales  quantity  are  only  being  considered. 


Of  course,  many  other  ideas  in  economic  analysis  have  been 
developed  around  the  assumption  of  differentiability,,  The  notion 
of  "demand  elasticity"  is  a  case  in  point „  But  evidently  such 
an  idea  does  not  fit  readily  into  the  kinds  of  discontinuities 
involved  in  our  approximation s»  Although  these  ideas  may  be  useful, 
it  does  not  follow  that  we  should  distort  our  picture  of  reality 
because  of  this,  or  abandon  other  aspects  of  its  convenience  only 
for  the  sake  of  obtaining  a  meaningful  elasticity,,  The  lack  of  2k 
meaning?  elasticity  of  demand,  as  ordinarily  defined,  can  be  supplemented^ 
as  we  shall  soon  see,  But  first  we  can,  again,  quote  Professor 
Samuel 90 n  for  immediate  perspective. 

There  is  perhaps  some  usefulness  of  the  concept  of 
elasticity  of  demand  as  giving  an  indication  of  the  qualitative 
behavior  of  total  revenue,  but  even  this  is  only  the  consequence 
of  neglecting  to  deal  with  total  revenue  directly,  1 

^Samuelson,  1947,  p,  125,  Footnote  lo 

Note  that  marginal  revenue  coefficients,  r^  (i  =  1,  2,  m) 
in  our  total  revenue  curve  given  in  Figure  1 1-4  change  their  value 
only  at  critical  points,  k^  (i  =  1,  2,  m),  at  which  elasticity 

of  demand  fails  to  exist  o  However,  we  may  define  a  new  coefficient 
which  we  shall  call  "marginal  revenue  head,"^  denoted  by  as  meaning 

^The  term  "head"  was  borrowed  from  hydrodynamics., 

the  difference  between  the  two  marginal  revenue  coefficients  r^ 
and  r^  ^  at  the  critical  sales  volume  k^  and  zero  everywhere  else,, 
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More, 

'  precisely,,  we  define 

(2.1?)  P  =  r±  -  at  ^(1=1,  2,  ,,,  m) 

P  =  0  at  any  other  point. 

Then,  by  knowing  marginal  revenue  heads  at  critical  points,  the 

total  revenue  curve  can  be  completely  described.  If  elasticity 

of  demand  is  intended  to  indicate  some  behaviors  of  the  total  revenue 

curve,  the  same  role  can  be  played  by  marginal  revenue  head  defined 

above,  (Consider  positive,  zero,  or  negative  marginal  revenue 

heads  as  a  characterization  of  the  total  revenue  curve,)  Of  course 

such  a  marginal  revenue  head  is  not  dimensionless,  but  if  dimensionless 

revenue- 

is  what  we  want,  we  can  use  "relative  mar g inal Ah ead "  defined  as  marginal 


^Refer  to  the  following  quotation  from  Samuel  son,  194?, 
p,  126  Footnote  4, 

Actually  it  is  a  little  misleading  to  say  that  an  elasticity 
expression  is  necessarily  "without  dimension,"  For  take 
any  absolute  derivative,  such  as  dx/dp„  which  is  certainly 
not  dimensionless,  involving  a3  it  does  the  dimensions 
toutput  times  output  divided  by  value, ]  Even  though  it  has 
dimensions,  it  is  still  the  elasticity  of  some  expression. 

Thus  if 

x  =  f(p), 

and 

y  =  s  (q), 

where 

y  =  q  =  ePp 

then 

Ey  _  dx 
Eq  dp° 


rovonue  head  divided  by  total  revenue  at  that  sales  quantity 
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The  usual  role  of  an  ordinary  elasticity  coefficient  in 


price  theory  is  derived  from  the  fact  that  it  provides  a  convenient 
way  of  summarizing  the  quantity  response  to  any  small  variation 
in  price.  But  this  in  turn  can  be  related  to  marginal  revenue  i»y 


(2,17a) 


,  pJ.x&  ,  p(1  ,  S  fe  ,  p(1  . 


Revenue 


where  p  is  the  price  and  ^  is  the  elasticity  of  demand.  That  is. 


in  a  piecewise  linear  revenue  curve,  the  total  revenue  is, 
of  course,  represented  by  a  set  of  line  segments  as  shown  in 
Figure  Il-3t  Thus  total  revenue  may  be  given  representation  as 
a  linear  function  of  the  sales  quantity,  x,  where  x  lies  between 

k.^  arid  kj+^t  as  follows; 


(2,17c) 


R(x)  =  px  =  r  .x  +  h  .  for  k,  <  x  <  , , 

3  3  %* 


All  symbols  have  been  defined  previously  except  h ^  which  is  the 
intercept  value  attained  when  the  j*'*1  linear  segment  is  extended  to 
its  intersection  with  the  vertical  axis. 


From  (2d?c)„  we  have 


(2,l?d) 


p  -  r. 


Within  the  interval  k ^  <  x  <  k ,  the  function  (2,l?d)  is  differentiable 

xf 


in  p  and  so  we  can  write 


^IH 
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(2ol?e) 


dx  _  _ 

dp  "  "(p  -  r1)' 


But  now,  by  definition, 


(2ol7f) 


h  a  _  JE_  3*  =  EL 
l  x  dp  hj 


for  k ,  <  x  <  k^, 


In  classical  economics  all  function*  are 


generally  assumed  to  be  differentiable  as  required.  Hence  we  can 
proceed  on  this  assumption  and  differentiate  (2ol7f )  with  respect  to 


x  arid  obtain 
(2*17g) 


d\  _  1  d(px)  J 
dx  h..  dx  hj° 


with  r  Jh  .  fixed  so  that  d  \/d*  is  constant  within  any  such  interval. 

Evidently,  then,  within  any  interval  k^  <  x  <  k '  :'  - 
integrate  ( 2 ,  l?g )  over  x  and  obtain  ^  as  required.  Of  course  this  may 
be  done  for  any  interval  and  each  applicable  ^  can  be  obtained 


in  this  fashion.  Also,  from  (2.8)  and  (2.17f)  we  obtain 


(2  ojL  /h ) 


V  TT~-g:(ri'ri-i)(x"ki) 


for  k  j  <  x  <  kj+1 


where  rQ  ~  0  and  =  0.  We  can  thus  work  directly 
with  marginal,  revenue-  r^,  or  with  marginal  revenue  head. 


=  r,  -  r„ 


which  will  usually  be  the  focus  of  the  analysis  —  especially  since 


the  latter  is  a  dual  evaluator  under  simple  revenue  maximization  — 


Il-2?c 


for"  it  will  ordinarily  be  of  more  immediate  managerial  and  accounting 
interest  without  thereby  prejudicing  our  access  to  other  theoretical 
constructs „  like  demand  elasticities „  when  the  latter  have  any  potential 
value  or  use.  Although  we  have  here  obtained  a  precise  correspondence 
between  our  piecewise  linear  model  and  an  analytical  construct  from 
economic  theory  it  is  possible  that  such  a  precise  correspondence  may 
not  be  forthcoming  in  all  other  areas o  On  the  other  hand  it  should 
be  possible  to  compensate  for  this  in  any  case  of  business  -  managerial 
interest  by  first  dropping  back  to  basic  ideas  and  then  utilizing  some 
ingenuity  to  attain  a  practically  useful  correspond,. 
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This  is  about  as  far  as  we  intend  to  gc  in  this  dir  action* 
from  our  standpoint  the  mathematical  methodologies  like  linear 
programming  make  it  unnecessary  to  stay  within  the  strictures 
prescribed  by  the  classical  calculus  methods*  Switching  to  the 
former  approaches  opens  certain  prospects  for  obtaining  closer 
contacts  with  the  usages  and  procedures  of  accounting*  On  the 
other  hand  before  effecting  such  a  switch  it  is  desirable  to  check 
in  order  to  see  whether  any  of  VAlu*.  are  also  lost  in  the 

process*  Thus  in  the  first  part  of  this  chapter  we  provide  an 
illustrative  development  that  indicated  how  a  linear  programming 
form  could  be  given  to  some  of  the  current  practices  in  accounting 
when  they  are  suitably  extended*  In  the  immediately  preceding 
discussion  we  then  showed  how  even  such  ideas  as  the  elasticities 
used  for  demand  analysis  in  economics  might  also  be  used  at  least 
with  respect  to  important  possible  applications  they  might 
have  in  management* 
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3»  Single  Goal  with  Multiple  Subgoals s 
Analyses  by  Generalized  Inverses 

At  the  end  of  Section  1,  we  defined  a  goal  analysis  as  a 
way  of  deriving  a  set  of  subgoals,  x^'„  x^,,  x^  that  satisfies 
(2  ,  )  f  (:c,  f  x5„  . . ,  x  )  —  b 

where  b  represents  a  given  goal.  So  far  we  have  considered  only 
cases  —  linear  or  non-linear  —  that  involve  one  variable  as  a 
possible  subgoal .  In  this  section,  we  shall  be  concerned  with  cases 
that  involve  multiple  subgoals  while  assuming  that  the  function 
relating  the  goal  and  the  subgoals  is  linear.  More  precisely,  we 
assume  that  the  overall  goal  can  be  suitably  expressed  as  a  linear 
combination  of  n  subgoals,  x^,  x2„  xn»  That  is,  we  assume 
(2.1C)  f(x1,  x2„  xn)  =  a1x1  +  +  anxn  *  b 

where  a,,  aoS  . aR  are  any  real  numbers  so  that  f  is  a  real  linear 
functional » 

In  order  to  simplify  the  notation,  we  use  the  ideas  of 
matrix  albebra.  Let  x  be  a  column  vector  with  components 
and  let  a  be  a  row  vector  with  components  a^,  <>'»  an°  Then, 

the  equation  (2.18)  is  represented  equivalently  by 

(2.19)  ax  =  b. 

We  shall  call  any  combination  of  values  for  x^„  x2„  xn 
that  satisfies  (2.18),,  or  equivalently  any  x  that  satisfies  (2.19), 
a  solution  subgoal,  or  simply  a  solution.  If  there  is  more  than 
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one  x  which  satisfies  (2,19)  then  we  shall  call  all  such  solutions 
collectively  a  set  of  solution  subgoals,  or  simply  a  solution  set. 

For  simplicity,  we  consider  the  case  where  a  is  a  two- 
component  row  vector  and  x  is  a  two - corrrpo n ent  column  vector. 

Suppose  a  firm  sells  two  kinds  of  products.  Product  1  and  Product 
2,  and  that  the  contribution  to  overhead  and  profit  (i.e.  selling 
price  less  variable  costs)  per  unit  of  Product  1  and  Product  2 
are  $1  and  $.5,  respectively.  Suppose  further  that  the  goal  in 
this  problem  is  to  earn  a  profit  of  $1  over  and  above  fixed  costs 
of  $1.50.  I.e.,  the  "'ll  is  to  earn  $2,50  (=  $1.00  +  $1.50), 

thereby  covering  the  fixed  cost  of  $1.00  and  contributing  +1=50 
to  profit. 

Vfe  next  want  to  interpret  the  goal  in  terms  of  subgoals 
that  are  more  immediately  operational  relative  to  the  categories^ 

Product  1  and  Product  2,  Let  and  x 2  be  the  sales  volume  of 
Product  1  and  Product  2,  respectively,  and  let  it  be  supposed  that 
these  sales  volumes  are  more  operational  than  the  profit  variable  itself. 

Any  combination  of  and  which  satisfies  the  following 
condition  will  exactly  attain  the  given  goals 

x1  +  .5x2  =  2..5° 
or^  by  using  vector  notation^ 

(2.20)  (1,  .5)x  =  2.5 

where  x  is  a  two-component  column  vector  for  x^  and  x^.  Since 

negative  x^  or  x^  has  no  meaning  in  this  case,  both  x^  and 

have  to  be  non-negative.  However,  in  order  to  analyze  the  mathematical 
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implication  of  the  problem,,  let  us  ignore  this  non-negativity 
constraint  until  a  later  stage  of  the  discussion. 

We  now  want  to  obtain  the  solution  set  to  (2.20).  We  shall 
do  so  by  first  introducing  the  idea  of  a  transformation,  tiy  a 
transformation  we  mean  any  operation  —  e.g..  a  mapping  —  that 
relates  pcints  (or  vectors)  in  one  space  (called  the  domain  of 
the  transformation)  to  points  in  another  space  (called  the  range 
of  the  transformation. )  If  a  transformation  is  linear,  then, it 
is  uniquely  associated  with  a  matrix  and  vice  versa.  —  i.e. , 
to  each  linear  transformation  there  corresponds  one  and  only  one 
matrix,  and  vice  versa. 

In  our  exanqple,  the  1x2  matrix  (1,  .5)  uniquely  defines 
a  transformation  by  which  a  point  in  a  two-dimensional  space  is 
transformed  into  a  point  in  a  one-dimensional  space.  Then,  our 
problem  is  equivalent  to  a  geometrical  problem  of  finding  the  set 
of  t he  points  in  the  two-dimensional  space  which  are  transformed 
into  the  point.  2.5.  in  the  one-dimensional  space  under  the  transformation 
defind  by  the  matrix  (1,  .5). 

If  a  matrix  A  has  an  ordinary  inverse  A~\  then  we  have 
a  unique  solution  x  to  Ax  =  b  which  is  given  by  x  =  A-1b„ 

Geometrically,  this  means  that  the  transformation  defined  by  A 
transforms  x  into  b,  whereas  the  transformation  defined  by  A  ^ 
transforms  b  precisely  back  into  x.  Therefore,  if  the  matrix 
in  our  problem  of  goal  analysis  has  '??  ordinary  inverse,  then 
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the  solution  subgoal  which  attains  the  given  goal  level  can  be 
obtained  by  using  the  ordinary  inverse  of  the  matrix. 

However,  only  special  kinds  of  matrices,  i,e,,  non-singular 
(square)  matrices,  h^v'e  ordinary  inverses,  and  we  cannot  limit 
our  goal  analyses  to  the  cases  which  involve  only  non-singular 
matrices.  Therefore,  for  our  goal  analyses,  a  more  general  idea 
of  inverse  of  a  matrix  is  needed. 

We  shall  now  introduce  the  idea  and  the  uses  of  the  so- 
called  generalized  inverse  ^  of  a  matrix  in  our  goal  analyses 

"^Developed  by  Moore  0  1920,  and  independently  by  Bjerhammer, 

1951,  and  Penrose,  1955" 

for  various  reasons.  First,  every  matrix  (singular  or  non-singular, 

e*''  y  \ 

square  or  rectangular,  zeroAnon-zero  malices )  has  its  own  unique 
generalized  inverse.  Thus,  we  need  not  be  concerned  with  questions 
of  existence  and  uniqueness.  Moreover*  when  a  matrix  has  the 
ordinary  inverse  (i,e, ,  when  the  matrix:  is  a  non-singular  square 
matrix),  the  generalized  inverse  of  the  matrix  is  identical  with 
its  ordinary'  inverse,  and  hence  we  need  not  to  worry  about  the 
uniqueness  of  the  inverse  in  this  respect,  too.  Second,  a  generalized 
inverse  incorporates  the  essential  idea  of  a  "solution,"  which 
is  what  we  want,  and  dispenses  with  the  property  of  uniqueness 
of  a  solution,  which  is  not  always  convenient  for  goal  analysis 
any  way.  Finally,  a  generalized  inver-se  has  a  so-called  "least 
square  property"  which  is  useful  for  goal  analysis  in  which  incompatible 
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raultiple  goals  are  involved  as  we  shall  see  in  a  later  section. 

Even  though  it  is  not  the  main  purpose  of  this  chapter  to 
analyze  the  mathematical  properties  of  a  generalized  inverse, 
we  feel  it  useful  for  readers  to  have  some  ideas  about  how  these 
mathematical  properties  used  in  goal  analysis  in  this  chapter  are 
derived.  Therefore,  we  have  attached  in  Appendix  A  an  analysis 
of  the  generalized  inverse  by  using  simple  exanples. 

For  an  n- component  non-zero  row  vector  a,  the  generalized 
inverse  of  a,  denoted  by  a^,  is  an  n-component  column  vector  given 
by  (“3r)a*„  where  a*  is  the  transpose  of  a,1  In  our  exanple, 

"'■Refer  to  Section  6  of  Appendix  A  for  a  computation  method 
of  a  generalized  inverse.  See  also  Chames .  Cooper  and  Thompson ,  Secern Wr, 

1962, 


the  generalized  inverse  of  (1,  -5)  is 


(1.  =5)f  = 


-  c;»>. 


il,  .5>r^"  ~  1-25 

By  using  the  generalized  inverse  of  a,  one  of  many  possible 
solutions  to  ax  =  b  is  given  by 


(2,21) 


x  -  a^b. 


The  x  of  (2,21)  may  be  called  a  particular  solution  to  ax  =  b,  just  like 
in  solutions  to  a  differential  equation.  It  has  a  special  property  which 
will  be  utilized  in  a  later  chapter. 

However,  this  is  only  one  of  many  possible  solutions  to  ax  =  b. 

To  obtain  a  more  general  expression  which  will  give 


II-33 

us  all  the  solutions  to  ax  =  b0  consider  the  following  expression 
for  x» 

( 2<>22)  x  -  a*b  +  w 

where  w  is  aj  n-component  column  vector,,  Since  a*b  is  a  constant  vector  p  it 

follows  that  ,  .  ,  .  ....... 

for  any  cnoice  of  w,  x  is  uniquely  determined  and  vice 

versfi .  i„e,  ,  there  is  one-to-one  corTespondence  between  x  and  w„  fiore- 

over  the  condition  ax  =  b  is  satisfied  if  and  only  if  aw  =  0, 

since, 

(2<>23)  ax  =  aa*b  +  aw  =  b  +  aw 

The 

set  of  all  vectors  w  which  satisfy  aw  =  0  is  called  the  null 
space  of  a,  denoted  by  E(a)o  Therefore,  all  the  solutions  to 
ax  -  b  can  be  obtained  by  adding  a*b  to  each  vector  in  the  null  space 
of  a<> 

All  the  vectors  in  the  null  space  of  a  car.  be  represented 
by  linear  combinations  of  vectors  in  a  null  space  basis  of  a. 

Let  a°  be  ar  n  by  (n-l)  matrix  obtained  from 

n-1  column  vectors  in  a  null  space  basis ,  (For  any  non-zero  row 

vector  a,  a  null  space  basis  of  a  consists  of  n-l  linearly  independent 

vectors),1  Then,  all  the  vectors  in  the  null  space  of  a  can  be  obtained  from 

1A  method  of  computing  a  null  space  basis  is  given  in  Section 
4  of  Appendix  A, 

the  expression  a°z  where  z  is  an  arbitrary  (n-l) -component  column 
vector  which  acts  as  a  weighting  factor  of  linear  combinations 


of  the  basis  vectors 
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This  is  not  of  course,  the  only  way  to  represent  the  null 
space  of  a„  The  egression  (I  -  a'a)z,  where  I  is  aan  x  n  identity 
matrix,  gives  a  vector  in  the  null  space  of  a  by  projecting 
perpendicularly  (or  by  a  more  technical  tern,  orthogonally)  an 
n- component  arbitrary  vector  z  into  the  null  space  of 


xFor  more  detail-*  discussion. 
In  our  example:,  (see  (2o20 )) 


see  Section  5  of  Appendix  A„ 


(1  -  a^a)  = 


A  0 
v0  1 


,8 


)  -  Q (1.  -5)  =  (J  °)  -  ( 


. 3 

A 


:*>  =  <J 


,8;- 


Therefor®,,  any  vector  x  in  the  null  space  of  a,  or  equivalently 
any  vector  which  satisfies  ax  =  0,  is  given  by  a  suitable  choice 
of  the  values  of  the  two  -  compon  ent  column  vector  as  follows 


x 


IJote  that  any  vector  thus  represented  has^*form  (“°^)a„ 
this  expression  may  be  replaced  by 


Therefore 


x  =  C^)a 


where  a  is  a  scalar  (a  number)-  That  is,  any  vector  x  which  satisfies 

s  15  —  5 

(1,  c5)x-0  ,,  represented  by  (  )a  with  a  suitable  choice  of  a 

—  5 

scalar  a.  The  vector  (  ^)  is  a  null  space  basi6  of  (1,  »5)  obtained 

by  the  method  in  Section  4  of  Appendix  A- 


This  expression,  (I  -  a^n)z  (z  £  E*1),1  has  some  mathematically 


n-3^2 


“”E!  refers  to  a  real  n-dimensional  vector  space  and  " £ " 
means  "member  ofo,:  Therefore,  "(z  e  E11 }"  means  that  z  is  an  n- 
component  ( column }  vector  with  all  of  its  components  real  numbers. 


interesting  properties  which  cannot  be  observed  in  an  expression 
a°z  as  discussed  in  Appendix  A„  For  example,  the  expression 
(I  -  ?.!a)  is  unique  for  any  a  whereas  the  expression  using  a  null 
space  basis,  i,e»t  a  z  (z  t  En-i),  is  not.  We  shall,  however, 
use  either  of  the  two  expressions  as  convenience  for  our  analyses 
suggests,  noting  that  ary  expression  for  the  null  space  of  a  may 
be  used  in  place  of  a°z  or  (I  -  a+a)z. 


Using  the  generalized  inverse  of  a  and  a  null  space 
basis  of  &».  t!v&  set  of  all  solutions  to  ax  =  b  is  given  by 
(2*24)  x  =  aTb  +  a°z  (z  £  En~1). 

For  example:  since  the  generalized  inverse  of  (1.  *5)  is  (‘^) 
and.  a  null  space  basis  of  (1,  =  5)  nay  be  given  by  the  set 

^See  previous  footnotes  in  which  the  vectors  (°^)  and  (~‘V) 
are  derived. 

of  all  solutions  to  our  example  car!  be  given  by 
(2*25)  x  =  (°®)b  +  C°h  z 

c-  *4*  JL 

where  b  is  a  desired  profit  level  (plus  fixed  costs)  and  z  is 
an  arbitrary'  scalar,  I*©*,  here  z^E3- 

In  preparing  the  expression  for  the  set  of  all  solutions 
to  ax  =  bj as  above,  it  should  be  noted  that  we  do  not  need  to 
know  the  value  of  the  goal,  b,  beforehand-  Both  &t  and  a°  can 
be  calculated  independently  of  b*  Then,  once  the  goal  level  is 
specified,  we  can  immediately  get  the  set  of  all  solutions  for 
3ubgoals  that  exactly  attain  the  given  goal.  Thus  by  the  use  of 
generalized  inverses,  the  goal  is  directly  translated  into  more 
operational  subgoals- 
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Depending  upon  the  nature  of  subgoals  in  goal  analysis,  we 

nay  want  to  amd  negative  values  for  subgoal s5  For  example, 
a  attainment, 

xn  our  proolem  of^ profit  goal  ^negative  sales  volumes  do  not  have 
any  meaning*  In  such  cases,  we  dttgck  the  non-negativity  condition 
to  the  expression  for  x;  i»e„ 

(2,26)  x  =  a'fc  +  a°z  >  0 

or 

{ 2o  27 )  a°z  >  -  a^b 

This  means  that  the  non-negativity  condition  for  x  is  now  translated 
6:i’e»de 

into  constraints  on, arbitrary  variables  in  the  expression  for  the 
null  space  of  a.  For  example,  the  non-negativity  constraint  on 
x  in  25)  is  converted  into  the  constraint  on  z  as  follow: 

( 2o 23 )  C*J)»  >  -  (°®}b 

of 

( 2o29)  -  »4b  <  z  <  1=, 6b 

for  any  non- negative  bo  (If  b  is  negative,  no  solution  exist* for 
ax  ~  bs  x  >  0,  where  a  >  0»)  Thus,  (2-25)  together  with  (2,29) 
give  us  the  set  of  all  combinations  of  sales  volumes  of  Product  1 
and  Product  2  which  achieve  a  specified  level  of  contribution  to 
overhead  and  profit,  b0  for  any  non-negative  b„ 


Single  Goal  with  Multiple  Subgoal ss 
Analyses  by  goal  progransning 
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In  this  section,,  we  shall  use  a  special  type  of  linear 
programing t  which  is  called  "goal  programming ,n^  to  attack  the 

^The  linear  programing  application  in  this  section  and 
in  the  next  chapter  is  a  revised  version  of  Chames ,  Cooper  and 
Ijiri,  1962..  For  more  detailed  discussions  of  “goal  programming 
see  Chames  and  Cooper,  19&L ,  p*  215  ff» 

same  problem  of  goal  analysis  as  in  the  previous  section.- 

The  basic  formulation  for  goal  analysis  with  a  single  goal 
and  multiple  subgoals  was  given  by  the  expression  (2ol9)  in  the 
previous  section .  io  e„ 

(2d9)  ax  =  bo 

This  expression  can  be  rewritten  in  its  equivalent  form  by  using 
the  following  linear  programming  formulation* 

(2*30)  Minimize  y+  +  y" 

subject to  +  _  + 

ax  ax-  -  y  +  y”  =  b 

x+„  x",  y+,  y”  >  0 

where  y+  and  y~  are  non-negative  real  variables,  and  x+  and  x” 
are  n- component  non-negative  column  vectors*^  In  order  to  satisfy 
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the  non-negativity  requirement  of  variables  in  a  lineal'  programming 
problem0  we  split  x  into  x+  and  x~  whose  components  are  all  non¬ 
negative  with  the  property  that 

(2=31)  x  =  x+  -  x“ 

Although  such  a  decomposition  of  x  is  not  unique,  we  can 

evidently  always  write  any  x  as  a  difference  of  two  non-negative 
vectors,  and,  furthermore,  we  can  obtain  uniqueness,  when  desired,, 

by  specifying  an  algorithm  with  relevant  properties  —  such  as 

+  -  1 

one  which  assures  x  ®x  =0  —  or  else  obtain  it  un  other  ways,, 

■*The  simplex  method  of  linear  programming  has  this  property „ 
This  is  referred  to  by  Chames  and  Cooper  (19&L)  as  an  algorithmic 
completion  of  a  model,  and  the  reader  may  refer  to  this  for  more 
detail  discussion  of  this  topic  and  related  artifacts,. 

The  variables  y+  and  y”,  which  are  called  slack  variables,  are 
included  in  the  constraint  to  make  the  goal  analysis  more  flexible^, 
as  we  shall  see  later,, 

For  simplicity  of  the  discussion  we  shall  assume  that  the 

variable  x  is  constrained  to  be  non-negative,  noting  that  whenever 

the  nature  of  the  subgoals  allows  us  to  have  negative  components 

in  x  we  can  always  express  x  as  a  difference  of  two  non-negative 
+  — 

variables  x  and  x  thus  causing  no  trouble  in  applying  the  suosequent 
discussion  to  such  a  case  „  Therefore  we  shall  deal  with  the 
following  modified  version  of  (2=19)  and  (2>30)»  in  which  x  is 
constrained  to  be  non-negative = 

u 


C  xs3) 


Minimize 
subject  to 


ax 


y+  +  y“ 

-  y  +  y  =  b 
x,  y+(  y"  >  o 


The  tw  formulations  are  equivalent  in  the  sense  that  any  x  which 
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satisfies  (2  02)  also  satisfies  (203)  and  vice  versa-  provided 
that  a  solution  exists  for  (2°32)=  This  will  be  clear  from  the 
fact  that  the  minimization  process  always  drive  the  values  of 

-i-  —  + 

y  ar.d  y  down  to  zero,  which  is  the  min;  mum  value  that  y  and 
y~  can  ever  take,  provided  that  a  solutitn  exists  for  (2.32h 

A  solution  to  (2„32)  does  not  exists  if  (1)  a  >  0  and  b  <  0 
or  (2)  a  <  0  and  b  >  0  since  no  non-negati  ire  x  can  than  satisfy 
ax  =  b  .  Of  sours  e  when  a  is  a  vector  and  I  a  scalar  with  no  constraint 
on  x.  there  is  no  great  .rouble  ^spp.J-fylht,  things  like  existence 
theorem^  etc,,,  with  respect  tc  solvability.-  Nevertheless  this  situation 
provides  us  with  an  opportunity  to  examine  thi.  issue  in  the  context 
of  goal  attainment  when,  in  fact,  (2o32)  has  nc  solutio*.  in  order 
io  see  ho-  it  might  be  reflected  in  (2o33)°  Of  course  ax  =  b 
si’  ays  has  a  solution  unless  a  =  0  and  b  f  0.  But  the  condition 
x  >  0  could  not  be  satisfied  if  a  >  0  and  b  <  0  or  if  a  <  0  and 
b  >  0-  However „  (2., 33)  will  always  bs  solvable  in  non-negative  x 

-  -r 

since  we  caa  alwayr  choose  x  -  C  and  y  -  b,  y  =0  'when  b  >  0  or 
v*'  --  0,  y+  -  -b  when  b  <  0.  In  any  case  a  minimizing  solution,  when 

attained,  produces  ay  +  y"  discrepancy  —  i.,er,  a  non-negative  value 

4*  a  +  m 

for  y  and  y  with  y  +  y  >  o  for  the  case  of  no  solution  —  which  is 
a3  small  as  possible  so  that,  conversely,  the  corresponding  x  values 
give  a  resulting  ax  which  is  "as  close  as  possible"  to  the  goal  level  b. 
There  is  some  ambiguity  in  that  the  positive  or  negative  deviation 
between  ax  and  b  corresponds  to  a  single  variable  y  which  is  unrestricted 
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in  sagn..  Of  ootrse  the  value  for  any  such  variable  nay  equally 
well  bo  represented  as  e  difference  of  non-negative  variables 

so  that  y  -  y+  -  y"  with  y+,  y"  >  0  for  any  value  of  y  whatsoever 
On  tie  other  hand,,  any  particular  value  of  y  may  be  represented 
in  many  ways  by  y4  -  y~,  For  instance,  if  y  =  2  then  y  =  y+  -  y 
=  5  =  and  sc-  crt  while  if  y  =  ~2  then  -2=3“5  =  2-4l 

etc.  We  would  like,  however,  to  have  this  ambiguity  of  choice 
resolved  anc  this  is  core  by  the  minimization  which  insures  y+,y  =  0 
so  that  at  least  one  cf  these  variables  will  be  zero  at  a  minimum, 
ihen  this  us  done  then  the  related  uniqueness  property  resolves 
the  ambiguity.  Thus,  ir.  the  above  cases  we  will  have  y  =  2  -  y 
with  y“  -  0  and  y  =  -2  =  ~y~  with  /  -  0 

To  see  this  point.  we  may  consider  any  x  which  produces  a 
corresponding  discrepancy  in  amount  k»  I,e,  for  any  x  we  have 
'2»34)  ax  -  b  -  k  =  y''  -  y”\ 

Suppose  that  v;e  have  then  y+,  ;f  >  0  This  could  not  be  minimal 
for  the  corresponding  functional  values,  nowever,  lor  writing 
(2,35)  y+  =  k  ■»  y~ 

we  see  that  we  could  reduce  both  y  and  y“  .and  thereby  reduce 
the  value  oi  y1"  +  y"»  Moreover  this  reduction  could  be  continued 
until  either  or  both  y  “Cory  —  0  is  achieved.  Since  this  is 
true  for  anv  x  it  must-  te  true  for  a  minimizing  x  and  so  we  'can 

rniamt* 

conclude  that  y+oy  ~  0  is  a  necessary  condition  of  minimisation » 

+  . 1 

Thus.,  at  most  one  of  y  ,  y  >0  can  be  positive  at.  a  minimum  ® 
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^For  an  alternate  proof  see  Charnes  and  Cooper ,  196lo 

The  inear  progrtiaaning  problem  (2<>33)  Is  an  exarple  of 
so-called  "foal  programming  ®"  This  is  distinguished  from  other 
types  of  linear  programming  problems  oy  virtue  of  the  fact  that 
at  l^ast  one  of  the  constraints  is  incorporated  in  the  objective 
function  in  such  a  manner  that  it  becomes  a  part  of  the  objective 
for  maximization  or  minimi zat ion ®  By  using  this  goal  programming 
formulation,  our  example  of  profit  goal  attainment  problem  is  now 
formulated  as  fellows 

(2.36)  Minimize  y+  +  y 

Subject  to 

X1  +  °5x2  "  y+  +  y”  = 

*1-  V  y+t  y~  ^  0 

We  obtain  two  basic  solutions  to  (2.-36) i-eo  -  2o5t  ^2  —  ® 

.and  x,  -  0  x0  =  from  which  we  obtain  tae  set  of  all  solutions 
i 

by  convex  combinations  of  the  two  basic  solutions®  That  is,  for 
each  C  <  t)  <;  1  we  obtain  a  solution  x  by  means  of  the  expression 

(2.37)  x  -  S  (2i5)  +  Cl  -e> )(“)  -  (5  i'll) 

which  are  culled  “convex  combination"  of  these  two  basic  solutions® 
Slot©  that  the  first  basic  solution  (x^  =  2®  5,  *2  =  corresponds 
to  the  solution  obtained  from  (2® 25)  by  setting  b  =  2®5  end  z  =  -1 
(ic.e>9  the  lower  bound  for  z  given  in  (2o29))a  and  the  second  basic 
solution  (x.  ~0®  x.-,  =  5)  corresponds  to  the  solution  obtained 
from  (2®25)  oe  setting  b  -  2®5  and  a  -  4  (i.e®,  the  upper  bound 
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for  <.  jviveri  In  (2,29)X  it  will  also  be  nooed  that  any  convex 
combination  of  the  two  basic  solutions  can  be  obtained  by  a  suitable 
choice  of  z  in  the  range  specified  by  (2*29)  in  which  b  is  set 
equal  to  2o5°  Thus  the  set  of  x! s  determined  by  (2=36)  is  identical 
with  the  set  of  x;  s  determined  by  (2,25)  together  vrith  (2^29)« 

In  the  next  chapter,  we  shall  extend  our  goal  analysis  to 
cases  in  which  a  choice  of  subgoal,  values  has  to  be  made  in  such  fi. 
way  that  it  satisfies  several  constraints  on  subgoals  which  arise 
•  'rom  the  environment  cf  business  operations,.  Then,  we  shall  extend 
our  goal  analysis  further  to  cases  which  involve  multiple  goals. 


CHAPTER  Ill 


CONSTRAINTS  ON  SUBGOALS  AND  MULTIPLE  GCALS 

h  Introduction 

The  purpose  of  Alia  chapter  is  to  extend  our  models  of  goal 
analysis  in  order  to  apply  them  to  more  complicated  situations  in 
business  operations,. 

In  Section  2  of  this  chapter,  we  shall  examine  implications 
of  imposing  upon  subgo a',  variables  a  set  of  constraints  which 
may  come  from  an  environment  of  the  business  operations  or  which 
may  be  imposed,  by  a  higher  echelon  in  the  organizations  We  shall 
also  analyze  cases  that  involve  an  "unattainable"  goal  due  to  the 
constraints  imposed  upon  sub goals „ 

In  Sections  3  and  4s  we  shall  examine  cases  in  which  mul¬ 
tiple  goals  are  involved  by  means  of  linear  programming  and  general¬ 
ized  inverses,  respectively  We  shall  especially  focus  attention 
on  oases  in  which  multiple  goals  are  incompatible,.  Such  an  in¬ 
compatibility  may  come  from  the  nature  of  the  goals  themselves  or 
It  may  c.ctne  from  the  constraints  imposed  upon  the  subgoals  by  which 
the  goals  are  to  be  attained.  In  such  cases,,  ordering  and  weighting 
of  the  goal-,  become  important  ways  of  solving  the  incompatibility 
of  the  goals,  as  we  shall  see  in  Sections  3  and  4o  After  introducing 
the  concept  of  ordering,,  preemptive  priority  factorss  etCo,  we  shall 
note  that  constraints  (imposed  upon  subgoals)  may  be  considered  as  a 
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4  peci.il  2a  of  get  is  in  tfta%  notably,,  a  constraint  always  assumes 
priority  over  any  functional  used  in  association  with  an  objective 
even  when  the  functional  contains  preemptive  priority  terms  for  its 

coefficients 
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2c  Constrainta  on  Subgoale 

In  (2o33)  of  the  previous  chapter ?  we  were  concerned  only 
with  conditions  like  the  following  for  xs  the  subgoal  variable: 
(i)  to  attain  the  goal  ~~  ioeC|>  choose  x  to  satisfy  ax  *=  b 
exactly  —  or  (ii)  if  this  cannot  be  done  then  came  as  close  as 
possible  to  the  gcalo^  Only  the  constraint  0  was  otherwise 


1/  Both  (i)  and.  (ii)  are  automatically  provided  for  in  (2o33)j? 
a  topic  we  shall  discuss  in  more  detail  later  in  thle 
chapter , 


imposed  on  the  subgoal  variable.  But.  of  course,  we  will  often 
want,  to  impose  further  constraints  an  ths  subgoal  variables,,  xB 
which  may  come  from  the  environment  of  the  business  operations 0 

Let  us  represent  a  new  set  of  constraints  which  we  now  want 
to  impose  upon  ths  subgoal  variables  as  follows: 

(3°l)  Bx  <  h„ 

where  B  is  ar.  m  x  n  matrix  and  h  ia  an  m~coraponent  column  vector o 
Then  to  etay  in  touch  with  (233 )  we  now  model  a  situation  in  which 
either  the  goal  is  attained  in  tire  light  of  the  subgoal  constraints 
ox-  else  the  minimization  process  produces  an  x  vector  which  satisfies 
all  subgoal  constraints  In  such  a  way  as  to  come  as  close  as  possible 
to  the  goal  level  b0  The  model  is  as  follows: 


subject  to 


+  —  , 

ax  -  y  +  y  =  b 

Bx  <  h 

x,  y+  5  y“  >  o 


Example  Is  Consider  the  following  example  taken  from 
the  previous  chapter*  A  firm  produces  t»ro  products.  Product  1 
2nd  Product  2„  whose  contribution  to  overhead  and  profit 
are  $1  and  $,5»  respectively.  Suppose  that  it  is  the  manager's 
goal  to  attain  the  profit  level  of  $1  over  and  above  the 
fixed  costs  of  $1»58  namely  to  obtain  $2,5  for  contribution 
to  overhead  and  profit.  We  now  want  to  interpret  this  goal 
in  terms  of  more  operational  subgoals,  i,e, ,  sales  volumes 
of  Product  1  and  Product  2, 

In  addition,  suppose  we  have  only  12  hours  and  10  hours 
of  iTU' chine  time  available  for  Machine  1  and  Machine2,  respectively, 
whereas  each  unit  of  Product  1  requires  3  hours  of  Machine  1 
and  2  hours  of  Machine  2  and  each  unit  of  Product  2  requires 
5  hours  of  Machine  1  only.  For  simplicity,  let  us  assume 
that  the  ending  inventory  levels  for  Product  1  and  Product  2 
have  to  be  maintained  exactly  at  the  beginning  inventory 
levels  of  the  period,  thus  making  the  sale  volume  and  the 
production  volume  equal.  Let  x.  and  x_  be  the  physical  sales 
volumes  (and  consequently  the  production  volume)  of  Product  1 
and  Product  2,  respectively.  Then,  we  can  express  the 
problem  of  this  goal  analysis  by  the  following  linear  programming 
problem. 

Minimize  +  / 

(3°3)  subject  to 

Xj_  +  „5x2  -  y+  +  y"  =  2,5 

3x.  +  2x,  <  12 

5x,  <  10 

x^  Xg,  y  ,  y  >  0 


We  have  two  basic  solutions  to  (3«3)o  which  are  (i)  . 

Xj  =  2,  Xg  =  1  arid  (ii)  =  0,  x2  =  5»  In  both  cases  we  have  y 

and  y~  both  equal  to  zero.  This  means  that  the  manager's  goal 
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of  a  profit  leva!  of  51  over  and  above  the  fixed 
co3ts  of  31,5  is  a tta Inable  under  the  constraints  imposed 
upon  the  subgoals  (the  sales  and  production  volumes  of 
the  two  products)  and  the  goal  is  just  attained  if  the 
sales  product  mix  is  either  (i)  or  (ii)  above  or  any 
convex  combination  of  the  two  as  in  an  example  given  in 
(2,3?)  in  the  previous  chapter, 

k  number  of  variations  of  (3,2)  can  be  made  for  different 
types  of  goal  analysis  by  changing  the  sign  of  y^  and  y  in  the 
functional  or  by  dropping  one  of  them.  These  shall  now  be  brief¬ 
ly  examined  before  we  complicate  the  problem  by  introducing  multiple 
goals  0 

Logically  we  have  the  following  eight  variations  of  the 
functional^  including  one  in  (3=2),  which  can  be  combined  with 
the  constraints  in  (3 >2).  They  are  listed  in  Table  III-l,  We 
shall  examine  each  one  of  them  separately 0  For  convenience,  let  us 
denote  by  (),2  •»  k)  the  linear  programming  problem  (3 ,2)  whenever 
its  functional  is  replaced  by  one  indexed  by  kf  k  —  1,  ,0o,  8,  the 
number  in  the  following  table  which  identifies  the  functional. 
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*  Note:  Infinite  solutions  here  mean  x  — ^  ’*■**,  In  (4)  and  (5)  yr„  y~ 
can  go  to  infinity  but  the  difference  between  the  two  ia  always 
constants 


(1)  The  solutions  obtained  from  (3.2  -  l)  minimizes  j  ax  -  b  |  0 
In  these  solutions,  at  least  one  of  y+  or  y~  has  to  be  equal  to  zero  as 
ve  have  discussed  in  the  previous  chapter .  This  means  that  regardless  of 
whether  ax  >  b  or  ax  <  b,  the  minimization  process  searches  for  the  x 
which  minimizes  y+  (=  ax  -  b  if  ax  >  b;  ^  0  if  ax  <  b)  or  y“ 

{=■  b  -  ax  if  ax  5  b}  *0  if  ax  >  b)  whichever  is  larger  ^ 

1 /  IoOo s  term  by  terms  as  given  by  the  constraints  associated  with  each 
y£  and  y“  s  in  the  general  case,  it  will  (a)  minimize  on  the  maximum 

of  7^  v  7^  and  (bs  equate  the  other  one  to  zero0  This  kind  of  gener¬ 
alized  "minimax11  is  therefore  alBo  Included  in  the  objective  of  (3.2  ■=!)<> 


(2)  If  the  functional  (2)  is  used,  the  set  of  solutions, 

or  the  solution  set,  consists  of  all  x8s  which  make  ax  <  b  (y+  =  0) 
satisfying  3x  <  h9  x  >  0,  provided  that  3uch  solutions  exist. 

If  such  solutions  do  not  exist,  the  solution  set  consists  of  all 
x8  s  which  minimize  ax  -  b  (y+  =  ax  ~  b  >  0). 

(3)  Similarly,  if  the  functional  (3)  is  used,  the  solution 
set  consists  of  all  x* s  which  make  ax  >  b  (y  =0)  satisfying 
Bx<h,  x>0»  provided  that  such  solutions  exist.  If  such  solutions 
do  not  exist,  the  solution  set  consists  of  all  x“s  which  minimizes 

b  -  ax  (y“  =  b  -  ax  >  0) 

(4)  The  effect  of  the  functional  (4)  is  to  minimize  ax. 

To  see  this,  let 

(3»*0  y  =  y+  -  y" 

Note  that  y  is  unrestricted  in  sign.  Then,  (3.2-4)  is  equivalently 


written  as 
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Minimize  y 

(35}  subject  to  ax  «  y  —  b 

3x  <  h 
x  >  0, 


(3o6) 


Minimize  ax  -  b 
subject  to  Sx  <(  h 
x  .>  0„ 


5ir.ee  b  is  a  constant  the  functional  in  (3=6)  is,  for  optimization a 
equivalent  to  "minimize  ax0" 

Note  that  in  the  solutions  to  (3»2  -  k)f  the  variables 

y+  e;  d  y  cannot  fca  determined  uniquely  since  any  combination  of 

'f*  -o  +  c, 

y  er.d  y  which  satisfies  y  -  y  ®  minimum  (ax  -  hj)  can  be  a  solution., 
However,  oven  though  the  minimization  process  does  not  automatically 
push  one  of  the  variables  y+  or  y“  down  to  zero,  when  the  problem 

"}•  «e» 

is  eol  /ed  by  the  simplex  method  either  y  or  7  is  always  set  equal 

1/ 

to  zero  in  r.  basic  solution.—  Therefore*  in  a  solution  by  the 

1/  This  is  because  the  y+  vector  and  the  y"  vector  in  a  simplex 
tableau  are  dependent  upon  each  other 


aimpl ex.  method. 


(3o7) 


where 


y-+  ~  ax’  b  and  y  »  0  if  ax  >  bg 

*  +  •» 
y  —  b  ~  ax  and  y  =  0  if  ax  <  b, 

~fr  i'e 

\r.  Is  a  solution  which  minimises  ax  satisfying  Bx  <  h,  x  >  0„ 
nee  the  simplex  algorithm  resolves  the  ambiguity  footnoted  at  the 
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bottom  of  Table  III  -  1  bo0  then 5,  a  positive  y  may  be  interpreted 
as  meaning  that  ax  cannot  be  pushed  down  to  the  goal  level  b„  or  the 
goal  ie  unattainable,,  and  that  the  closest  we  can  come  to  the  goal 
level  b  is  b  +  y+,  and  a  positive  y+  then  measures  the  discrepancy 
or  distance  to  the  goal  b  that  is  achieved  by  x  in  ax*  On  the  other 
hands  a  positive  y~  may  be  interpreted  as  meaning  that  ax  can  be 
pushed  down  beyond  the  goal  level  b  and  the  closest  we  can  come  to  b 
via  x  ia  b  «  y“ ,  so  that  in  this  ease  the  distance  to  the  goal  level 
is  equal  to  y”\,  If  y+  =*  y”  ™  0*  this  means  that  the  goal  level  b  is 
exactly  the  minimum  attainable  level  for  ax  under  the  given  constraints s 
and  this  situation  would  be  the  same  for  all  of  the  cases  k  •  ls  5 

which  are  thus  then  seen  to  be  equivalent  whenever  attainable  goals 
only  are  involved, 

(5)  The  effect  of  the  functional  (5)  is  to  minimize  -ax 
or,  equivalently,  maximize  ax  .  In  exactly  the  same  way  as  in  (h)  s 
(3»2  -  5)  is  equivalent  to 

Maximize  ax  -b 
(3c 8)  subject  to 

Hx  <  h 
x  £  0o 

Here  again,  y  and  y  cannot  be  uniquely  determined  since  any 

combination  of  y+  and  y”  which  satisfies  y+  -  y“  -  minimum  (ax  -  b) 
can  be  a  solution.  However,  as  in  (4),  in  a  solution  by  the  simplex 
method,  the  values  of  y+  and  y“  are  always  uniquely  determined, 
satisfying  (3°7)° 
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Now  consider  (6),  (7),  and  (8)  Since  y+  **  y  +  ax  =  b  from 
(3o2),  y+  may  be  increased  (or  -y+  may  be  decreased)  indefinitely 
without  making  y“  negative  no  matter  what  x  is  used  for  (ax  -  b)0 
Similarly,  regardless  of  the  value  of  (ax  -  b),  y~  may  be  increased 
(or  -y'  e ay  be  decreased)  indefinitely  without  making  y+  negative „ 

Therefore,  there  is  no  finite  solution  for  (3°2  -  6),  (3„2  -  7),  and  (3°2  -  8)„ 
This  means  that  y'  and  y  no  longer  provide  any  measure  of  goal  attain¬ 
ment  for  the  subgoal  variables,  xs  since  no  matter  what  x  is  used  we 
will  always  have  an  Infinite  solution  or  discrepancy  when  ax  =*  b  is  satis¬ 
fied  exactly  o 

We  now  give  en  example  to  illustrate  these  variations  as  follows: 

Example  2s  Consider  a  division  of  e  firm  which  has  n 
different  kinds  of  activities  («og„ •  purchases  or  production 
of  n  different  kinds  of  commodities;*  whose  activity  levels 
ere  represented  by  elements  in  a  vector  x,  here  interpreted 
£8  subgoal  variables  for  thiB  division.  The  division  has 
to  satisfy  the  requirements  imposed  upon  the  subgoalB  embodied  in 
Qx  <  ho 

at. 

Suppose  that  the  cost  of  a  unit  operation  of  the  i  activity 
is  given  by  the  i*h  element  in  a  row  vector  a.  If  ax  is  the 
total  cost  of  the  program  corresponding  to  activity  levels  x„  we 
may  consider  our  goal  relative  to  a  given  budget  b, 

Then,,  the  solutions  to  (3,2  -  1)  —  (3c 2  -  5),  or  "programs", 
oiay  be  interpreted  sb  follows: 

(3,2  -  1):  Programs  which  require  exactly  the  given  amount 
of  budget  b,  or,  if  there  is  no  such  program,  ones  which  require 

an  amount  closest  to  b,  resulting  in  a  surplus  or  a  shortage  in 

the  budget. 

(3*2  -  2):  Programs  which  can  be  Implemented  within  the 
given  budget  bs  or,  if  there  is  no  such  program,  ones  which  result 
in  a  minimum  amount  of  budget  shortage,  defined  as  the  negative 

of  a  budget  surplus 0 
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(3° 2  -  3)>  Programs  which  exhaust  the  given  budget,  se  in 
(3i 2  -  2)  but  here  if  there  is  no  such  program,  choose  ones 
which  result  in  a  minimum  amount  of  budget  surplus  defined  as  the 
negative  of  a  budget  surplus „ 

(3° 2  -  4):  Programs  which  require  a  minimum  amount  of  budget, 
with  either  shortages  or  surplus  permitted  an  route  to  the 
minimumo 

(3° 2  =  5):  Programs  which  require  a  maximum  amount  of  budget, 
with  either  shortages  or  surplus  permitted  en  route  to  maximum.. 
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3r.  Analysis  of  Multiple  Goals: 

A  Goal  Programming  Approach 

le  Introduction 

In  this  section g  we  extend  our  analysis  of  goals  to  cases 
which  involve  multiple  goals „ 

In  the  traditional  theory  of  economics,  profit  maximization 
has  bean  viewed  as  the  sole  objective  of  a  business  firm.  For  the 
purpose  of  market  analyses  in  economics  this  may  be  a  satisfactory 
assumption,^  but  for  our  purposes  of  theorizing  control  accounting 

1/  See,  however,  Cyert  and  March,  .1963  c 


UjT'feSiCAfcW  to 

have  a  "representative  firm"  which  is  different  from  the  ones 
used  in  economic  analyses,  in  order  to  permit  the  translation  of  over¬ 
all  goals  into  operational  subgoels  irrespective  of  the  internal  structure 
of  the  firm  that  accountants  may  be  dealing  with-, 

Therefore,  Just  as  we  have  not  limited  our  attention  to  any 
particular  goals,  we  shall  not  limit  our  attention  to  cases  which  involve 
a  single  goal  only<> 

In  this  section  we  shall  first  approach  to  a  problem  of  goal  analyses 

which  involve  multiple  goals  by  goal  programming  technique  introduced  in 

the  prerviouB  chapter,  and  then  focus  our  attention  to  specific  cases  in 

2/ 

which  multiple  goals  are  incompatible.- 


2/  C.f.„  e.go,  Whinston,  1962,  Also,  see  Cyert  and  March,  1963 
Chapter  VI,  on  sequential  attention  to  multiple  goals. 
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°  ‘1  Linear  Programming  Model  of  1-itltipie  Goals 

We  now  extend  the  models  discussed  in  the  previous  chapter 
to  represent  cases  of  multiple  goals. 

Suppose  that  we  have  m  goals  whose  levels  are  expressed  by 
a  combination  of  m  real  numbers  (b^„  bg,  »,t  b^)  or  by  an  rn- component 
column  vector  bs  and  that  these  goals  can  be  attained  by  linear 
combinations  of  n  subgoal  variables  represented  by  an  n-component 
column  vector  x.  Let  A  be  an  m  x  n  matrix  which  represents  the 
relationship  between  goals  and  subgoals.  Then,  we  can  state  the 
problem  as  follows: 


(3-9) 


Ax  =  b 
x  >  Oc 


This  may  be  rewritten  equivalently  as  follows  assuming  that  a  solution 
exists  for  (3»9)* 

ey+  +  ey” 

-4- 

Ax  -  Iy  +  Iy  -  b 

y  »  y"  >  o 


(3.10) 


Minimize 
subject  to 


where  e  is  an  subcomponent  row  vector 


1/ 


whose  elements  are  all  equal 


1/  Wo  shall  discuss  the  common surabllity  of  goals  in  the  next  sub¬ 
section,  Note  that  v?e  need  not  be  concerned  with  the  commansurability 
of  goals  if  the  simultaneous  attainment  of  goals  is  possible  since 

then,,  y+  =  y"  -J  0„ 
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+ 

to  1,  y  and  y  are  m=nomponeati  column  vectors  for  the  variables 

v/hich  were  introduced  in  the  previous  chapter,  I  is  an  m-dimens Iona  1 
identity  matrix*,  and  A,  x„  and  b  are  the  same  as  defined  above*,  Note 
that  (3o9)  and  (3,10)  are  something  different  than  merely  separately 
considering  m  single  goal  problems  formulated  in  (2°32)  and  (2.33), 
respectively,  in  that  (3»10)  permits  interactions  between  the  subgoel 
variables,  in  the  n— rowed  vector,  x,  which  are  to  be  considered 
simultaneously  relative  to  all  goals,  b,  in  the  minimization  of 

ey+  +  ey"  »  ll  (yt  +  y7  )„ 
i-1  1  1 


Example  3;  A  production  manager  faces  a  problem  of  job 
allocation  between  his  two  teams  which  are  identical  with 
each  other  except  for  their  processing  rates,  which  are 
1  unit  an  hour  for  Team  1  and  .5  unit  an  hour  for  Team  2. 

The  production  manager  wants  to  have  the  total  daily  production 
as  dose  to  12  units  as  possible  and  also  wants  the  daily 
work  loads  for  each  team  be  as  close  to  8  hours  as  possible. 

Let  x.  and  x„  be  the  working  hours  of  Team  1  and  Team  2, 
respectively.  Then,  the  production  manager*  s  problem  Is 
formulated  as  follows: 


(3.11) 


Minimize 
subject  to 

*1  + 

*L 


*2 

V  X2* 


yl* 


+  +  y;  +  y; 

+  y£  =  12 

+  y  2  =  8 

+  y^  =  8 

Yy  yx,  y%*  y3  >  o 


The  solution  to  (3-U)  is  *»  8,  xg  »  8,  and  all  goals 
are  attained  with  y*  +  y+  +  y^  +  y^  +  +  7$  “  °° 


f 

i, 
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3  Ordering  and  Weighting  of  Goals 

In  Example  3  -  v:e  had  a  case  in  which  all  goals  can  be  satisfied 
simultaneously.  This  is  not  always  the  case  in  real  business  problems. 
Suppose*  for  example,  that  the  daily  production  level  in  Example  3  is 
raised  to  15  units.  Then,  we  car.  no  longer  have  all  goals  satisfied  by 
any  combination  of  non-negative  and  x^» 

'tie  now  v/ant  to  consider  cases  of  incompatible  multiple  goals 
by  reference  to  orderings  and  weightings  of  goals ,  That  is,  we  first 
order  these  incompatible  multiple  goals  so  that  goals  in  a  lower  rank 
are  satisfied  only  after  those  in  a  higher  rank  are  satisfied  or  have 
reached  points  beyond  which  no  improvements  are  possible  under  the  given 
constraints,  he  then  give  weights  to  goals  in  a  same  rank 

To  see  how  this  might  be  done  "rationally"  we  can  proceed  as 
follows.  First  we  check  each  one  of  m  goals  and  ask  whether  over-(or 
under-)  attainment  of  the  goal  is  satisfactory.  In  the  light  of  the 
answers  received,  ve  can  then  drop  a  yT  (or  y^) ,  where  i  is  an  index 
for  the  goal,  from  the  functional,  (See  (2)  and  (3)  in  Table  III-l.) 

If  the  goal,  is  something  which  must  be  attained  exactly  (i„e.,  neither 
over  r.or  under  attainment  of  the  goal,  is  satisfactory),  we  leave  both 
yt  and  y.  in  the  functional. 

Alternatively,  if  a  goal  is  to  be  minimised  or  maximized  we  change  the 
signs  of  y*  and  y~  in  the  functional  as  given  in  (4)  and  (5)  of  Table  III-l. 
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Secondly,  we  order  the  y^  and  v“  variables  (i  =  1,  2,  m) 

which  remain  in  the  functional,  starting  from  a  positive  or  a 

negative  deviation  from  a  goal  which  is  least  important  and  continue 

the  rankings  until  cne  is  achieved  which  is  "most  important."  Suppose 

we  have  obtained,  in  this  v<ay,  goals  classified  in  k  ranks.  We  then  assign 

t>h 

to  each  variable  in  the  j  1  rank  (j  **  1,  2,  ,,,,  k)  a  so-called  "pre- 
er.ptive  priority  factor"  K . ,  (J  =  1,  2,  k).  This  preemptive  priority 

is  interpreted  via  the  symbol  »>  (j  =*  1,  2f  .  k  l)  to  mean 

that  no  number  k5  however  large,  can  make  kK^  greater  than  or  equal  to 


1/  Charnes  and  Cooper,  1961,  pp,  756-57,  for  a  discussion  of  this  so- 
called  "non-archimedian  order  property.' 


In  ordering  the  variables,  such  as  y^,Wy~,  that  will  measure 
deviations  from  goals,  we  may  encounter  cases  where  we  need  finer  divi¬ 
sions,  Note  our  approach  :Ls  one  that  first  ascertains  goals  which  have 
already  been  achieved.  The  remaining  y^  and  y^  y*  0  can  then  be  placed 
in  exact  correspondence  with  the  remaining  unachieved  goals  by  virtue  of 
the  condition  y^» yj  =  0,  as  already  discussed.  On  the  other  hand,  the 
ordering  to  be  undertaken  may  depend  upon  the  distances  associated  with 
the  respective  yt,  y^  >  0  which  remain. 

Such  a  dependence  of  the  ordering  updn  the  distance  can  be 
approximated  by  a  step  function  characterized  by  a  few  "critical  points" 


i 
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or  pseudo  goal  levels,  just  like  the  cases  we  discussed  in 

Section  2  of  Chapter  II.  Take,  for  example,  y*>0  which  shows  the 

degree  of  over-achievement  of  the  ibb  goal  over  and  above  its  goal 

level  bj „  Suppose  we  divide  the  range  for  y*  into  (s  +  1)  segments  by 

introducing  s  pseudo  goal  levels,  b^,  bi2/ •  v  Kis  &£,“* 

bTp  <  <  b^2  <  <  b£g  „  Then,  define  variables  yT^  (j  —  0,  1,  o..,s) 

as  follows: 


Y±S  -  Max  [Min  (b*(j+1)  -  b^,  y+  -  b^),  0]  (j  =  0,  1,  s-l) 


(3.12) 


yTs  *  C  yt  “  bis’  0]» 


so  that,  then, 

(3.13)  y+  =  £  /  , 

i  j  “  0  ij 


and  the  one  goal  deviation  measure  y^  is  decomposed  into  a  sum  of  goal 
measures  y^j  >  0,  some  of  which  may  be  achieved  even  when  y^>0  obtains. 

For  the  variables  we  may  further  assign  different  preemptive  priority 

factors  ()  "  0,  1,  s)  provided  M  ?»  M  „  Then,  by 

i(j+l)  Vij 

attaching  the  following  set  of  equations  to  (3  10)  we  can  obtain  the 
desired  property  for  yj^  as  given  in  (3.12) „ 


(3,i4)  y±  *  A  yii+  xh  yi<L  "  bij  “  bi  (J  "  °»  ^  •••»  s> 


■ 
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Similar  decomposition  on  yj  can  be  made  as  follows.  First, 

set  up  e  pseudo  goal  levels,  b^,  b^j  ^is»  '*ere  b^  *  b~g  >  ..  >b”a, 

/ 

and  define  variables  y~j  (j  ="0,  1,  .  s)  as; 


(3-15) 


""  “  ^>i(j+i)>  bij  ~  y^)*  ^3  (J“^»  1»  •  ■> • »  s— 1) 

>L  -  **“  Cbia  -  yI»  0] 


Then,  we  have 


(3,16)  y~  m  51  y' 
i  j*o 


The  property  (3-15)  for  y^  (j*0,  1,  s)  may  be  obtained  by 

attaching  the  following  set  of  equations  to  (3,10), 

(3.17)  -y±  “  yi£  +  yi^=bij  ~  bi  (J*=0»  1»  "’•» 


Finally,  those  slack 


variables^/ 


which  are  in  a  same  order 


1/  These  are  actually  "natural  slack"  variables.  See  Charnes  and 

Cooper,  1961.  However,  we  shall  simply  call  them  slack  variables 
unless  the  distinction  becomes  important. 


group  (i.e„,  a  same  coefficient  being  attached)  have  to  be 
weighted.  The  criterion  is  how  much  increase  in  a  variable  would 
be  just  offset  by  a  unit  decrease  in  some  other  variable  in  the 
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same  order  group.  In  other  words,  we  want  to  minimize  the  sum  of 
"regret"^  from  all  unsatisfactory  achievement  reflected  In  positive 


1/  The  term  "regret"  here  is  not  used  In  precisely  the  same  way  as 
In  economics,  e„g  ,  in  game  theory.  See  pp„  731  ff.  In  Volume  II 
of  Chames  and  Cooper,  1961. 


values  of  slack  variables  in  the  same  order  group,  and  the  weighting 
factor  oi^  (which  is  a  positive  number)  attached  to  the  i^1  slack 
variable  in  the  functional  represent  a  relative  amount  of  regret 
on  one  unit  of  unsatisfactory  deflation  from  the  goal  level o 

In  this  sense,  deviations  from  goals  which  are  in  the  same 
order  group  must  be  commensurable  ■>  However,  we  can  postpone  euch 
a  weighting  by  giving  an  equal  weight  to  each  variable  in  the  same 
order  group,  and  then  solve  the  problem.  If  all  these  variables 
are  zero  in  the  solution ,  we  do  not  need  to  be  bothered  by  weighting. 

If,  however,  one  of  the  variables  in  the  group  is  positive,  which 
implies  that  every  variable  in  the  group  can  be  made  positive,  then  we 
determine  the  weights  by  careful  studies  of  the  situation  and  by  possibly 
further  splits  of  the  variables  as  described  above. 

Such  a  gradual  refinement  of  the  problem  1b  applicable  in 
ordering  slack  variables,  too.  We  can  first  classify  the  variables 
into  two  or  three  groups,  solve  the  problem,  then  reorder  or  assign 
weights  to  the  variables  which  are  positive  in  the  solution,  forgetting 
all  variables  which  are  zero  in  the  solution. 
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Example  U-  Consider  the  following  modification  of 
Example  3»  The  production  manager  wants  moat  to  avoid  any 
underachievement  on  the  production  level  which  has  now 
been  raised  to  15  units.  If  overtime  operation  is  necessary 
to  attain  the  given  production  level,  he  wants  to  assign  it 
to  Team  1  and  Team  2  in  such  a  way  that  (i)  any  overtime 
operation  for  Team  1  beyond  2  hours  is  avoided  and,  then. 

(ii)  minimize  the  e\aa  of  "regret"  from  assigning  overtime 
operations  to  Team  1  (1  unit  of  "regret''  for  each  hour  of 
overtime  operation)'  and  to  Team  2  (2  units  of  "regret"  for 
each  hour  of  overtime  operation)  „  He  has  some  desire  to 
avoid  any  idle  time  for  both  teams  (with  an  equal  "regret" 
factor)  but  this  is  to  be  done  only  after  everything 
mentioned  above  is  satisfied.  Finally,  any  over-achievement 
in  the  production  level  is  satisfactory  for  him  but  he  has 
no  particular  interest  in  the  production  level  once  it  passes 
the  target. 


The  production  manager's  goals  are  now  formulated  as  follows 


(-3.18) 

Minimize 

“A  +aV3 

subject  to 

rl  +  5x2  - 

+ 

yi  , 

*1 

*2 

+  “73 

V 

J2 

+  y-t 


+  y-. 


'21 


+  y, 


21 


=  15 
=  8 
=  8 
—  o 


Note  that  y.  does  not  come  into  the  functional  since  the 
manager  does  not  have  any  interest  in  the  production  level 
once  it  passes  the  target.  The  fourth  constraint  is  included 
so  that  any  overtime  operation  for  Team  1  beyond  2  hours 
(represented  by  )  is  avoided  with  higher  priority  than  other 

overtime  operations. 


The  solution  is  x.  *  10,  x?  “>  10,  with  y*  =■  2„  yt  «  2, 
and  all  other  variables  equal  to  zero,  * 


In  general,  coefficients  in  the  functional  of  a  goal  programming 
problem  consist  of  a  combination  of  preemptive  priority  factors 
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M*s  for  ordering  and  weighting  factors  ©Cs,  Let  c  be  a  2m  -component 
row  vector  whose  elements  are  products  of  o(  and  M^,  i.e„, 

(3-19)  c  -  (^Kv  ,  <y2My  ,  ....  ) 

1  2  2m 

where  9a  (i“l,  2,  ...,  2m)  ars  real  numbers  and  M  (i  «  1,  2,  2m: 

v±  "  1^  2p  <oo*  k)  are  preemptive  priority  factors  with  the  highest 
preemptive  priority  factor  being  Let  y  be  a  2m -component 

eoltann  vector  whose  elements  are  y+9s  and  y~*s,  i.e„, 

(3.20)  y  =  [y +,  yj,  7*»  7^  7^  •••*  3* 

Then,  a  problem  of  goal,  analysis  can  be  represented  by  the  following 
general  linear  programming  problem: 

Minimise  cy 

(3.21)  subject  to  ax  +  Ry  =  b 

x,  7  >  0 

where  A  and  R  are  matrices  of  the  size  m  x  n  and  m  x  2m,  respectively. 

This  representation  is  general,  of  course,  only  on  the  understanding 

that  the  dimensions  of  cp  y,  and  R  are  increased  and  structured  appro- 
*4*  » 

priately  whan  y^^s  and  y^  are  in  an  expanded  y  for  (3.20). 

Note  the  difference  in  the  role  of  x  and  y  in  (3-2.1)  compared 
with  an  ordinary  linear  programming  formulation.  In  a  goal  programming 
model  like  the  one  formulated  in  (3=21),  the  slack  variables,  y,  are 
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used  to  "drive"  the  structural  variables,  x,  whersa s  in  an 
ordinary  linear  programming  problem  it  is  the  structural  variables 
which  are  the  driving  .force  and  the  slack  variables  are  adjusted 

accordingly 

In  summary,  wn&t  we  have  to  do  in  order  to  derive  a  solution 
to  an  incompatible  multiple  goal  problem,  is  to  order  and  weight 
under-  and  over-achievement  of  each  one  of  multiple  goals  in  terms 
of  preferences  from  the  viewpoint  of  overall  business  operations,. 

We  have  reviewed  a  technique  which  can  approximate  cases  where  these 
preferences  are  non-linear  functions  of  the  deviations  from  the  goal 
levels  o 

Of  course  a  set  of  constraints  on  aubgoa 13  in  the  form 
of  Bx.<h  can  be  directly  incorporated  in  (3=21),  in  which  case  the 
modal  becomes 

Minimise  cy 

( 3<>22 )  subject  to  Ax  +  Ry  =  b 

Ex  <  h 

x,  7  <  0 

Hots  that  the  constraints  Bx  £  h  may  be  included  in  the  matrix 

4. 

A  in  the  form  of  Bx  =  y.  +  y^  =s  h  with  highest  preemptive  priority 
factors  attached  to  the  variables  The  difference  between  the 

term  "goals"  and  the  'term  "constraints"  is  that  the  former  represents 
the  manager’s  desire3„  whereas  the  latter  represents  the  environment 
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of  his  operation,  However,  in  the  mathematical  formulation,;  the 
only  difference  between  the  two  is  that  the  constraints  have  to 
be  satisfied  before  any  attempt  is  made  to  meet  the  goals .  In 
other  words,  constraints  have  a  higher  preemptive  value  than  any  of 
the  goal  preemptions  incorporated  in  the  functional,  even  when 
they  cannot  be  satisfied  under  the  circumstances  of  incompatible 
goals .  Thus,  the  two  can  be  incorporated  together  in  the  linear 
programming  formulation  (3  =  21)  with  only  a  difference  in  the  pre¬ 
emptive  priority  factors „  In  any  event  the  goals  must  be  satisfied 
insofar  as  the  constraints  permit  this  to  be  attained.  When  it  is 
not  possible  to  satisfy  all  goals  then,  considering  all  interactions 
permitted  by  the  constraints,  or  optimum  is  finally  achieved  only  in 

W  wei«lltlr<3*  jo 

accordance  with  the  orderings ^that  are  incorporated  in  the  functional. 

In  the  next  section  we  shall  approach  the  same  problems  of 
multiple  goals  by  means  of  generalized  inverses,  noting  the  differ¬ 
ence  in  the  way  in  which  deviations  from  the  goal  levels  are  minimized 
under  the  linear  programming  approach  discussed  in  this  section  and 
the  generalized  inverse  approach  which  is  the  topic  for  the  next 


section 
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4c  Analysis  of  Multiple  Goals: 

A  Generalized  Inverse  Approach 

I  A  Generalized  Inverse  Approach 

Following  this  goal  programming  approach  to  multiple  goals 
vf*»  rev  ry  J  o  secure  further  perspective  and  insight  by  approaching 
this  r,.c  e  topic  in  3  different  way  by  using  the  generalized  inverse 
of  a  matrix  applied  to  the  relationships  between  goals  and  subgoals„ 

Lot  b  be  an  m  -component  column  vector  for  goal  levels  and 
x  ~n  n-  opponent  column  vector  for  subgoal  variables  which  are  related 
to  the  constants  b  by  A*  an  m  x  n  matrix;  of  known  constants.,  Then, 
the-  p.v  ultra  of  multiple  goals  is  to  find  a  set  of  solution  subgoals  x  which 
attain  the  multiple  goals  simultaneously,  or  to  find  x  which  satisfy, 

(3,2?)  Ax  =  b 

Ass  ii«  ouesec!  in  detail  in  Aopendix  A,  any  solution  to  (3.23) »  provided 

a  solution  exists,  can  be  written  as, 

(3 *24)  x  =  A^b  +  A°z  (z£  r) 

wliora  A1*,  which  is  n  x  ms  is  the  generalized  inverse  of  A„  The  latter  is 

0 

88««wdt  without  cobs  of  generality, .  to  haveAr,  in  which  case  A  is 
an  n  x  (n  r  )  matrix  of  a  null  space  basis  which  ha s  %  property  AA°  =*  0, 
and.  z  i„:  an  (n-r) -component  arbitrary  vector.,  By  allowing  z  to  vary 
n-  •  all  of  (n-iv-diraenaional  Euclidean  space  (Sn*r),  we  can  exhaust 
a...  tho  solutions  to  Ax  —  b  by  (3  =  24).  (Refer  to  Section  5  of  Appendix  A.  ) 
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The  first  term  in  (3=24)  shows  a  particular  solution 
to  Ax  =  bP  This  particular  solution  has  certain  characteristics 
which  will  be  discussed  in  detail  la ter 0  For  the  moment  we  need  only 
observe  that  when  Ax  =  b  has  a  solution  then  we  can  derive  the  par¬ 
ticular  solution  from  the  general  one  in  (3° 24)  by  merely  choosing 

z  *»  0  to  obtain 

* 

(3c25)  x  -  A+b. 

The  discussions  and  a  proof  that  x  **  A^b  is  a  solution  to  Ax  *  b 
(provided  a  solution  exists)  are  in  Section  1  -  5  of  Appendix  A„ 

While  (3=25)  is  a  solution  to  Ax  »  b,  it  is  not,  in  general,  the 
only  one.  To  see  this  we  can  proceed  as  follows:  Take  any  vector 
x°  in  the  null  space  of  A,  denoted  by  N(A),  i0e<>,  any  vector  x°  such 
that  Ax°  «  0,  and  add  it  to  a  solution  x*(“  A^b)»  Then,  clearly, 

(3«26)  A(x*  +  x°)  *“  Ax*  +  Ax°  «  b  +  0  b. 

This  means  that  if  x*  is  a  solution  to  Ax  **  b  then  the  vector  (x*  +  x°) 
is  also  a  solution  for  any  x°  vector  in  N(A),  the  null  space  of  A,  On 
the  other  hand,  N(a)  is  a  linear  vector  space,,  Since  every  x°£N(A)  may 
be  uniquely  represented  by  expressions  of  the  form  A°z  “  x°  where  z  is  an 
(n-Yj  -component  column  Vector’,  in  which  svent,  we  have 

Ax*  +  AA°z  =*  Ax*  +  0  =*  b  in  place  of  (3°26)c 
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Given  any  A°  a  basie  f->r  N(A);we  have  only  a  unique  n 
for  each  x°  in  A°z  =*  x°.  But  this  does  not  mean  that  A°  is  unique 
since  the  many  different  bases  may  be  specified  for  N(A)„  On  the 
other  hand,  when  uniqueness  i3  wanted,  as  is  often  the  case,  it  may  be 
attained  by  using  instead  of  A0  the  n  x  n  matrix  (I  -  A^A)  which  is 
unique  since  (1)  the  identity  matrix  I  is  unique,  and  (2)  is  unique 
so  that  A^A  is  also  unique „  Also  every  x°&.N(a)  may  also  be  repre¬ 
sented  as  (I-A^A  )z.=x°  bo  that  nothing  is  lost  when  this  expression 
is  used  in.  lieu  of  A°z  =  x°  for  x°£  1«(A)  „ 

As  observed  in  Appendix  A,  </e ctor  (I  -  A^A)sis  associated  with 

any  i V-e n.  %  via  a  least  sum  of  squares~=or  a  minimum  distance  in  tha 

sense  of  a  Euclidean  metric,,  It  is  also  interesting,  however,  to 
pursue  our  goal  analysis  here  by  means  of  X  choices  in  order  to  see  how 
these  may  be  related  to  managerial  discretion  in  the  choice  of  subgoal 
values  „  Any  constraints  which  we  may  want  to  impose  upon  subgoal 
variables  x,  including  the  non-negativity  condition,  may  be  considered 
as  constraints  on  this  discretionary  srea.  For  example,  if  x  is  constrained 
to  be  non-negative,  then  we  san  no  longer  take  any  vector  x  for  an  A°  basis 
of  N(a)0  Instead,  ws  must  restrict  choices  of  the  weighting  factors  in 
z  so  that  they  will  satisfy 

A^b  +  A°z  >  0„  or 


(3.27) 


A°z  >  — A~^b 
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If  we  further  want  to  impose  Bx  <  hs  then  the  discretionary  choices  of 
z  must  be  further  confined  by 

BA^b  +  BA°z  <  h  or 

BA°z  <  h  -  BA+b 

in  order  to  ensure  that  (3„24)  will  then  give  x  values  within  the 

discretionary  area  that  is  allowed. 
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-xarr.pl e  5:  "ales  Example  1  in  Section  2  of  this  chapter. 

■  ’-  j  consider  die  limit  on  the  machine  operating  time 

n  the  not  as  constraints  but  as  the  manager* 8 

desire  or  goals,  Then;  this  single  goal  problem  with  constraints 
on  subgoals  may  be  iriterp reted  as  a  multiple  goal  problem  which 
involves  three  goals:  (i)  attain  the  profit  level  of  $1 
ufter  covering  the  fixed  costs  of  $1.5.  (ii)  do  not  operate 
v-achine  1  beyond  12  hours,  and  (iii)  do  not  operate  Machine  2 
beyond  10  hours. 

bat  x,  and  be  the  sales  (and  production  volume)  of 
iroduct  I~and  Product  2,  and  let  x,  and  x.  be  the  idle 
ine  of  Machine  1  and  Machine  2,  respectively.  Then,  this 
problem  is  represented  by  the  following  set  of  equations. 

*1  +  »5x2  =  2o5 

(3"2?)  3Xj  +  2x..  +  =12 

5x,  *+  ^  =  10 

* 1 0  x2*  *3'  *4  —  0 

This  is  evidently  of  the  form  Ax  13  b.  where 


1  .5  0  0 

frl 

2.5 

A  = 

3  2  10 

5  0  0  1 

X  = 

>  V 

and  b  = 

12 

10 

-  4 

C'Jowpare  this  formulation  with  (3.3)0  The  generalized  inverse  of 

4  is 


A 


16 

-2 

10 

_  1 

92 

4 

-20 

■*52  j 

-232 

6o 

10 

-80 

10 

12j 

..  r 

and  a  possible  null  space  basis  is  givon  by» 


,o  _  1 


,  2 

-4 

2 

,-ioJ 


listing 


to  Section  4  and  6  of  Appendix  A  for  methods 

A'  and  A' 
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Therefor es  the  set  of  all  solutions  to  (329)  for  any  goal 
levels  b,  provided,  for  the  choice  of  b,  a  solution  exists 

for  Ax  =*  b  Is  given  by 


(3.30) 


16 

-2 

10 

w  ^ 

2 

1 

x  =r  Zi 

92 

-232 

4 

60 

-20 

10 

b  +  & 

-4 

2 

-80 

10 

12 

-10 

k  ~  — 


where  7  is  an  arbitrary  scalar.  (Cf.  (3.24)3  For  (3.29)  wo 


b 


1 

S2 


2.5 

12 

l10 


116 

2  ' 

?8 

.  1 

-4 

240 

+  Zz 

2 

-10 

But  now  by  virtue  of  the  non-negativity  on  x  we  cannot  choose  z 
in  a  wholly  arbitrary  manner. 

The  non-negativity  condition  on  x  is  transformed  into  the 
constraint  on  a  which  is  calculated  as 

(3.32)  -58  <  a  <4. 

Thus,  the  set  of  fill  admissible  solutions  to  (3.29)  is  given 
by  (3  3D  and  (3  32)  together. 

We  are  also  in  a  position  to  study  the  subgoal  consequences 
of  altering  any  goal.  For  instance  if  the  profit  level  is  raised 

of  $1.5,  we  change  the  goal 


(3.30),  obtaining. 


to  $2  over  and  above  the  fixed  costs 
vector  b  to 

J3.5j 

12  j  ,  and  p>ut  this  into 
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r 

132 

2 1 

(333) 

178 

-uo 
\  / 

+  ^2 

■fw9  1 
_ L / 

.'r>te  :hat  in  this  case  the  non  negativity  condition  of  x 
in  satisfied  if  and  only  if  z  -  -4„  See  the  last  two 

(3  33)-  Therefore,  even  though  there  are  Infinitely  —nr 

solutions  tc  (3  29)  with  the  goal  vector 


3,5 

12 

10 

^  J 


s  we  have  only  one  solution  if  we  impose  the 


non-negativity  condition  an  x„ 

f  2*1 


The  unique  solution  is 


x  =* 


,  and  altering  the  first  goal  frou  b  *»  205  to 


b  =*  3  3  means  tot  no  discretion  is  to  be  allowed  for  any  of  the 
subgoal  variables  oven  though  the  and  of  (3„29)  do  not 

vnter  directly  in  the  "profit  goal"  constraint.  For  the  level  of 
of  the  first  goal  higher  than  3«5#  there  ie  no  value  of  s  which 
satisfy  the  non -negativity  condition  of  x„  Hence,  if  s  >  3.5 
Is  proscribed,  an  incompatible  multiple  goal  situation  ie  encoun¬ 
tered  . 


2  .  :  ...-Kj?;  tiblc  Multiple  Goals 

So  far,  we  have  analysed  the  multiple  goal  problem  in  terms  of  A° 
r-opres  onta tions  only  on  the  assumption  that  there  is  a  set  of  values 
foy  subgoals  by  which  wo  can  attain  all  of  the  multiple  goals  simul¬ 
taneously.  :l ,,  e .  f.  assuming  that  solution  exists  for  Ax  •*  b.  Suppose 
that  there  is  no  way  of  attaining  all  of  the  multiple  goals  simultaneously, 
i  no  solution  exists  for  Ax  »  b. 
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In  such  cases,  (3.24)  gives  us  solutions  which  come  "closest” 
to  the  simultaneous  attainment  of  the  multiple  goals  due  to  the 
"least  square  property"  of  A',  the  generalized  inverse,  which  is  die 
cussed  in  Section  5  of  Appendix  A„  Here,  the  degree  of  "closeness” 
ie  measured  by  the  square  root  of  the  sum  of  the  squares  of  the  devia¬ 
tions  from  the  goals  —  i,e,s  a  Euclidean  or  J6^  metric  — ■  whereas 
in  a  goal  progrnmming  approach  we  were  using  a  so-called  >6^  metric ^ 


\J  C„F„,  Chames  and  Cooper,  1961,  Appendix  A„  In  general,  an  £ 

metric,  or  measure  of  distance,  for  any  finite  dimensional 
vector  space  is  given  by 

dp"  (  I  Xi  -  yi  I"/" 

where  and  y^  are  the  respective  components  of  •  two 
points  x  and  y„ 


To  bring  the  pointB  at  issue  hare  together  we  repeat  the 
previous  section, 


Minimise 


+  e.y 


(3  10) 


subject  to  ax  ~  Iy  +  Iy“ 


y  i  y'^o 


i 


✓ 
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and  observe  that,  this  minimization  also  solves 
(3°3*0  Minimize  -  b^| 

where  A±  is  the  ith  row  of  A  and  b±  is  the  ith  element  in  b,  since 

evidently  y|>°yj>0  gives  yt  +  y^  =  |A±x  -  b±|  >0  with 

v+.v“  =  0  in  the  minimization.,  On  the  other  hand,  solutions  obtained 
*1  Ji 

from  (3,24)  by  the  use  of  the  generalized  inverse  of  A  is  equivalent 
to 


(3*35)  Minimize  [  3§~-(AjX  ** 

Thus,  if  we  consider  the  J!p  metric  to  be  given  by, 

(•JzUA  x  -  b  |p)^p 
c~t  1  A 

then  (3«34)  is  applicable  for  p  =  1  and  (3»35)  for  P  "  2° 


This  means  that  whan  multiple  goala  are  incompatible,  in 
the  Sanaa  that  they  cannot  all  b.  satlsfi.d  etaultawoutljr,  then 
both  the  goal  programming  and  generalised  in«ra.  approaches  derive 
solutions  which  minimise  the  "distance"  from  the  act  of  goala. 

But  distance  in  the  goal  programing  approach  ia  measured  hr  the 
Bum  of  absolute  wains  of  the  deviation,,  from  — h  goal  wharoaa  th. 
distance  in  the  generalised  invar.,  approach  ia  measured  by  the 
square  root  of  the  sum  of  square,  of  th.  deviation  from  each  goal. 

Of  cour. a  th.  resulting  *  values  will  differ  as  we  prescribe 
different  £p  ...sure,  such  a,  or  J2  for  uur  minimlaaUon. 

This  too  represents  a  problem  of  msnegarial  ohoio.  in  goal  programming. 
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We  shall  give  the  following  example  to  show  the  minimization  of 
an  JL  2  metric. 


Example  6;  Suppose  that  we  change  the  goals  in  Example  5 
as  follows:  (i)  attain  the  profit  level  of  $2.5  over  and 
above  the  fixed  costs  of  $1.5,  (ii)  operate  Machine  1  for 
12  hours,,  and  (iii)  operate  Machine  2  for  10  hours.  Thai, 
no  choice  of  x  can  satisfy  all  of  the  above  three  goals, 
since  there  is  no  solution  to 


Xj^  +  .Sxg  =  4 

(3.36)  3xj_  +  2X;,  =  12 

5^  «  10 
x^,  Xg  >  0. 

The  set  of  equation  in  (3.36)  may  be  represented  by  Ax  =  b  where 


+  V 

1  .5 

I3!! 

f4l 

A  = 

3  2 

JC=L?  b» 

12 

[5 

l*2J 

L10J 

The  generalized  inverse  of  A  is 


-1  85  v 

202  -130 ' 


and  the  null  space  of  A  consists  of  only  the  zero  vector, 
as  can  easily  be  verified.  Therefore,  by  (3.24)  we  have 

„  ,  4, 

(  3  °  3  7  )  iLsr>  *,ul  vi  iy  »■  vr  t t 

10' 


x  _  1  /  4  -1  85x  =  (2.005j 

x  “  T&S  V|4  202  -130;  Cf/  '■3  .052^ 


However,  Ax  is  then, 


which  is  not  equal  to 


r  4  s] 
12 

L10  J 


Thus,  the  simultaneous 


attainment  of  the  goal  is  impossible  and  a  solution  which 
comes  closest  to  the  simultaneous  goal  attainment  is  given 
by  (3»37)  —  closeness  being  measured  by  the  square  root 
of  the  sum  of  the  deviations  from  each  goal,  i.e. , 


(3.38)  d  =  [(3.53  -  4) 2  +  (12.12  -  12)Z  +  (10.02  -  lO)2]1^2 


so  that  x^  =*  2.005,  X2  =*  3.052,  as  in  (3.37),  is  minimum,  in  the 

least  squares  sense,  among  all  possible  subgoal  values.  (Note 
that  the  non-negativity  condition  of  x  is  satisfied  in  this 
example  without  any  constraint  on  the  "discretionary"  area 
since  we  have  only  the  null  vector  at  our  discretion  in  this 
case. ) 
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We  now  proceed  to  cheek  our  solutions  “  2,005  and 

x2  =»  3*052,  by  reference  to  the  ordinary  route  of  a  least  squares 

minimization*  Referring  to  (3*36)  we  form  the  square  root  of 
sum  of  squares  to  be  minimized,  or,  equivalently,  in  this  case, 
the  sum  of  squares  to  be  minimized  ae 

x2)  =  (x,  +  *5  x2  -  4)2  +  (3  +  2  x2  ~  12)2  +  (5  x1  -  10)2 


Differentiating  first  on  x^  and  then  on  and  equating  to  zero 
produces  the  so-called  normal  equations  for  a  least  squares  solution^- 


1/  This  example  has  been  devised  so  that  we  can  ignore  things  like 
the  Kuhn-Tucker  conditions  relative  to  the  non-negativity  re¬ 
quirements  on  and  x^  Cf ,  H0  W0  Kuhn  and  A*  W„  Tucker,  /  |. 


viz*  „ 

70  Xj_  +  13  x2  =  ISO 
13  x^  +  8*5  x2  -  52 

Solving  for  x^  and  x2  produces  x^  =  2.00J  and  xg  =  3 -052. which  agrees  with 
our  previously  attained  results. 

Minimization  of  an  J?-1  or  an  metric  as  an  ordinary  scalar 
implies  that  the  multiple  goals  must  be  commensurable  This  is  not 
alvayB  wanted  and  so  we  shall  therefore  proceed  to  an  analysis  of 
goal  orderings  where  ccmmensurabi Hty  is  not  present*  We  shall  do 
this,  moreover,  in  a  way  that  produces  co rmensurability  in  the  special 
kinds  of  goal  weightings  that  have  this  property* 


I 11-35 


Suppose  Ax  =  b  is  partitioned  into  A^x  m  (i  =»  1,  2,  „<,<>,  k) 
in  accordance  with  an  ordering  of  the  goals  b„  We  assume  that  is 
a  aubveetor  of  b  and  contains  the  goals  which  have  the  highest  priority. 


bfc  ^  is  a  subvector  for  goals  with  the  second  highest  priority, . .  <,» , 
and  finally  b^  is  a  subvector  for  goals  with  the  lowest  priority,.  Also 
we  use  for  a  matrix  prepared  by  adjoining  a  set  of  row  vectors  of  A 
with  rows  that  correspond  to  a  subvector  b^„ 

Now j then,  the  set  of  all  subgoala  which  satisfy  the  goals 
with  the  highest  priority  is  given  by 


(3.39) 


x  -  Atkbk  +  Aj^  (zkg 


where  rk  ia  the  rank  of  Ak„  If  Akx  =  has  a  solution,  (or, 
equivalently,  if  b^  is  in  the  range  of  A^)„  the  set  of  all  solutions 
to  Akx  =  bk  Is  given  by  (3.39).  If  no  solution  exists  for  Akx  —  bk# 

(or,  equivalently,  if  bk  is  not  in  the  range  of  Ak) ,  than  (3.39) 
giveB  ue  a  eet  of  solutions  which  come  "closest"  to  the  set  of  goals 
with  highest  priority,  "closeness"  being  measured  by  the  Jl ^  metric. 

We  then  move  to  the  goals  with  "the  second  highest  priority,  and, 
if  possible,  find  the  x  which  satisfy 


Ak-lx  "  bk~l° 


(3.40) 
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However s  x  s  which  satisfy  thia  aquation  have  to  be  chosen  from 
those  represented  by  (3.39)  »  Thereforer  the  restriction  on  x  by 
(3 c4<">)  is  transformed  into  ths  restrictions  on  the  free  variable 
a.  in  accordance  with: 

K 


(3o41) 


Vix 


A.  ,AjH  4-  A  -A°z, 
k-1  K  k  k~l  k  k 


k-1 


or 


(3-42) 


,0 

-lVk 


k-1 


Ak_iAJbk 


Note  that  although  the  right  hand  Bided  (3«32)  is  constant  it  does  not 
follow  that  2^  is  fixed  by  this  expression./  It  only  means  that  z^  must  be 
chosen  to  satisfy 

(3.43)  ^  Ak=1A+b)  4  (Akj»J>Vl 

%  substituting  this  last  expression  in  (3=39),  we  obt*in  an 
expression  for  a  3et  of  x3s  which  will  minimize  the  distance  from  the 
goal  levels  with  the  highest  priority <>  Then, subject  to  no  worsening  of 
the  previous  minimization,  it  will  minimize  the  distance  from  the  goal 
levels  with  the  second  highest  priority.  With  this  assurance  then  we  can 
relate  x  to  z^  instead  of  z^,  by  inserting  (3°43)  into  (3»39)in  order 


to  obtain 
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(3.V.)  X  -  Afo  H-  A°(»k,1A°)t(b_-  A^tb) 

+  Ak^Ak-lAk^°zk=l  ( zjc„i  £•  pn  rk»k  l) 

where  pH  ^k^k^l  is  the  Euclidean  space  of  n-r,  .  .  dimensions  (n  being 
the  number  of  columns  in  A  and  r^  k  ^  being  the  rank  of  la£  ^J6) 

We  proceed  in  this  fashion  changing  the  free  variables  in  the 
expression  for  x  -*=  i.,e,  ,  the  z*s  —  Into  variables  with  fewer  and 
fewer  dimensions  until  the  process  is  concluded  at  some  stage  with 
some  z^  ^  fixed  uniquely  by  its  preceding  expression  or  until  all 
the  priority  orderings  are  considered  at  the  stage  to  which  s^  and  hence 
b^  applieSc 

Suppose  next  that  we  desire  to  weight  as  well  as  order  our 
goals  <r^  This  may  be  done  in  the  following  way,  Suppose  that  we 


1/  This  may  also  be  done  in  the  goal  programming  formulation  by 
means  of  the  expressions 

—  I  n  f 

I  jEi  “ij  XJ"bi  I 

with  all  ?  0, 
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want  to  measure  the  decree  of  "regret"  by  the  square  of  the 

deviation  from  the  goal  level,  and  that  this  degree  of  "regret" 

is  commensurable  among  all  s  goals  in  the  same  ordered  rank  by  means 

of  non-negative  weighting  factors  (j  =*  1,  2,  =  o„,  s)o  Then,  we  want 

to  minimize  for  goals  in  the  same  ordered  rank,  the  total  "regret" 

,2 

measure,  d  , 


(3»45)  d2  «  a  (A ,x  -  b  )2  * 

j=l  J  J  J 


^  <v/^j  v  -  ^  Vs 


If  instead  of  obtaining  d‘  directly  as  in  (3.45)  we  proceed  Iry  means 
of  generalized  inverses  we  can  achieve  the  same  result  if  we  multiply 
each  element  in  and  by  •/'aL  j  (j  “  1»  2,  o.„f  s).  The  least 

square  property  of  the  generalized  inverse  assures  that  the  total 
"regret"  measure,  d'E  (or  equivalently  its  square-root,  d)  is  min¬ 


imized  by  the  resulting  solution 
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Example  7°.  Suppose  that  we  modify  Example  6  so  that 
Product  2  does  not  require  the  operations  of  Machine  1 
or  Machine  2»  Then,  the  problem  (3«36)  in  Example  6  is 
changed  to 


*1 

+  o5^2  ~  4- 

(3.46) 

**1 

=  12 

5xl 

=  10 

x2  >  0, 

Suppose  further  that  management  wants  tc.  give  the  first 
goal  (profit  level)  the  highest  priority  of  being  satisfied. 
Then,  the  set  of  all  x's  which  satisfy  +  , 5x^  =  4  is  given  by 

(3.47)  x  =  4  +  c°{)  z  =  cj;|>  +  c*£>  z 

where  z  is  a  scalar,  (Refer  to  (2,25)  in  Chapter  Ho) 

Due  to  the  non-negativity  condition  imposed  upon  x„  z  must 
be  in  the  range  of  -1.6  <  z  <  6.4.  (Refer  to  (2,29) 
in  Chapter  IIo ) 

The  first  goal  being  satisfied,,  management  then 
vrant3  to  satisfy  the  second  and  the  thrid  goals  concerning  the 
operating  times  of  Machine  1  and  Machine  2,  Suppose  that  the. 
nanagef  .  is  so  concerned  with  the  operating  time  of 
Machine  1  that  he  estimates  his  "regret"  v/ill  be  four  times 
as  much  fcr  any  deviation  in  the  Machine  1  operating  time 
from  its  goal  level  a  3  the  same  amount  of  deviation  in  the 
Machine  2  onera *  (ng  time  from  its  goal  level.  In  this  case  only 
proportionality  in  ths  weigh tr rna ttere ,  Hence  we  multiply 
each  element  in  the  second  equation  of  (3  46)  by  2,  which 
is  the  square  root  of  4?  while  leaving  each  element  in  the 
third  equation  intact. 

Now  we  want  to  solve, 

(3.43)  (^  q)  x  -  (^) 

which  is  derived  from  the  second  and  the  third  equations 
of  (3.46)  after  being  adjusted  for  the  weighting  factor. 

However,  the  variable  x  must  satisfy  (3«47)°  Therefore, 
we  replace  x  in  (3,48)  by  the  expression  in  (3=47), 
obta ining, 

<5  o>  «i:2> +  -  <w>  -» 


(3.49) 
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(3o50) 


^-2.5^ 


( 


By  using  the  generalized  inverse  of 
(see  page  XI»32a),  vre  obtain?, 


which  is 


1 

15.25 


("3o  -2.5), 


(3.51) 


z 


i 

15  >25 


(-3, 


-2.5) 


>6 

15.25 


12 

305 


Note  Chat  z  is  in  the  range  specified  above  and*,  therefore,, 
we  can  proceed  without  worrying  about  the  non-negativity 
condition  on  x,  By  substituting  this  value  of  z  into  (3.37) 

we  obtain  x(  *■  *2  “  “ 

Note  that  the  value  of  z  derived  in  (3*51)  does  not  satisfy 
(3.50)o  This  means  that  the  second  and  the  third  goals  cannot 
be  satisfied  by  any  solution  which  satisfies  the  first  goal, 
and  that  the  solution  which  minimizes  the  total  amount  of 
"regret"  defined  above,  i.-,«o,  the  solution  which  minimizes 

(3.52)  d1*4(3x1  -  12)2  +  (5xx  -  10)2 

will  satisfy  x^  +  5x^  «*  4=  but  it  will  not  satisfy  either 

3x^  *  12  or  5x^=  10,  missing  the  former  by  12  -  3x^  *  3  units 
and  the  latter  by  10  -  5x^  =■  6  units,  approximately. 


In  this  manner,  we  see  that  the  ordering  and  weighting  of 
goals  can  also  be  accomplished  over  an  ^  metric  by  means  of  a 
generalized  inverse  approach  to  goal  analysis.  This  generalized 
inverse  approach  is  efficient  for  attacking  the  problems  of  multiple 
goals  if  the  variables  involved  in  the  problem  are  not  required  to 
be  non-negative,  or,  as  in  the  above  examples,  if  the  non -negativity 
constraints  are  redundant.  If,  however,  the  problem  involves  variables 
which  are  constrained  to  be  non -negative  and  if  the  non-negativity 
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constraints  are  critical  in  the  solutions,  then  it  may  ba  better  to 
resort  to  some  other  means  such  as  quadratic  programming  for  achiev¬ 
ing  an  minimization. 

The  3ame  things  can  be  said  when  the  problem  involves  under- 
or  over-achievement  of  goals.  Clearly  if  we  add  a  goal  level  (and 
its  linear  function)  to  the  goals  (and  their  linear  functions)  which 
have  already  bean  imposed  upon  a  set  of  subgoals,  the  number  of 
dimensions  of  the  free  variables  z  in  the  expression  for  subgoals  x  in 
(3,39)  is  reduced  by  one  unless  the  newly  added  linear  function  can 
be  derived  by  a  linear  combination  of  other  linear  functions  which 
are  already  available,  (The  rank  of  the  null  space  of  A  decreases  by 
one  each  time  we  add  a  new  row  which  is  independent  of  the  old  rows,) 
However,  in  the  generalized  inverse  approach,  a  set  of  inequalities 
given  by  Ax  <  b  needs  to  ba  converted  into  Ax  +  Iy  =*  b  or 

(3,53)  [A,  I]  (*)  “  b 

'where  y  is  a  column  vector  which  i3  constrained  to  be  non-negative. 
Similarly,  when  we  add  a  new  goal  and  its  linear  function  in  the 
for  of  A^x  <  bj,  we  have  to  change  it  to  an  equation  by  adding  a 
non-negative  slack  variable  y^s  i,e»,  A^x  +  Iy^  *■  b^»  This  means 

that  the  dimension  of  the  null  3pace  of  [A,  I]  is  equal  to  the 
number  of  subgoals  x  (or  the  number  of  columns  of  A)  regardless 
of  the  number  of  goals  (or  the  number  of  rows  of  A,) 

Therefore,  an  application  of  the  generalized  inverse  of 
[A,  I]  does  not  help  to  reduce  the  dimension  of  the  free  variable 
in  (3,39) as  is  shown  by  means  of  the  following, 
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(3  =  54)  (*)  »  [A,  IJ+b  +  [JJ]  z  (*£  E*) 

/  >  0 

where  A  is  an  m  x  n  matrix,  I  and  I  are  identity  matrices  of 

s  m  n  J 

dimension  m  and  n,  respectively,,  and  the  second  component  is  sn 
expression  for  the  null  3paco  of  [A,  I ] „  Note  that  [A,  I 
xs  of  order  (n  +  m)  x  m  when  A  is  mxn,  and  then  let  G  and  H  be  the 
matrices  formed  from  the  first  a  rows  and  the  next  rn  rov/s,  respectively, 
of  [A,  I  Then  (3=54)  is  equivalent  to 

(3  55)  x  «  Gb  -r  I  z 

n 

Az  <  Hb 

’Where  the  last  expression  comes  from  the  non  nega t ivity  requirement 
on  y  -  viz  ;  Hb  -  Az  >  0„  in  (3°54)o  This  means  that  original  inequal¬ 
ities  in  Ax  <  b  are  transformed  into  the  inequalities  Az  <  Hb  by  the 
adjunction  of  slack  to  obtain  (3=  53)  as  an  equivalent  formulation,.  Of 
course,  the  successive  application  of  [A,,  lm3!  to  Az  <  Hb,  Aw  <  H  b, 
does  not  simplify  the  problem-,  On  the  other  hand,  the  properties  of 
generalized  inverse*  have  yet  to  be  exploited  extensively  for  management 
problems^,  and  the  discussion  here  and  in  Appendix  A  have  been  developed 

Petevtiker, 

V  See,  e,goS  Cha rnes.  Cooper  and  Thompson,  for  an  interesting  exception,, 

'A 

of 

and  introduced  with  this  in  mind„— 

2/  They  have  been  used  in  engineering,  physics,  statistics  and  elsewhere,. 
Sea,  for  example,  Duff in,  1962;  Penrose,  1956s  Xalen,  W&D,.  etc. 


CHAPTER  IV 


FEEDBACK  ARRANGEMENTS  FOR  INFORMATION  ON  GOAL  ATTAINMENTS 

1 .  Introduction 


In  Chapter  II  and  III,  we  explored  the  possibilities  of 
applying  linear  programming  technique  and  generalized  inverse  to 
the  analysis  of  goals,  a  problem  which  was  formulated  as  an  extension 
of  breakeven  analysis*  In  those  chapters,  the  discussion  was 
directed  to  the  problem:  how  to  decompose  a  set  of  given  goals 
into  more  operational  subgoals *  There  it  was  assumed  that  subgoals 

could  be  more  easily  controlled  by  management  than  the  goals  which 
a  management  wants  to  attain.  Now  we  introduce  and  examine  one  of 
the  pertinent  properties  which,  et  least  for  accounting  pumooeo, 
xS  closely  related  to  control  and  in  3ome  respects  is  a  sine  qua  non 
for  accounting  treatment.1  This  property  is  "measurability  for 


At  least  of  the  traditional  and  the  current  versions  of 
accounting.  C.f  . ,  e.g.,  Trueblood,  1950-  Possible  future  developments 
like  the  inclusion  of  "personality  profiles,"  etc.  in  controllership 
records,  etc*,  are  not  at  issue  here,  C„f.„  e.g.,  Churchill,  1962 
or  Stedry ,  19  6®. 


control,"  —  or,  alternatively,  "control  measurability."  tty  "control 
measurability"  we  refer  to  the  degree  of  ease  or  difficulty  in 
obtaining  feedback  concerning  actual  goal  attainment  in  practical 
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situations o  As  a  very  simple  example „  the  net  profit  from  operations 
has  less  measurability  for  management  control  than  the  total  dollar 
sales  since  the  former  depends  upon  the  latter  plus  other  factors 
such  as  cost s»  Moreover,  as  this  simple  example  already  suggests, 
we  do  not  want  to  confine  ourselves  to  the  rules  of  ordinary  arithmetic 
but  we  also  include  relations  of  "order"  and  indicators  with  more 
or  less  information  content  in  the  kinds  of  control  measures  we 
shall  consider,.  Thus  the  sales  figure,  for  instance,  admits  of  sharper 
interpretations  than  does  net  profit  insofar  as  the  latter  includes 
items  like  depreciation ,  etc* ,  where  precise  arithmetic  is  not 
always  accompained  by  equally  precise  interpretations. 

In  goal  analyses  developed  in  the  crevious  chanters, 
we  required  subgoals  to  be  more  operational  (controllable)  than 
the  goals  to  which  they  might  be  related,  but  we  did  not  require 
subgoals  to  have  more  "control  measurability."  In  this  manner 
we  emphasize  that  operationality  is  always  essential  for  any  rational 
scheme  of  subgoal  formation.  The  supposition  is  then  that  we  can 
always  devise  a  system  of  measures,  even  for  so  called  qualitative 
subgoals,  although  we  cannot  of  course  restrict  ourselves  to  the 
narrow  confines  of  ordinary  arithmetic  for  this  purpose  and  we  may 
have  to  content  ourselves  with  information  loss  as  well.  In  any 
event  we  find  it  generally  more  reasonable  to  proceed  from  operationality 
to  measurability  as  a  criterion  rather  than  the  reverse. 
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2c  The  Relationship  Among  Goal3,  Subgoals,  and  Indicators 

Given  a  separation  of  operationally  and  measurability,  as 
suggested  in  the  previous  section,  it  is  now  natural  to  examine 
possible  kinds  of  "indicators"  in  order  to  ascertain  their  "control 
measurability"  properties  relative  to  the  goals  and  the  subgoals 
in  question..  This  in  turn  will  necessitate  our  examining  the  relationships 
that  might  obtain  between  indicators  and  subgoals  with  special 
reference  to  their  use  in  measuring  the  degree  of  goal  attainments 

The  following  mathematics  will  be  helpful  in  clarifying 
the  problem:  Let  b  be  an  n-component  column  vector  for  goal  parameters 
which  are  the  given  targets  for  a  set  of  goal  variables  and  let 
v  be  an  n-component  column  vector  for  goal  variables.  The  distinction 
between  goal  parameters  and  goal  variables  is  made  here  to  keep 
track  of  differences  that  might  arise  at  various  stages  —  e.g. 
in  a  planning  stage  when  goals  are  set  equal  to  a  set  of  constants 
(e.g.,  aspiration  levels)'*'  and  then  subsecuently,  in  a 

^Including  "aspirations  about  aspirations"  as  reflected  in 
the  budgeting  —  control  processes  discussed  in  Stedry,  I960. 

control  stage  uhen  actual  values  of  goal  variables  (e.g. 
actual,  cost)  are  compared  with  the  given  goal  parameters^. g. » 
a  standard  or  budgeted  cost,)^- 

•Hfe  may  also  want  to  distingush  different  goal  parameters, 
too,  by  acoording  one  of  them  the  status  of  a  "constant"  and  the 
other  the  status  of  a  "variableo" 


1 


As  distinguished  from  b  and  v  we  now  introduce  the  symbol 
w  for  a  k~componer.it  colusun  vector  whose  entries  are  "indicators" 
that  are  suppose'!  for  one  reason  or  another,  to  be  more  easily 
measured  in  a  practical  situation  than  either  goals  or  subgoals. 

'is  assume,  as  in  the  previous  chapters,  that  the  relationship 
between  the  goal  variables  v  and  the  subgoal  variables  x  is  given  by. 


(4,i ; 


Ax  -  v 


where  A  is  sn  m  x  n  matrix  with  entries  representing  technological 
considerations,  legal  or  policy  considerations,  etc. 

Vs  now  want  to  measure  the  value  of  each  element  in  v,  i.e. , 
the  value  of  each  one  of  m  goals,  from  time  to  time,  by  means  of 


k  indicators,  v, ,  w^. 


w^,  whose  values  are  determined  by  a 


linear  combination  of  n  subgoal  variables,  x^„  x2»  ...  x  ,  i. 


(4.2} 


Cx  -  w 


where;  C  is  a  k  x  n  matrix  and  x  and  w  are  n-  and  k-component  column 

vectors,  respectively. 

The  character! sties  of  each  indicator  are  not'  completely 
described  by  the  correspondinr  row  of  C0  It  Is  known  that  there  is 
not„  in  general  ,t  a  consolidation  of  A  into  a  smaller  C  which  preserves 

y 

all  of  the  original  information  relative  to  v  end  s»  Tills  is  not 


1/  An  interesting  development  of  this  for  the  so-called  Leontief 
matrices  of  inout~oatpirt  analysis  is  given  in  Appendix  E  of  Cftarnes 
Cooper,  1961;,  which  can  be  related  to  the  goal  programming  concepts 
that  xrere  discussed  earlier  in  this  thesis. 
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what  we  have  j.n  mind,  however „  In  order  to  show  what  we  intend  to 

represent  by  the  matrix  Cs  consider  the  f  oil  win  g  example  „ 

Example  1  Suppose  a  firm  had  three  sales  transactions 
in  a~ particular  day,  each  one  of  which  involves  sales  of 
Product  1  arid  Product  2,  Let  xj_,  x2,  and  X3  represent  the 
sales  quantities  of  Product  1  in  the  first,  the  second,  and 

the  third  transactions,  respectively,  and  let  X4,  X5,  and 
represent  the  sales  quantity  of  Product  2  in  the  first, 
the  second,  and  the  third  transactions,  respectively. 

Also,  let  p^,  p,,  and  p^  be  the  selling  prices  of  Product  1 
applied  to  the  three  respective  transactions  and  P4,  pc, 
and  be  the  selling  prices  of  Product  2  applied  to  the 
three  respective  transactions. 

Then  the  following  is  an  example  of  the  a  set  of  & 
indicators  that  are  produced  from  6  subgoal  Variables  denoted 

by  a  6-component  column  vector  x„ 


N 

Pj.»  Poll  Poe  P4»  P^e  P^ 

«-  > 

W1 

p r  ?25  P3E  °*  0,#  0 

U2 

o„  o„  0,  1,  1,  1 

w3 

Pl°  °»  °e  P4»  0 

x  = 

w4 

1,  0,  0,  0,  0,  0 

w5 

0,  p2,  0,  0,  0,  p4 

N.  > 

wA 

L  5> 

The  fir3t  indicator,  ws ,  shows  the  total  dollar  sales 
in  the  day.  The  second  indicators,  W2,  shows  the  total 
dollar  sales  of  Product  1  in  the  day,  while  113  shows  the 
total  physical  sales  quantity  of  Product  2  in  the  day. 

The  fcarth  indicator,  W4,  shows  the  total  amount  of  sales 
in  the  first  transaction,  while  W5  shows  specifically 
the  value  of  the  physical  sale  quantity  of  Product  1 

in  the  first  transaction,  The  sixth  indicator,  wg,  is 
the  sum  of  the  dollar  sales  of  Product  1  in  the  second 
transaction  and  the  dollar  sales  of  Product  2  in  the 
third  transaction ,  |/ot€  that'  tvtatevei*1  — 

the  idiosyneraciea  of  a  management  may*  be  the/  can  be  given 
some  kind  of  reflection  in  a  matrix  C  which  may  have  more 
or  fewer  rows  thaas  A0 


Contrary  to  the  matrix  A  in  (U»l)P  this  matrix  C  Is  completely 
arbitrary  and  can  be  modified,  simplified ,  or  complicated  in  any 
way  that  management  wants.  For  example,  management  may  require 
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only  that  total  dollar  sales  be  reported,  in  which  case  the  matrix  C 
consists  of  only  the  first  row  of  the  matrix  in  Example  1„  Or 
they  may  want  to  know  the  total  dollar  sales  of  Product  1  and  the 
physical  sales  volume  of  Product  2,  in  which  case  the  matrix  C 
consists  of  the  second  and  third  rcws  of  the  matrix  in  Example  1« 

j'S 

In  sum,  then,  our  matrix  C^to  be  prepared  in  such  a  way  that  it  will 
supply  the  indicators  that  a  management,  for  whatever  reason,  may 
want  to  obtain,, 

We  now  want  to  evaluate  the  effect  of  obtaining  such  indicators 
from  the  specific  viewpoint  of  control,  l0e0  how  these  indicators 
may  be  used  to  sunnly  more  or  less  valid  information  on  the  value 
of  goal  variables  v„  We  are  not  here  concerned  with  other  kinds 
of  information  requirements «>  Our  only  concern  is  as  follows,.  Given 
a  managerially  prescribed  set  of  goals  v  and  a  matrix  C  formed  in 
accord  with  management's  wishes,  how  can  we  proceed  to  secure 
information  on  the  goals  in  v  via  the  indicators  w  by  reference  to 
As  C  and  X? 

We  have  referred  to  the  components  in  w  as  indicators  and  we 

now  emphasize  two  points  concerning  the  characteristics  of  indicators,. 

One  is  the  fact  that  in  order  to  knew  the  performance  in  the  goal 

attainment,  it  is  not  always  necessary  to  measure  the  indicated 

1/ 

variable  directly,,  Surrogates  may  be  used  instead,,  For  instance 

\J  This  term  is  adapted  from  Chapter  XI  in  Charnes  and  Cooper,  196l„ 
Note  that  even  "profits”  may  be  a  surrogate  for  "general  health  of 
the  enterprise,," 


IV-7 


the  level  of  profit  may  he  a  goal  but  its  levels  need  not  be 
measured  and  reported  directly  if  it  may  be  inferred  from  the  total 
dollar  sales  of  the  Drcr* ucta „  The  latter  may  also  be  more  immediately 
useful  since,  as  we  have  mentioned,  it  has  more  "control  measurability" 
than  the  profit  level  in  the  sense  that  profit  level  depends  upon  many 
other  factors,  including  the  total  dollar  sales,  and  it  normally 
takes  more  time  to  calculate  the  profit  level  than  to  calculate 
the  total  dollar  salesQ  This  process  is  also  capable  of  extension 
as  witness,  for  instance,  the  widespread  use  of  ohyalcal  figures  in 
place  of  dollars  in  reports  for  production-cost  controls  There  is 
no  reason,  of  course,  why  such  physical  reporting  should  be  confined 
to  production  c  Thus  the  total  of  dollar  sales  may  be  the  goal  of 
a  sales  manager  without  requiring  the  reports  to  be  rendered  only 
in  these  units,  if,  for  example,  total  dollar  aalea  can  be  inferred 
from  the  total  shipment  tonnage,  the  total  number  of  orders,  etc» 

The  second  point  we  want  to  emphasize  is  the  fret  that  the 
qualitative  nature  of  indicators  has  next  to  nothing  to  do  with 
their  ability  to  contribute  to  a  determination  of  the  values  of  goal 
variables 0  As  we  remarked  in  Chapter  I  ,  we  need  not  care  what 

materials  are  used  in  a  barometer  but  only  whether  its  calibrations 
are  sufficiently  accurate  to  provide  the  veathtr  indications  that  are 
wanted 0  Similar  remarks  apply  to  our  indicators,  too«  That  is, 
what  we  are  concerned  with  in  evaluating  indicators  is  the  relationship 
between  what  subgoal  variables  do  on  indicators  and  what  they  do  on 
the  given  goal  variables „ 


IV  P 


5  The  Determination  of  Actual  Values  of  Goal  Variables 

The  remarks  made  at  the  close  of  our  previous  section  were 

directed  towards  emphasizing  that  our  analysis  is  directed  only 

towards,  knowing  the  relations  between  subgoals  and  goals,  as  piven 

by  Ax  *■  v,  and  how  the  indicators  w  in  Cx  -  w  may  be  used  to  supply 

information  on  these  relations  We  now  proceed  in  our  analysis 

of  these  indicators  by  first  raising  the  following  questions.  Under 

what  conditions  can  -Ve  determine  the  value  of  the  goal  variable  v 

1/ 

by  knowing,  the  value  of  the  indicators  w?  That  is,  we  assume  that 


^See,  Co g o  ,  Wagner.  1962,  for  a  treatment  on  a  similar  topic 
from  a  statistical  sampling  view  point » 

we  know,  beforehand,  lie  matrices  A  and  C,  and  that  the  value  of  w 
is  supplied  to  us  from  time  to  time  But  if  we  do  not  know  x  we 
cannot  know  v  via  Ax  •*  v  and  hence  we  cannot  know  the  deviations 
in  v  b 

The  question  under  consideration  now  becomes  §  under  what 
condition  on  A  and  G  can  we  precisely  determine  v  from  w?  In  this 
section  we  shall  assume  that  there  are  no  constraints  imposed  upon 
aubgoal  variables,  not  e»en  non -negativity  conditions  Then,  we  shall 
introduce  such  constraints  in  the  next  section  after  simplifying  matters 
in  this  one,  so  that  we  can  mr.re  readily  understand  the  relationship 
among  goals,  subgoals,  and  indicators 

Before  going  into  a  mathematical  analysis  the  following  simple 
example  may  be  of  help  to  clarifying  it. 

Example  2.  A  firm  produces  two  kinds  of  products,  Product  1 
and  Product  2,  whose  contribution  to  overhead  and  profit 
are  $1  per  unic.  and  $„5  per  unit,  respectively..  The  management 
want?  to  know  the  total  contribution  to  overhead  and  profit 
from  time  to  time. 
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•Suppose  that  the  gross  weights  of  Product  1  and  Product  2 
ars  g  pounds  per  unit  and  g  pounds  per  unit,  respectively 
and  that  the  total  weight  of ^products  shipped  is  reported  as 
where  and  x?  are  the  sales  quantities  of 
Product  1  and  Product  2,  respectively  )  to  the  firm's  management 
from  time  to  time  -eg  ,  as  part  of  a  contract  with  an  agent 
who  handles  all  shipments 


Lnder  what  conditions on  and  g£  cart  the  management 
determine  the  actual  amount  of  contribution  to  overhead 
and  profit  (or  simply  contribution  level)  from  the  total 
weight  of  products  shipped? 

Suppose  that  g-j_  =  2  and  go  =  2»  Then,  in  this  case, 
we  cannot  determine  the  contribution  level  from  the  knowledge 
of  the  weight  of  products  shipped,  say  1,000  pounds,  since 
the  contribution  level  may  be  anywhere  between  $250  and 
$500.,  Furthermore,  this  range  for  the  contribution  level 
was  determined  because  we  know  the  sales  volumes  of  the  two 
products  never  assumes  negative  values.  If,,  however,  the 
sales  volumes  had  not  been  constrained  to  be  non-negative, 
for  any  value  of  the  total  weight  of  products  shipped  then  the 
data  g1»2,  g0-»2  would  supply  even  less  information  and,  in  fact, 
the  contribution  level  could  then  be  anyreal  number. 

Obviously,  in  this  case,  the  necessary  and  sufficient 
condition  for  the  determination  of  the  contribution  level 
from  the  total  weight  of  product  shipped  is  g,  =  2g£, 
since  then  the  management  can  determine  the  contribution 
level  they  have  achieved  from  the  total  weight  of  products 
shipped  by  dividing  it  by  g^o  E„g„,  if  the  total  weight 
of  products  shipped  is  1,000  pounds  where  gi  =  4 

g?  =  2t  the  management,  ..perhaps  via  prior  accounting  manipulations, 
could  determine  the  contribution  level  as  exactly  equal  to  * ?S0 

Thi3  means  that  the  matrix  A,  (in  this  case  (1,  »5)X 
must  be  expressible  as  a  scalar  multiple  of  the  row  of  C, 
in  this  case  (g^,  gg). 


We  shall  extend  our  insight  into  the  required  relationship  between 

A  and  C  at  the  same  time  that  we  generalize  upon  it  by  means  of  the  following 

theorem 
Theorem  L;  ■ 

Let  (4,1)  v  =  Ax 

and 

(4,2)  w  =  Cx 

where  A  and  C  axe  (m  x  n)  and  (k  x  n)  matrices,  respectively, 
i  id  x  6-  En„  A  necessary  and  sufficient  condition  for  v 
to  be  a  uniquely  determined  function  of  w  only  is  that  each 
i*ow  ci*  A  is  expressible  as  a  linear  combination  of  the  rows  of  C„ 
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♦ 

To  prove  this  theorem  we  can  pro-eed  as  follows  Let  C  be 

W  o 

the  (n  x  k)  generalized  inverse  of  C^and^C  be  an  n  x  (n«r)  matrix 
whose  columns  art!  basis  vectors  for  the  null  space  of  C„  Then, 
from  (U.  ?)  we  obtain  an  expression  for  x, 

(4.3)  x  =  C+v  +  C°z  (z  €  Sp~r)o 

(Refer  to  Section  5  of  Appendix  Ac)  Next,  from  (4.1)  and  (4.3) 
we  obtain 

(4.4)  v  =  AC^w  +  AC°z  (z  €:  En~r). 

In  general,  v  is  not  uniquely  determined  when  w  is  specified  because 
of  the  arbitrary  vector  z.  On  the  other  hand,  a  necessary  and 
sufficient  condition  that  v  be  uniquely  determined  as  a  function  of 
w  only  can  evidently  be  attained  via  the  expression  AC°z  =  0  for 
all  z  En~' ,  or  simply  AC0  =  0.^ 

^If  AC°z  is  equal  to  a  constant  vector  for  all  z  tr  En-r, 
v  is  also  uniquely  determined.  But  obviously  such  a  constant  vector 
has  to  be  the  zero  vector  3ince  for  z  =  0,  AC°z  =  0  for  any  A  and  C. 

The  above  condition  is  equivalent  to  saying  that  C°z  is  a  vector 
in  the  null  space  of  A  fox'  all  z  in  E0-1*.  Note  that  C°z  (z  ^  E*1-1*) 
need  not  span  the  null  space  of  A,  but  only  that  it  must  be  included  in 
the  null  space  of  A.  However,  C°z}(z  e  E11  “  )  does  span  the  null 
space  of  C„  since,  by  definition,  C°  is  a  matrix  of  a  null  space 
basis  of  C. 

3y  virtue  of  the  remarks  just  entered,  we  can  now  proceed 
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as  follows,  Let  H(A)  arid  N(C)  represent,  respectively,  the  null 
spaces  of  A  and  C,  Than,  the  above  condition  for  unique 
determination  of  v  is  equivalent  to 

(4.5)  K(A)s  ii(C). 

I.e,,  the  null  space  of  C  is  contained  in  the  null  space  of  A, 

The  vectors  ofN(C)  then  form  a  subset  of  N(A)  although  not 

necessarily  a  proper  subset.  However,  in  general,  an  n -dimensional 
Euclidean  space,  E11,  can  be  written  as  a  direct  sum  of  two  orthogonal 
and  complementary  subspaces  as  follows: 

(4*6)  En  =  N(A)  (£>  R(A*)  =  N(C)  ©R(C*), 

where  R(A*)  and  R(C*)  represent  the  range  of  A*  and  C*  which  are 
the  transpose  of  A  and  C,  and  ©  means  "direct  sum,"  Prom  (4.5) 

^See  Section  4  of  Appendix  A. 

and  (4.6),  we  obtain 

(4.7)  R(A*)  g:R(C*), 

which  is  equivalent  to  saying  that  each  column  of  A*  (i.e.,  each 
row  of  A)  must  be  expressible  as  a  linear  combination  of  the  columns 

of  C**  (i.e.,  the  rows  of  C),  Q.E.D. 

Remark  1:  If  C  is  non-singular  —  hence  n  x  n  —  then 
the  condition  of  Theorem  1  is  automatically  fulfilled  since 
C?  -  0.  This  may  also  be  seen  from  the  fact  that  the  rank  of  A  is 
at  roost  equal  to  n,  the  number  of  columns  of. A,  while  the  rows  of 
an  n»n  non  singular  C  span  every  point  in  the  n  -dimensional 
Euclidean  space,  En 
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Let  us  cell  a  set  of  indicators  v  whose  relationship  with 
the  subgoal  variables,  given  by  the  matrix  C,  satisfies  the 
condition  in  theorem  1  a  "perfect  indicator  set.->"  While  it  is 
desirable  to  have  such  a  "perfect  indicator  set"— since  they 
uniquely  specify  the  values  of  goal  variables— it  may  be  very 
expensive  or  evea  impossible  to  obtains  When  this  is  the  case, 
there  Is  then  socie  interest  in  seeing  hew  a  less  than  perfect 
indicator  set  may  be  employed  and  this  Is  the  task  to  which 
we  will  turn  in  the  noxt  section,  not  only  by  relaxing  the 
conditions  of  theorem  1  but  also  by  imposing  constraints  upon 
the  subgosl  variables 0 


4  Constraints  on  Subgoals 


Vfe  now  turn  our  attention  to  cases  in  which  the  subgoal 

variables  x  are  constrained  by  conditions  of  the  form 

(4.8;  bx  <  h.s 

where  3  is  an  s  x  n  matrix  and  h  is  an  s~component  column  vector. 

To  make  our  analysis  more  concrete,  let  us  analyze  the  relationship 
between  one  goal  variable  v  and  one  indicator  w  which  are  related 

by  irnana  oi  a  tj&x  of  n  subgoal  variables  x  as  follows: 

ax  «  v 

(4o9)  Bx  <  h 

c:c  "  w 

vh  ore:  a  (l  y  n}  s  P's  x  r.),  c(l  *  n),  end  h(s  x  1)  ere  vectors  or 
matrices,  at.  indicated,  while  v  end  w  ere  ordinary  real  numbers  We 
shell  assume  that  a,  B,  and  e,  are  all  non-zero  in  order  to  exclude 
trivial  cases  and  we  shall  also  assume  that  (U  9)  is  solvable-  Note 
that  because  of  the  constraint  imposed  upon  x  (BX  <  h)  the  goal 
variable  v  nay  also  be  limited  to  e  certain  range-  Our  problem  is, 
however,  how  knowledge  of  the  w  indicators  may  be  used  to  narrow 
the  'range  of  the  goal  variable  v  in  its  assessment  values  for  bo 
The  range  for  v  without  any  knowledge  of  the  indicator  w 
is  given  by  the  solutions  to  the  following  two  linear  programming 
probl  eras  t 

Conditions  such  as  x  >  0,  if  present,  are  assumed  to  be 

ire.  uded  in  the  constraints  Bx  <  ho 
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(4o10) 


f  Maximize  ax  (Minimize  ax 

\  subject  to  Bx  <  h  | subject  to  Bx  <  h 


IoSoj  the  soluticri.s  to  these  two  problems  will  produce  vectors 
a  v 

x  and  x  which  can  be  substituted  in  v  =  ax  in  (4„9)  to  give  upper 

A  V' 

and  lower  values,  v  and  v,  respectively,  for  the  range  of  v« 

If  the  solution  to  one  or  both  of  the  linear  programming  problems 

in  (4,.  10)  is  infinite,  the  corresponding  upper  bound,  or  lower  bound 

or  both  does  not  exist  for  the  range  of  v«  In  such  cases,  we  may 

put  an  aribitrary  upper'  or  lower  bound  or  both  which  is  large 

enough  so  that  it  dons  net  afiect  our  analysis*  This  is  done 

1/ 

by  means  of  whet  are  called  '‘regularization  methods  !*  which  can  be 
1/  See  Charnes  and  Cooper ,  1961 


used  without  affecting  the  analysis  and  losing  generality  in  any  linear 

programing  problem 

Iij  on  the  ether  hard,  no  solution  exists  for  one  of  the  problems 
in  (4  10),  a  solution  does  not  exist  for  the  other  problem  in  (4- 10), 
and  this  implies  that  no  subgoal  variables  x  can  satisfy  all  of  the 
constraints  (i  e  ,  3x  <  h)  simultaneously  This,  too,  may  be  handled 
by  regularization  as  well  as  by  the  kinds  of  incompatible  multiple 
goal  formulations  that  were  discussed  in  the  previous  chapter^  Our 
interest  is  now,  however,  in  "control  measure"  problems  and  not  the  kinds 
of  incompatibilities  that  were  previously  examined  Hence  we  shall 
simply  exclude  such  unsolvable  oases  from  consideration  here- 
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It  is  now  of  interest  to  analyze  some  of  the  effects  that 
may  ensue  from  the  use  of  an  indicator.  In  general,,  this  produces 
a  narrower  range  as  can  be  seen  by  substituting  the  expression 
for  x  in  (4,3)  into  (4.10)  to  obtain  the  following  two  new  problems: 


(4.11) 


c 

1 


Maximimize 


subject  to 


ac°z  +  ac*w  (  Minimize 

Bc°z  <  h  -  Bc^w  (.  subject  to 


o  + 
ac  z  +  ac'w 

Bc°z  <  h  -  Bc^w 


where  3(s  x  n),  and  c°(n  x  (n-i))  are  constant  matrices;  a(l  x  n)» 

h  (s  x  l)f,  o'  (n  x  1)  are  constant  vectors;  and  v  is  a  scalar; 

while  z  ((n-1)  x  1)  is  a  variable  vector.  The  range  for  v  derived 

from  (4.11)  is  at  most  equal  to  and  ordinarily  less  than  the  range 

for  v  derived  from  (4.10).  3ince  the  effect  of  substituting  x  =  c^w  +  c°z 

into  (4.10)  is  to  cut  the  original  convex  set  generated  by  a  hyperplane 

given  by  cx  =  w  and  to  reduce  the  original  convex  set  to 

points  in  the  intersection  of  the  hyperplane  and  the  original  convex  set.^ 

^An  alternative  way  of  effecting  such  reductions  is  via 
the  concepts  of  solution  space,  ■  requirements  space  and  representative 
convex  sets  as  given  in  Charnes,  Cooper,  and  Henderson,  1953° 


Then  each  tfmo  we  obtain  a  new  indicator  w.  the  dimension 
of  the  convex  set  is  reduced  by  one  due  to  the  cut  by  the  hyperplane 
cmx  =■  provided  that  is  independent  of  the  set  of  c^,  c^,  ^ 

Thus,  the  range  for  v  becomes  narrower  and  narrower  each  time 
we  add  a  nevr  independent  indicator  and  finally  v  is  uniquely  determined 


( 
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when  we  obtain  a  set  of  n  independent  indicators . 


We  may  make  the  point  clear  by  diagramming  the  situation 
for  a  very  simple  example  as  follows: 


Example  3:  Consider  the  machine  loading  problem  of 
Example  1  in  Chapter  III.  One  unit  of  Product  1,  whose 
contribution  to  overhead  and  profit  (or  singly  contribution) 
is  $1,  requires  3  hours  of  processing  on  "Machine  1"  and 
5  hours  on  "Machine  2";  whereas  one  unit  of  Product  2, 
whose  contribution  is  $»5.  requires  2  hours  on  "Machine  1" 
only  for  its  processing. 

If  the  available  hours  are,  in  total,  12  hours  for 
Machine  1  and  10  hours  for  Machine  2,  the  convex  set  generated 
by  the  machine  hour  limitations  and  the  non-negativity 
condition  of  variables  can  be  represented  by  the  shaded 
area  in  the  following  Figure  IV-1. 


Feasible  Machine  Loading  Program 
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The  Line  N  hare  represents  a  set  of  points  whose  contribution 
to  overhead  and  profit  is  aero,*"  i.e*  Line  N  is  the  null  space 

1Its  only  intersection  with  the  convex  set  of  solutions 
occurs  at  =  x2  =  0. 

of  a  =  (1,  »5)»  (Refer  to  Section  4  of  Appendix  A*)  Line  K  is 
orthogonal  (or  perpendicular)  to  Line  N  starting  from  the  origin 
and  represents  the  range  of  a*  =  (  "jj)o  (Again  refer  to  the  discussion 
on  the  null  space  of  a  matrix  and  the  range  of  its  transposed 
matrix  in  Section  4  in  Appendix  A. )  The  solution  space"*"  for  ax  -  v 

*"Thi3  term  is  not  used  in  exactly  the  same  sense  that  has 
now  become  standard  in  the  linear  programming  literature  since 
the  appearance  of  Chames,  Cooper,  and  Henderson,  1953* 

for  any  given  v  is  represented  by  a  line  parallel  ~J3  Line  N,  since, 
as  we  have  discussed  in  Section  3  of  Chapter  II,  if  x*  is  a  solution 

*"Also  refer  to  Section  5  of  Appendix  A„ 

to  ax  =  v,  then  any  vector  (x«  *  x°)  is  also  a  solution  to  ax  “  v  if 
and  only  if  x°  is  a  vector  in  the  null  space  of  a-  Therefore, 
the  segment  on  Line  M  generated  by  the  orthogonal  (i.e, ,  perpendicular) 
projection  of  the  convex  set  onto  Line  M  gives  us  the  range  for  v. 

Let  x  be  the  point  on  this  segment  farthest  from  the  origin  and 
x  be  the  point  on  the  segment  closest  to  the  origin  as  shown  in 

A  >/ 

Figure  IV-1  above.  Then  the  range  for  v  is  given  by  ax  and  ax, 
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i,e»,  a£  <  v^ax  in  this  case,. 

Suppose  that  we  have  information  on  the  amount  of  the 
total  dollar  sales  from  time  to  time..  If  p^,  the  selling  price 
of  Product  1,  is  exactly  twice  p2,  the  selling  price  of  Product  2, 

. —  i„e.  „  p^  =  2pg  —  then  management  can  easily  determine  the 
total  amount  of  contribution  by  just  dividing  the  total  dollar 
sales  by  p1»  However,  if  ^  2p2,  ~  io e.  ,  if  p1  is  any  other 
constant  multiple  of  p2  —  then  this  is  no  longer  possible  (ex¬ 
cept  special  cases  at  extreme  points  of  the  convex  set,  e.g. 
if  the  total  dollar  sales  is  zero  we  know  the  total  contribution 

is  also  zero)  From  a  practical  standpoint,  then,  we  now  become 
interested  in  how  an  exact  determination  might  be  replaced  by  another 
r'bestn  one  in  the  3ense  of  a  ^narrowest"  range  In  particular  we  now 
seek  v; ys  to  narrow  the  range  for  the  total  coniribution  by  the  use 
of  available  information  on  the  total  dollar  sales,  even  if  we  cannot 
uniqurely  determine  the  total  overhead-plus  profit  contribution  from 
a  figure  for  total  sales  alone 

To  illustrates  let  us  assume  that  p1  =  p2  =  2»  Then  we  have, 
(4,12)  w  =  cx  =  (2,  2)  x 

as  an  available  indicator  for  the  management*  Of  course,  as  mentioned 
earlier,  we  do  not  care  about  the  qualitative  nature  of  the  indicator, 
whether  it  is  the  total  dollar  sales,  or  the  total  dollar  consumption 

of  packing  materials,  or  the  total  weight  products  shipped  That  is, 
we  are  to  take  whatever  indicators  are  specified  and  translate  them 
into  information  on  v  via  Ax  ■»  w  and  Cx  -  w 

From  a  reading  of  this  indicator  w  in  (U  12)  we  obtain  w  *  w^,  which 
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implies  that  x  must  lie  in  the  solution  space  of  cx  -  w^,  This 
solution  space  is  represented  by  Line  S  in  the  following  diagram . 
However  r  because  of  the  constraints  imposed  upon  x  we  know  that 


The  Limitation  on  the  Range  of  the  Goal  . 

V  A 

x  must  lie  on  the  solid  line  segement  which  connects  sQ  and 

Thus „  the  original  convex  set  —  i»e»,  the  shaded  area  in  Figure 

7; — 7~ 

IV-1  —  is  now  reduced  to  the  line  segment  sqoSq  hy  knowledge  of 
the  total  dollar  sales , 

A  V 

Next,  we  let  Xq  and  x^  be  points  on  Line  K  obtained 

A  V 

by  orthogonal  projection  of  sQ  and  sQ,  respectively,  on  !■!,  Then 

A  V 

the  original  range  for  v,  which  was  between  x  and  x,  is  now  narrowed 

ft  V* 

to  xQ  and  Note,  however,  that  if  Line  3  is  parallel  to  Line  N 

A  V 

—  as  was  to  case  when  we  had  =  2p^  —  then  x^.  = 

V  A 

and  we  can  determine  v  uniquely  since  ax^  =  v  =  ax^» 

The  discussion  for  this  example  suggests  the  desirability 
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of  a  chart  depicting  the  relations  between  w  and  v  that  may 
be  obtained  by  solving  (4„11)  for  various  values  of  w„  Such  a  chart 
is  given  in  Figure  IV-3 ,  where  the  upper  boundary,  which  consists 
of  three  line  segments,  (1),  (2),  and  (3),  nay  be 


Indicator  w 


C-oal  v 


Figure  IV-3 

An  Indicator-Goal  Control  Chart 


called  the  "maximum  contribution  line,"  since  it  is  the  locus  of 
a&Q  f  or  various  values  of  w,  i»e, ,  the  maximum  obtainable  contribution 
at  any  given  total  dollar  tales,  and  the  lower  boundary,  given  by 
the  segment  (4),  may  bo  regarded  as  the  "minimum  contribution  line" 
since  it  is  the  locus  of  for  various  values  of  w,  i»e, ,  the 
minimum  attainable  contribution  at  ary  given  total  dollar  sale3. 

We  may  call  this  an  "indicator-goal  control  chart ”by  virtue 
of  the  fact  that  if  management  observes  w^,  they  can  be  sure  that 

A  y 

the  contribution  level  is  at  best  axQ  and  at  worst  ax^  without 
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knowing  the  actus!  salon  product  Hdx„  Furthermore  the  goal  parameter 
b  (the  target  value  of  -the  contribution  level)  can  also  be  interpreted 
(beforehand)  in  terms  of  the  total  sollar  sales..  In  Figure  IV-3, 
if  the  total  dollar  sales  is  less  than  or  equal  to  w  ,  we  are 
sure  that  the  goal  level  has  not  been  attained  whereas  if  the  total 

A 

dollar  sales  is  greater  than  or  equal  to  w  ,  we  are  sure  that  the 
goal  level  has  been  attained.  In  this  sense,  the  segments  (1) 
and  (2)  the  diagram  may  be  called  the  "minimum  dollar  sales  line"  c 
since  it  represents  the  minimum  amount  of  dollar  sales  to  achieve 
any  given  contribution  level,  whereas  the  segments  (3)  and  (4) 
may  be  called  the  11  maximum  dollar  sales  line,"  since  it  represents 
the  maximum  amount  of  dollar  sales  tc  achieve  any  given  contribution 
level. 

Notice  that  the  points,  (q)0  ( ^) ,  ^),  and  C1^)  in  Figure  IV-3 

0  2  2  0 

corresponds  to  the  points,  (q),  (Q) ,  (^),  and  (^)  in  Figure  IV-1. 
Actually  the  convex  set  in  Figure  IV-3  is  a  transformed  or  "mapped" 
convex  set  cf  the  original  one  given  Figure  IV-1.  Therefore, 

in  order  to  prepare  an  indicator -goal  chert  like  the  one  given  in 
Figure  IV-3 ,  we  need  not  find  the  maximum  and  the  minimum  value 
of  v  for  all  values  of  w9  but  only  for  some  "critical"  values  of  w 

1/ 

which  correspond  to  the  extreme  points  in  the  "mapped"  convex  set. 

1/  See  Theorems  k  and  5  on  p.  °37  in  Charnes  end  Cooper,  1961 

Note  that,  regardless  of  Hie  dimension  of  the  original  convex  set, 
the  "mapped"  convex  set  is  always  two  dimensional  That  is  the 
latter  is  two  dimensional  because  here  we  are  interested  in  the 
original  convex  set  only  for  its  implications  relative  to 
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tie  relationship  between  the  goal  variable  ▼  and  the  indicator  v0 
Of  course  a  practical  means  of  implementation  is  wanted  if  such 
indicator  goal,  control  charts  are  to  be  used  and  so,  in  Appendix  C 
we  have  presented  an  algorithm  for  generating  all  the  extreme 
points  of  the  "mapped"  convex  set  of  an  original  convex  set  of 

jus  keen 

any  dimension,  (fits  ityrifa  ^derived  by  making  suitable  modifications 
of  the  simplex  algorithm^) 

A  managerial  application  of  such  an  indicator-goal  control 
chart  will  be  discussed  in  an  experimental  context  in  more  detail 
in  Section  f>  of  Chapter  VI,  Here ,  however,  we  may  usefully  pause 
and  consider  how:  Figure  IV  3  may  be  used  to  cast  light  on  possible 
conflicts  between  goals  and  subgoals  which  originate  in  information 
devices  that  might  be  used  by  management.  Suppose,  for  instance,  that 
managements  wants  to  maximize  v,  the  contribution  to  overhead  and 
profit  and  to  translate  this  into  an  operational  subgoal.  Then  they 
tell  one  of  their  subordinates  that  his  performance  will  be  evaluated 
by  the  indicator  w  whieh  is  the  total  dollar  sales  This  is  translated 
by  subordinate,  a  sales  manager,  say,  into  an  effort  to  maximize  w 


If  this  is  trua  then,  from  Figure  IV  5,  the  subordinate  will  operate 
at  ( "j)  which  brings  the  maximum  w  since  it  is  the  point  furthest 


from  the  origin  in  the  direction  of  w  But  this  is  not  the  maximum  v 


which  occurs  at  We  do  not  wish  to  go  into  en  analysis  of  organizational 

factors  involved  in  control,  and  hence  we  confine  ourselves  only  to  direct 


constraints  that  might  be  imposed  on  w  Clearly  if  we  are  to  have  an 


) 
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effort  at  maximum  w  result  in  a  choice  of  (3^)  ws  must  constrain 
w,  in  one  way  or  another s  so  that  all  of  the  area  of  the  convex 
set  to  the  right  of,  and  below,  this  point  is  eliminated.  If  this 
is  done  we  can  be  sure  that  a  maximum  w  and  a  maximum  v  will  coincide 
with  w  «•  10  and  v  »  3  5  This  and  related  kinds  of  information,  too, 
may  be  directly  extracted  from  charts  like  Figure  IV  3  which  is  not 
the  case,  of  course,  for  ordinary  breakeven  and  profit  graph  portrayals. 
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5  Choice  of  an  Indicator 

When  we  are  going  to  choose  an  indicator,  w,  by  which  we  want 
to  measure  the  goal  level,  v,  the  choice  may  be  made  on  an  indicator 
which  minimizes  the  area  of  the  convex  set  in  an  indicator -goal 
control  chart,  or,  alternatively  an  indicator  which  minimizes  the 
maximum  range  for  v  at  particular  values  of  w,  etc  That  is,  the 
desirability  of  an  indicator  may  be  defined  in  various  ways 

No  e  that  if  an  indicator  is  a  i,i*rfect'1  indicator  by  which 
the  vector  a  in  the  goal  aubgoal  relationship  can  be  described  as 
a  scalar  multiple  of  the  vector  c  for  the  indicator,  then  the  convex 
set  is  a  stx’aight  line  going  through  the  origin-  In  general,  however, 
such  a  choice  is  dependent  upon  the  shape  of  the  convex  set,  as 
well  as  the  vectors  a  and  c  Therefore,  it  may  be  inferred 
independently  of  the  convex  set  involved  in  the  problem  so  that  an 
attempt  for  improving  an  indicator  can  be  made  independently  of  the 
convex  set 

As  a  way  to  derive  such  a  criterion,  consider  the  following 
quantity 

(4.3.3)  Y  -\jl  -  (-rnTT'c  |)  (a  r  o,  c  j!  0) 

where  [ a. (  =  /’aa*t  |o j  =  Vr_cc*„ 

-In  our  example,  since  a  «  (1,  5)  and  e  *  (2,  2) ,  Y  is  obtained  from 
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(4- 14) 


v'  f,  /  1  x  2  +  .5  x  2  lO  -  3  _ 

f  -  J 1  ~ 


,J»6 


Note  that  if  a  is  a  scalar  multiple  of  c,  i.e. »  the  indicator  is 

"perfect,"  then  )T  =  0.  Actually  X  is  an  angualr  measure.^  It  is, 

^This  is  also  true  of  other  commonly  employed  measures  such  as 
the  so-called  Pearsonian  correlation  coefficient  in  statistics. 


in  fact,  sine  of  the  angle  between 

art* 

the  range  of  a*  and  the  range  of  c*„  since  the  quantity  |'0|^  |e| 

is  the  cosine  of  the  angle  between  the  range  of  a*  and  the  range 

of  c*  Therefore,  if  e*  is  included  in  the  null  space  of  a,  we  will 

have  a  c*  *  0  and  hence  V*  We  shall  call  JT an  "indicator-goal 

1/ 

divergence  coefficient"  or  simply  a  "divergence  coefficient  "  This 

'Alternatively,  we  may  call  y=  v 1  -  Y-  'fcjo  {'<7]'  8X1  "indicator- 
goal  oonfomity  coefficient"  or  simply  a  "conformity  coefficient." 


divergence  coefficient  Y  be  interpreted  as  follows:  Consider 

a  convex  set  given  by 

(4c  15)  ~  *2  +  X2  +  " ° ?  +xn— 

Then  '$  is  half  of  the  maximum  range  for  v  due  to  the  fact  that 
R(c*)  and  N(e)  are  orthogonal  as  shown  in  the  following 
diagram  Note  that  the  range  for  v  is  maximum  when  the  solution 
set  for  cx  *•  w  subject  to  x«x  <  1  is  included  in  Nfe),  i  s.,  when 


w  «  0 
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Figure  IV-4 

Indicator-Goal  Divergence  Coefficient 

The  divergence  coefficient  is  intended  to  characterize  the 
relationship)  between  the  subgoals  end  the  indicator  (represented  by 
the  vector  c)  in  terms  of  the  relationship  between  the  subgosls  and  the 
goal  (represented  by  the  vector  a ) „  The  actual  width  of  v  is  determined 
by  the  shape  of  the  convex  set  involved  in  the  problem  and  the  actual 
value  of  the  indicator  reading  as  well  as  the  divergence  coefficients 
As  we  hi  ve  seen,  <f  corresponds  to  a  cosine  value  for  the  angle 
between  the  ranges  of  a*  and  e*  with  O  meaning  that  an  indicator 
is  perfect  But  it  dees  not  follow  that  •>  1  implies  that  the 
indicator  does  not  help  in  narrowing  the  range  for  v  It  only  means 
that  -I  is  at  its  worst  possible  value  For  example,  in  Figure  IV-5, 
below,  which  is  reproduced  from  Figure  IV-?,  if  we  take  c  ■  (1,  -?) ,  then 
R(e;*) ,  the  range  of  e*,  is  completely  included  in  Line  N  which  is 
N(a)  the  null  space  of  a  Similarly  Line  M  which  is  the  range  of  a  is 

completely  included  in  N'c),  the  null  space  of  e  Here  N(e)  is 


1 


c 


o 


o 
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(  where  a  is  a  scalar  As  discussed  in  Appendix  A ,  a  solution 
space  to  cx  *  w  for  any  given  value  of  w  is  given  by  a  parallel 
shift  of  N(c)  But  then  the  intersection  of  the  convex  set  and 
a  line  parallel  to  Line  M  (*  N(e))  produces  a  line  segment  whose 
points  satisfy  the  constraints  imposed  upon  x  and  cx  *  w  at  a  given 
value  of  w  Thus  in  this  case  let  be  such  aw  By  projecting  the 
line  segment  perpendicularly  onto  Line  M,  it  will  be  noted  that  the 
original  range  (x,  x)  is  narrowed  to  { x xq)  Hence,  in  this  case  for 
any  value  of  w  we  obtain  a  narrower  range  even  for  an  indicator  whose 
divergence  coefficient  takes  even  the  worst  possible  value,  i<,e,  ,  1, 


Figure  IV-5 

An  Indicator  with  )f=  1 

Actually,  when  constraints  are  imposed  upon  x  any  indicator 
produced  by  cx  =  w  helps  narrow  the  range  of  v  for  at  least 
some  values  of  w,  unless  (i)  the  indicator  can  be  produced  by 


1  *  T"'"'' 
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a  linear  combination  of  some  other  indicators  whose  values  are 
already  known^"  or  (ii)  the  convex  set  is  given  by  only  two  .  Kyperplanes 

^Itote  that  the  convex  set  given  in  Figure  IV-5  may  be  considered 
as  a  subset  of  the  original  convex  set  produced  by  a  "cut"  by 

some  other  indicators, 

both  parallel  to  15 (a),  the  convex  set  being  unbounded. 

Therefore,  a  precise  characterisation  of  an  indicator  with 
respect  to  its  goal  can  only  be  made  taking  into  account  the  set  of 
constraints  imposed  upon  the  subgoal  variables  However,  it  may 
still  bs  desirable  to  ha  /e  a  factor  by  which  an  indicator  is 
characterized  in  terms  of  the  goal  only,  since  the  choice  of  an 
indicator  may  have  to  be  made  without  knowing  the  precise  shape  of 
the  convex  set  Pursuit  of  this  topic,  however,  would  require  us  first 
to  undertake  a  discussion  of  conditions  under  which  proper  characterizations 
could  be  made  of  such  unknown— i-e,  ,  imprecisely  known- -convex  set6  and 
to  avoid  such  a  further  treatment,  which  would  have  to  be  rather 
extended,  we  close  hers  now  only  with  the  following  conjecture. 

Given  any  bounded  convex  set,  an  indicator  with  a  smaller  divergence 
coefficient  will  produce  a  mapped  convex  set  in  an  indicator- goal 
control  chart  with  a  smeller  area..  This  is  meant  to  hold  even  when 
the  original,  set  is  net  known  precisely,  of  course,  for  any  such 
restrictions  will  then  enable  us  to  confine  our  attention  to  a  smaller 
space  of  study  for  control  purposes 


CHAPTER  V 


A  SPREAD  SHEET  APPROACH  TO  .ANALYSIS  OF  GOALS 

1.  Introduction 

In  this  chapter,  we  want  to  explore  the  possibilities  of 
applying  the  goal  analyses  that  were  developed  in  the  previous 
three  chapters.  Specif ically  we  want  to  do  this  in  a  way  that 
will  immediately  connect  our  approach  to  the  data  that  are  ordinarily 
available  under  existing  double-entry  bookkeeping  sys»  em  routines. 

Our  purpose  in  doing  this  is  twofold.  First,  we  want  to  preserve 
the  rather  considerable  advances  that  have  already  benefiited  management 
by  means  of  the  double-entry  principle.  Second,  want 

to  do  this  in  a  way  that  also  opens  a  prospect  for  continual  progress 
by  connecting  the  mechanics  and  the  ideas  of  double  entry  analysis 
and  record  kef  ping  to  major  parts  of  mathematical  theories  and  methods.*' 

*Sea,  e.g.,  the  elo<$uent  appeal  for  more  accounting  research 
to  be  directed  along  these  lines  in  Kautz,  1963.  See  also  Chames,  Cooper, 
and  Ijirv,  1962. 

First  of  all,  we  shall  review  the  basic  mechanism  of  the 
do  foie-entry  bookkeeping  in  Section  2.  Then  in  Section  3* 

we  shall  explore  the  relationship  between  transactions  and  asset- 
equity  balances  by  means  of  (i)  a  spread  sheet,  (ii)  an  incidence 
matrix,  and  (iii)  an  accounting  network  associated  with  an  incidence 
matrix.  In  Section  4,  as  a  way  of  combining  the  double-entry 
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bookkeeping  system  with  the  linear  programming  tecrinque,  we  shall 
develop  a  spread  sheet  approach  to  goal  analysis  by  using  an 
example o  Finally,  in  Section  5  we  shall  discuss  the  problems  of 
aggregation  of  business  activities  in  connection  with  the  characteristics 
of  "spread  sheet  planning," 
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2.  The  Double-Entry  boolkeeping  System 

The  heart  of  the  double  entry  bookkeeping  system,  which 
the  nineteen  century  mathematician,  Arthur  Cayley,  called  one  of 
the  two  perfect  sciences^,  is  the 

^  "The  Principles  of  Book-keeping  by  Double  Entry  constitute 
a  theory  which  is  mathematically  by  no  means  uninteresting: 
it  is  in  fact  like  Euclid* a  theory  of  ratios  an  absolutely 
perfect  one,  and  it  is  only  its  extreme  simplicity  which 
prevents  it  from  being  as  interesting  as  it  would  otherwise  be.* 
Cayley,  1907,  preface. 

idea  that  the  total  value  of  assets  which  a  firm  holds  may  be 
categorized  or  partitioned  from  two  different  view  points;  (i)  by 
the  type  of  the  assets,  such  as  cash,  inventories,  machinery,  etc., 
and  (ii)  by  the  claimants  on  the  total  value  of  the  assets,  such 
as  trads  creditors,  banks,  stockholders,  etc.  Each  partitioned 
part  of  the  total  value  cf  assets  is  labeled  as  an  "account." 

Accounts  used  in  the  former  partition  (or  the  "asset  partition") 
are  called  "asset  accounts"  and  in  the  latter  partition  (or  the 
"equity  partition"),  "equity  accounts." 

Let  A  be  an  asset  account  and  E  be  an  equity  account. 

Also  let^ be  the  set  of  all  asset  accounts  used  in  an  asset  partition 
and  F  be  the  set  of  all  equity  accounts  used  in  an  equity  partition. 


X  o  ©o  9 

(5=1) 

M  -  j  A  } 

(5.2) 

cf' 

Let  Y,  be  the  amount  assigned  to  an  asset  account  and  Y.-. 

A  » 

oe  the  amount  assigned  to  an  equity  account.  Also  let  be  the 
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sum  of  all  Y^  and  be  the  sum  of  all  Yg,  Then,  since  the  asset 
partition  and  the  equity  partition  are  only  two  different  ways 
of  partitioning  the  same  total  value  of  assets,  we  have  by  definition, 

(M)  ^ 

This  relation  is,  in  fact,  an  identity  or  can  be  made  to  be  one 
by  suitable  rules  of  valuation  and  summation.  For  instance,  as 
in  accounting  in  the  United  States,  and  elsewhere,  the  total  value 
of  a  firm' s  assets  is  resolved  into  a  total  of  dollar  claims  further 
partitioned  between  outside  creditor  claims  and  the  claims  of 
owners  of  the  firm,  both  representing  equity  accounts.  To  make 
(5°3)  an  identity  the  owners’  claim  to  the  total  value  of  the  assets 
is  determined  as  a  residual  of  the  total  value  of  the  assets,  less 
the  claim  by  the  outside  creditors.  Furthermore,  there  is  no 
non-negativity  imposed,  per  se.  on  the  owners’  claim  —  or  even 
some  of  the  other  equities  —  and  hence  the  resulting  "equality" 
is  always  brought  about.  That  is,  under  these  rules,  the  expression 
(5. 3)  becomes  an  identity  since  it  always  holds. 

Now  we  next  introduce  the  idea  of  a  transaction  which  we 
designate  as  any  action  that  can  change  any  one  (or  more)  of  Yft 
or  (AC^;  From  this  standpoint  the  action  can  be  anything, 

even  a  windstorm,  a  fire,  etc.,  if  it  can  produce  any  such  change. 

Thus,  let  Y^  and  Y^  be  the  amount  of  increase  and  decrease,  respectively, 

of  an  asset  account  A  (Aty( )  caused  by  a  transaction  and  let  Yg 

and  Yg  be  the  amount  of  increase  and  decrease,  respectively,  of  an  equity 
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account  E  (E  <=  £j)  caused  by  a  transactiono  Then,  for  any  transaction, 
we  have,  from  (5«3)  and  these  definitions 


(5=4)  Sat  -  Y?) 

A  A 

which  upon  rearranging  terms  gives: 


(5=5) 


Sit  +  s. 
A  |?6  £ 


IK  =  S.Y,  +  O-V 
E  AtX  A  E 


Elements  on  the  left  hand  side  of  (5=5)  are  called  "debit 
entries"  and  elements  on  the  right  hand  side  of  (5=5)  are  called 
"credit  entrieso"  Thus,  (5  =  5)  may  be  interpreted  to  mean  that  aty  CfllltctWV 


of  transaction  must  produce  a  sum  in  which  the  debit  entries  and 
the  credit  entries  are  equal..  The  equation  (5»3)  may  be  called  the 
fundamental  equation  of  the  double  entry  bookkeeping  system  from 
which  (5=5)  is  derived  by  imposing  further  suitable  definitions. 

A  transaction  may  give  rise  to  more  than  one  debit  or  credit 
entry.  Such  a  transaction  may  be  called  a  "compound  transaction," 
in  order  to  distinguish  it  from  a  "simple  transaction" which  gives 
rise  to  only  one  debit  and  credit  entry.  However,  ai>y  compound 
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transi.cticn  may  be  decomposed  into  a  set  of  simple  transactions 

by  combining  each  debit  entry  with  each  credit  entry  in  a  proportionate 

amount,  Suppose „  for  instance,  that  a  compound  transaction  gives 

rise  to  m  debit  entries  whose  amounts  are  represented  by  d^, 

respectively,  and  n  credit  entries  whose  amounts  are  represented 

by  Cj ,  Cg,  . cn,  respectively,  Then,  the  oompound  transaction 

may  be  decomposed  into  a  set  of  m  x  n  simple  transactions,  each 

one  of  which  relates  the  i**1  debit  entry  (i  =  1,  2,  , ,,  m)  with 

the  j  1  credit  entry  (j  “  1  j  20  n  )  by  the  relations 
c, 

■  p-  “ —  —  Cj  —  o  Hence,  in  the  following  discussions, 

we  can,'  without  loss  of  generality,  deal  with  only  simple  transactions, 
on  the  assumption  that  such  decompositions  are  available  and  applied 
when  compound  transactions  are  involved. 


_ 
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l\!otej  that  the  above  fundamental  equation  of  the  double 
entry  bookkeeping  does  not  require  a  single  unit  of  measurement 
in  aggregating  assets  and  equities*  since  Y^  and  Yg  in  (5*3)  may 
be  interpreted  as  vectors  which  represent  a  set  of  characteristics 
of  assets  and  equities  measured  in  individual  units,  e.g.,  in 
dollars,,  in  bushels,  in  production  capacities,  etc. 

We  shall  develop  thi3  point  in  somewhat  more  detail  as  follows. 

Let  Y,  be  a  row  vector  for  a  set  of  characteristics  of  an  asset 

A 

account  and  let  be  a  row  vector  for  a  set  of  characteristics 

Sj 

— > 

of  an  equity  account.  Also,  let  and  Y  be  row  vectors  of 

a  set  cf  characteristics  of  aggregated  assets  and  equities,  respectively, 

£  *  Y^.  In  addition,  let  [Y ^  3 

and  [I  ^  3  ba  ’Mfcrices  of  a  sat  of  all  Y^  (A  )  and  a  set  of  all 
P  (S  «  £  )„  respectively,  I.e.,  each  row  of  [Y^-  ]  represents 
a  Y^  and  each  row  of  [Y  ^  J  a  Y£.  Suppose  that  we  have  m  assets 
accounts  and  n  equity  accounts,  all  of  which  are  represented  by 
their  J  characteristics  measured  in  respective  units.  Then, 

[Y  ^  ]  is  an  m  x  Jl  matrix  and  [Y  g  ]  is  an  n  x  j  mataix. 

We  now  state  the  !,multi-demensional"  fundamental  equation  of  the 


i,0J  9  Y 


-  * 

v 


A  is 


Ya  and  Y 


double  entry  bookkeeping  system  as  follows. 


(5.3a) 


4  <■*- 


\  S  e*  ]  *  **  1=1 


=  e*  [Y  ]  =  2L  Y., 


where  e*  and  e*  are  m-component  and  n-component,  respectively, 
row  vectors  whose  components  are  all  unity. 


(J 
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Similarly,  the  equation  (5.5)  which  was  derived  from 
(5° 3)  may  be  extended  to 


(5-5a) 


whsrs  Y  and  Y 

A  A  are  vectors  of  the  amounts  of  increase  and  decrease, 

respectively,  of  characteristics  of  an  asset  account  caused  by 
a  transaction  and  Y„  and  Y^.  are  vectors  of  the  amounts  of  increase 
and  decrease,  respectively,  of  characteristics  cf  an  equity  account 
caused  by  the  transaction,. 

Here,  again.,  the  fundamental  equation  (5.3a)  may  be  viewed 
a3  an  identity  by  defining  the  vector  for  the  owners)'  equity, 
denoted  by  Yc,  as  a  vector  of  residuals  of  each  characteristic  of 
aggregated  assets,  less  each  characteristics  of  aggregated  claims 
by  outside  creditors,  and  allowing  components  of  the  vector  for 
the  owners'  equity  to  be  negative  if  necessary-, 

For  example,  suppose  a  business  man  invested  $10,000  in 
cash  for  his  business,  borrowed  $5,000  from  a  bank,  and  then  purchased 
4,000  bushels  of  wheat  at  $3  a  bushel.  Under  the  current  accounting 
system,  a  balance  sheet  after  these  transactions  will  be  as  follows: 


Table  V-0 

Ordinary  Balance  Sheet 


Cash 

$  3,000 

Loans 

$  5,000 

Wheat 

12.000 

$15.000 

Proprietorship 

10.000 

4  !  r.  0 do 
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However,  it  is  perfectly  legitimate,  under  the  double  entry  principle, 
to  write  a  balance  sheet  in  multiple  units  as  follows: 

Table  V-Oa 

Balance  Sheet  in  Multiple  Units 

Loans  (  5.000.  0) 

Propri  etorship 
Capital  stock 
Retained  Earnings 
Total  Proprietorship 

Here,  first  elements  in  parentheis  are  stated  in  dollars  and  the 
second  elements  in  bushels  of  wheat.  Since,  the  bank  loan  must 
be  paid  in  cash,  $5,000  is  entered  as  a  first  component  of  Loans 
account-  (If  the  loan  must A paid  by  wheat,  the  loan  is  recorded 
as  a  second  component  of  Loans  account.) 

Observe,  then,  the  following  significance  of  the  balances 
of  the  proprietorship  accounts-  First,  the  balances  of  the  total 
proprietorship  3how  how  much  the  proprietor  owns  in  net  (if  the 
component  is  positive)  and  how  much  be  owes  (in  net)  outside 
creditors  (if  the  component  is  negative),  after  canceling  all 
assets  with  claims  by  outside  creditors,  component  by  component. 

In  the  above  example,  the  proprietor  owns  4,000  bushels  of  wheat 
but  has  a  shortage  in  cash  by  $2,000  if  the  loan  is  required  to 
be  paid  immediately,  i,e» ,  he  must  manage  the  shortage  in  cash 
by  converting  a  part  of  4,000  bushels  of  wheat  into  cash. 


(  10,000,  0) 
(-12.000'  4-000) 
(  -2,000.  4,000) 
(  3,000,  4,000) 
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Therefore,  the  balances  of  the  total  proprietorship  accounts  i^e,, 

Yc  defined  above,  summarized  the  net  balances  of  assets  and  equities, 
component  by  component,  for  their  characteristics  which  we  want 
to  measure. 

Consider,  next,  the  balances  of  retained  earnings  account, 
i,e. ,  A  Yj,'  Each  component  of  A  Yc  represent  a  net  increase 
or  a  net  decrease  of  a  characteristic  of  assets  and  equities  resulted 
from  the  operations  in  a  period.  In  the  above  example,  it  shows 
the  fact  that  wheat  is  increased  by  4,000  bushels  and  cash  is 
decreased  by  $12,000, 

If  we  want  to  determine  the  net  profit  for  a  period,  we  can 
do  so  by  multiplying  A  Yc  by  a  Jl -component  column  vector  p  which 
is  a  vector  for  evaluation  and  aggregation  of  characteristics 
of  assets  and  equities.  For  example,  if  p  =  (^)» 

A  Y^  p  =  (-12,000,  4„000)(^)  =  0,  which  means  that  there  is  no 
profit  for  the  period,  But,  if  p  =  (^),  4  p  =  4,000  showing 
the  net  profit  of  $4,000  for  the  period >  In  the  same  way,  the  net 
value  of  assets  may  be  given  by  Yc  p,  E,g,,  if  p  =  (j), 

Y,  p  ~  (-2,000,  4,000}(~)  =  10,000  which  is  equal  to  the  amount 
initial  investment  since  no  profit  has  been  attained  if  p  =  (^) , 
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From  th-2  above  discussion  it  nan  be  seen  that  the  double  entry 
p  onoipls  is  preserved,  without  modification,  even  when  we  drop  the 
usual  assumption  of  dollar  homogenization  and  its  related  fungibility 
ps: ope  ties  Moreover,  the  generalization  preserves  all  aspects  of  the 
current  practise  of  uniform  dollar  reductions  as  in  financial  reporting 
ir  the  U  S  aid  elsewhere  This  can  be  seen  if  we  develop  the  latter 
as  g  special,  kind  of  reduction  to  bilinear  forms  as  follows  First  we 
alter  the  fundamental  e  oust  ion  (%  3a)  to 

e*l’£A  Jp  -  e*[Y  g  ]  P, 

where  p  is  a  price  vector  and  e»  and  e*  are  "totalizers"  so  that  the 

m  n 

result  is  one  in  which  a  scalar  occurs  on  each  side  of  (5  ob)  with  total 
assets  in  dollars)  equal  to  total  claims  (also  in  dollars). 

Of  course,  {$  3b)  is  not  the  only  way  of  effecting  such  a  reduction. 

Consider,  for  instance,  rectors  q*  and  q*,  respectively,  which  are 
m  component  and  n  component  row  vectors,  respectively, with  differing 
weights  for  their  elements  and  writes 

q*[l  sf  ]a*(q*[Y  P  i 
m  s\  n 

We  need  no  longer  require  equality  between  the  components  of  q*(  j  and 
J ,  resps  tively,  in  oases  where  we  wish  to  consider  deviations  from 

TX  t* 

the  standpoint  of  their  weighted  significance,  element  by  element,  in  the 
resulting  vectors-  On  the  other  hand  we  can  determine  positive  and  negative 
adjustments  by  suitable  rules  which  will  bring  such  equality  about.  Alternative *y 
we  can  prescribe  suitable  value  weights,  p,  and  obtain  the  indicated  equality 

>5  sc)  qm^Vr  J  P  *“  *  p 

in  which  event  p  will  assume  the  role  of  conversion  values,  as  needed. 


V>6f 


to  bring  about  £  balance  in  the  accounts. 

In  summary,  we  have  shown  that  the  double  entry  principle  holds 
even  if  we  do  not  have  a  single  measuring  unit,  such  as  a  monetary 
ur.it,  in  orde r  to  emphasise  thereby  some  of  the  generality  which  the 
double  entry  principle  admits  via  suitable  mathematical  extensions. 

In  Chapter  II  IV,  via  hrve  analyzed  the  relationships  among  goals, 
subgoals,  and  indicators  without  restricting  our  attention  to  goals 
stated  in  monetary  unit  These,  too,  as  we  have  just  shown,  can  be 
given  reflection  in  double  entry  treatments  even  in  cases  where  we 
want,  perhaps,  to  replace  monetary  measures  but  more  fundamental  units 
such  as  the  "satisfaction  measures,"  that  might  be  associated  with  goal 
attainments  and  discrepancies  Pursuit  of  the  latter  topic  would,  however, 
require  prior  consideration  of  other  topics  like  utility  measurement  for 
individuals  or  organizations  and  the  related  mathematical  properties 
of  partial  orderings  which  matrices  (like  vectors)  admit.  This  would 
be-  too  great  a  diversion  from  our  main  stream  of  analysis,  however  Hence, 
remaining  part  of  the  thesis  is  directed,  instead,  toward  analysis  of  the 
current  -  i  e  ,  dollar  value-  double  entry  bookkeeping  system  with  special 
reference  to  more  affective  uses  of  data  it  generates. 
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A  Spread  Sheet,  an  Incidence  Matrix,  and  a  Network 
Representations  of  the-  Double-Entry  bookkeeping  System 

Dealing  only  with  simple  transactions  we  now  explore  relationships 
between  the  balances  of  asset  and  equity  accounts  as  are  brought 
about  by  transactions  and  direct  our  discussions  to  (i)  a  spread 
sheet  approach,  (ii)  ar*  incidence  matrix  approach t  and  (iii)  an 
accounting  network  approach, 

1,  k  Spread  Sheet  Approach 

Let .'sf'oe  an  ordered  array  of  asset  and  equity  accounts  in 
which  m  asset  accounts  are  positioned  first  and  then  n  equity 

accounts  are  positioned  next,  i,e.  , 

(5,b)  t\~  [Aj..  kz>  000  V  ^L*  E2*  En] 

Let  s  be  the  number  of  asset  and  equity  accounts,  i.e.,  s  **  m  +  n« 

i.  1. 

Then ,  by  the  "k  account"  (k  -  1,  2,  s)  we  shall  mean  the 
Ir'7  account  in^f" ,  i.e3,  if  k  <  m  or  Ek_m  if  k  >  n. 

V*  A 

We  now  represent  by  and  u^  the  beginning  balance  and 

th 

the  ending  balance,,  respectively,  of  the  k  account  for  k  <  m, 

y  A  , 

and  by  -u^  and  --u^  the  beginning  and  the  ending  balance,  respectively 

th  v  ,  a 

of  the  k  account  for  k  >  m.  That  is,  u^  and  are  non-negative 

for  asset  accounts  and  non-positive  for  equity  accounts. 

For  simplicity,  we  use  matrix  and  vector  notation  as  follows s 
Let  u  and  u  be  s-eomponent  column  vectors  whose  elements  are  u^ 
and  respectively,  (k  -  1„  2, 


00,  g} ,  and  let 


C  i 


o 
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(5.7) 


»  A  * 
A  u  =  u  -  u. 


Then,  the  basic  equation  (5«3)  of  the  double  entry  bookkeeping 
system  may  also  be  represented  by. 


(5°Q) 


V  A  , 

e*u  =  s*u  =  e*4  u  *  0, 


where  e*  is  the  transpose  of  e  which  is  an  s -component  column 
vector  with  unity  for  all  of  its  entries  so  that 


(5«8a) 


e*  Au  =■ u. 

k*/  K 


=  0 


A  a*rf  knot  a  m  a  s  a 

for  all  k  <  m  while  u,.  <  0  for  k  >  m  .  e*u  =  0  means  T  u,  =  -r>~  u,  « 

^  A  ‘Sr  ^  w* 

i  eT-au  =  u  means 

K*l 

^  ■  A  « 

true  if  u,  =  0  and  JSETu.  =  0 

k-i  k  k-i  k 


and  the  accounts  are  in  balance  —  i» e- ,  (i)  e*u  =  0  means  that 
the  beginning  balances  are  in  order  and  (ii)  e*u  =  0  means  that 
the  ending  balances  are  in  order  since  tXKZ0 

A 

\  £ 

Finally,  (iii)  e* Au  =  0  means  0^  which  is  necessarily 

Then,  even  though  (5.8)  maintains 
an  equivalence  with  (5° 3)  it  adds  further  information  on  the  relations 
that  must  maintain  to  obtain  the  indicated  equivalence  at  two 
different  points  in  time* 

We  next  represent  by  the  total  amount  of  simple  transactions 
whose  debit  entries  are  all  to  be  made  to  the  1th  account  and  whose 

credit  entries  are  all  to  be  made  to  the  account.  Then  W,  which  is 
an  s  x  s  square  matrix  whose  elements  are  s, becomes  the  so- 
called  n spread  sheet"  of  double-entry  accounting.* 
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^"Refer  to  Kohler,  1952,  as  well  as  Charnes,  Cooper,  and 
Ijiri,  19620  Also,  refer  to  the  "halanced-margin  tables" 
by  Rosenblatt,  1956,  or  Kemeny,  Schleifer,  Snell,  and  Thompson, 
1962,  etc.,  for  other  matrix  approaches  to  accounting.  An  earlier 
attest  by  Cns>.he|>n.  is  discussed  in  Jackson,  1956?  ff-  3io-fU-. 


We  now  want  to  relate  V/  to  the  fundamental  relation  (5° 3) 
which  we  do  by  relating  W  and  A u  as  in 

(5» 9)  (W  -  W*}  e  =  A  u 

where  VI*  is  the  transpose  of  VvV  Thi3  is  permissible  since  W  is 

square  and  hence  (W  -  W* )  is  conformable.  Also  the  indicated 

relation  to  the  Au  of  (5»?)  obtains  because  an  element  in  the 

i*'*1  row  and  the  column  of  VI  represents  the  amount  to  be  debited 

to  the  i"  account  and  credited  to  the  j  "account.  Therefore, 

W^e,  the  sum  of  the  elements  in  the  1th  row  of  W,  is  simply  the 

total  of  all  debit  entries  to  the  ita  account.  Similarly,  the 

t>h 

sum  of  the  elements  in  the  I''  column  of  VI  (given  by  the  i  element 
in  W*e)  shows  the  total  of  all  credit  entries  to  the  i  account. 
Therefore,  the  difference  (We  -  VI* e )  shows  the  net  debit  entry 

co*p*nt*t  in  rke  cc*fe***z  f* 

(ifAh  u  >  0)  or  the  net  credit  entry  (ifA^u  <  0)  to  each  one  of 
accounts. 

The  matrix  (W  -  W® )  is  skew-symmetric  with  diagonal  dements 
U 

all  equal  to  zero.' 


‘'"This  is  related  to  the  idea  of  hollow  transformation  matrices 
in  so-called  Leontief  analysis.  See  Leontief,  1951° 


Example  1;  Consider  the  following  simplified  balance 
sheet  of  a  firm  at  the  beginning  of  a  period. 


V-10 


Table  V-l 

Beginning  Balance  Sheet 


1®  Cash 

$30 

4.  Equity 

$50 

2„  Finished  Goods 

10 

(Stockholders8 

3*  Materials 

39 

account  only) 

If  we  arrange  these  account  balances  in  the  order  of  Cash, 
Finished  Goods ,  Materials,  and  Equity,  we  have. 


fv  > 

30 

10 

10 

.u4. 

l-50j 

Suppose  the  firm  had  the  following  transactions  during 
the  period. 


Purchases  of  Materials  in  cash 

Consumption  of  materials 

Fixed  operating  expenses  paid  in  cash 


»31  *  5 
*23  ”  2 
w4l  =  2°5 


Cost  of  cash  sales  of  finished  goods  w^2  =  3 

Gross  profit  on  cash  sales  of  finished  -w^  -  3 

goods  x 

Here  s  =  1,  2,  3»  4  and  so  W  is  4  x  4  and  for  these  transactions, 
the  "spread  sheet"  is 


3  0  3 
0  2  0 
0  0  0 
0  0  0 


Transposing  and  forming  the  expression  (5°9),  we  have 


'  0 

3 

-5 

°5 

-1-5 

-3 

0 

2 

0 

p  ss 

-1 

5 

-2 

0 

0 

3 

I^o  5 

0 

0 

-*5j 

(5.10) 


(W  -  iV*)e  = 


=  4u 


from  which  we  see  the  effects  produced  by  these  transactions 
in  going  from  5  to  u.  Alternatively  using  the  data  of  u 
as  already  given  we  apply  (5°?)  to  obtain  u  by  means  of 


(5-11) 


30l  [-1.5]  f28 .51 

a  ✓  ,  10-1  9 

u  =  u  +  d  u  =  io  +  3  =  13 

-50J  -o5j  1^50. 5. J 


Note  that  (W  -  W* )  is  skew  synrietric  and  u,  u  and  A u  all 
satisfy  (5»3)« 


2.  An  Incidence  Matrix  Approach 

The  relationship  between  transactions  and  account  balances 
may  be  analyzed  by  means  of  an  incidence  matrix^  This  may  also 


1  Refer  to  Chames  and  Cooper,  1961,  for  more  detail  discussion 
on  an  incidence  matrix. 


be  related  to  ideas  of  graphs  and  networks  in  mathematics  a3  further 
points  of  contact,  between  mathematics  and  accounting  if  we  proceed 
as  follows. 

Let  w  be  an  s(  s-1  )-component  column  vector  whose  elements 
are  w^'s  (i  ^  j;  i  -  1,  2,  s;  j  *  1,  2,  s).  V/e  shall 

use  a  "net  method"  of  development  in  that  we  will  eliminate  all 
entries  whose  debit  entry  account  and  credit  entry  account  are 
the  same,  i.e. „  the  diagonal  elements  in  the  matrix  W.  Let  T  be 
an  s  x  s(s-l)  "incidence  matrix"  —  i.e.,  a  matrix  in  which  each 


column  has  only  a  1  and  -1  in  two  of  its  rows  and  zeros  in  all 
other  entries.  If  the  element  of  the  vector  w  is  w.  then  the 

J- J 

column  of  T  has  the  entry  1  in  the  row  and  the  entry  -1 
in  the  row  with  all  other  elements  equal  to  zero. 


A  u  by 
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Thus,  by  means  of  these  definitions  we  can  relate  T,  w,  and 


(5.12) 


Tw  =  A  u. 


Of  course  the  number  oi  columns  of  T  and  the  rows  of  w  may  be  made 
smaller  than  s(s-l)  when  the  matrix  W  (a  spread  sheet)  has  zero 
entries  in  off-diagonal  cells* 


Example  2-  i3y  using  the 
may  prepare  a  vector  w  and  a 


data  in  Example  1  above,  we 
matrix  T  as  follows: 


w  = 

W31 

JJ23 

*41 

_ 

[5  1 
2 

2*5 

£12 

*14, 

f' 

-1 

0 

3 

13  J 

-1 

1  1 

T  - 

0 

1 

0 

-1  0 

1 

-1 

0 

0  0 

^0 

0 

1 

0  -lj 

Then*  we  have 

(5*13)  Tw  =  A  u  = 


-1.5 

-1 

3 

-.5 


which  agrees  whith  the  result  in  Example  lo  IJote  that  the 
non-zero  entries  in  each  column  of  T  are  given  by  the  indices  for 
each  w^-j,  E,go„  W31  means  that  the  first  column  of  T  has 
the  entry  1  in  row  3  since  the  first  subscript  of  W31  is  3 
and  the  entry  -1  in  row  1  since  the  second  subscript  of  w^  is  1„ 


We  now  extend  the  above  Incidence  matrix  approach  to  an 
accounting  network"*"  in  the  following  way  in  order  to  establish. 


^Refer  to  Charnes,  Cooper,  and  Ijiri,  1962.  Also  refer  to 
Chames  and  Cooper, Xor  more  detail^ discussions  on  the  network 
theory, 


yifi  -rtworebt  of 

ri^sjously,  how  aAnetwork  representation  may  be  secured  for  the 
basic  relationship  between  transactions  and  asset-equity  balances 
in  the  double-entry  bookkeeping  system. 

Any  incidence  matrix  can  be  uniquely  associated  with  a 
network.  Thus,  if  T  is  an  incidence  matrix  —  i.e. ,  a  matrix 
for  which  each  column  has  a  1  and  a  -1  in  two  of  its  rows  and 


zero  entries  everywhere  else  in  the  column  —  we  obtain  a  network 

as  follows,  A  node  is  assigned  to  each  row  of  T  and  these  are 

then  connected  by  branches  in  accordance  with  the  positions  (or 

incidences)  of  the  non-zero  entries,  column  by  column,  on  these 

nodes.  If  the  k  column  of  T  has  the  entry  1  in  the  x  row 

tli  th 

and  the  entry  -1  in  the  j  row,  the  k  branch  is  incident  on 
tH  til 

the  i  node  and  the  j  node.  Furthermore,  we  can  orient  these 
connections  by  means  of  arrows  which  we  here  do  by  pointing  the 
arrowhead  towards  the  positive  incidence  number,,  1,  and  hence 
away  from  the  incidence  number,  -1,  for  each  node  pair. 

To  produce  a  correspondence  with  our  asset-equity  balance 


and  transaction  ideas,  we  now  interpret  the  nodes  as  asset  or  equity 
accounts  and  assign  the  branches  to  record  all  flows  between  them. 
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Then  by  choice  of  a  suitable  mathematical  principle  we  also  obtain 
access  to  the  principles  of  double  entry  accounting , ^ 


See  Chames  and  Cooper ,  196 1  for  precise  details, 

including  a  discussion  of  the  extremal  conditions  which  are  needed  to 
obtain  precise  network  characterization. 


Example  3;  The  accounting  network  which  corresponds 
to  the  incidence  matrix  T  in  Example  2  is  as  follows: 


( 


$.5 


(4)  Equity 


(3)  Materials 


Figure  V-l 

An  Accounting  Network  X 


The  short  arrowheads  at  each  node  represent  increase 
or  decrease  in  the  account  balances.  If  we  view  these 
Quantities  as  the  conductance  at  each  nodes,  the  above ^ 
accounting  networks  and  consequently  the  equation  (5°l^/c 
may  be  considered  as  representing  the  Kirchhoff-node  conciioion 
for  the  conservation  of  the  current.,,  or,  equivalently,  the 
preservation  of  the  principle  of  double  entry  accounting. 
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We  now  want  to  utilize  the  above  relationship  between  transactions 
and  asset-equity  balances  represented  through  a  spread  sheet,  an 
incidence  matrix,  and  an  accounting  network  as  a  means  to  obtain 
more  managerially  useful  accounting  information  by  such  mathematical 
techniques  as  linear  programming,  generalized  inverses,  etc., 
which  have  been  described  in  the  previous  chapters.  Section  4 
of  this  chapter  and  much  of  the  next  chapter  are  devoted  to  this 


purpose 


4.  Analysis  of  Goals  via  Spread  Sheet:  An  Example 


In  the  previous  section,  we  have  shown  the  relationship 
between  transactions  and  asset-equity  balances  by  means  of  a  spread 
sheet,  an  incidence  matrix,  and  an  accounting  network.  We  now 
focus  our  attention  on  elements  in  a  matrix  W  (a  spread  sheet) 
or,  equivalently,  in  a  transaction  vector  w  and  use  these  elements 
in  goal  analysis,-  where  the  variables  correspond  to  subgoals 
whose  values  are  to  be  determined,  We  shall  develop  this  around 
a  single  example  taken  from  Chames,  Cooper,  and  Ijiri,  1962. 

Then,  in  the  next  section  we  shall  analyze  some  further  implications 
of  planning  through  a  spread  sheet,  or  simply,  "spread  sheet  planning." 

1.  A  Single  Goal  Problem 

Let  u3  use  the  beginning  balance  given  in  Table  1,  Example  1 
above.  Let  us,  in  addition,  assume  the  following  conditions  on 
the  firm’s  operations: 

1)  The  firm  can  sell  Materials  simply  by  packing  them 

by  Machine  1  (processing  rate:  2  hours  per  unit  of  Materials) 
or  the  firm  can  convert  Materials  into  Finished  Goods  by 
Machine  2  (processing  rate:  5  hours  per  unit  of  Finished 
Goods)  and  then  sell  the  products  after  packing  them  by 
Machine  1  (processing  rate:  3  hours  per  unit  of  Finished  Goods.) 

2)  The  available  machine  operating  hours  are  12  hours 
for  Machine  1  and  10  hours  for  Machine  2, 

3)  The  cost  of  Materials  is  $1  per  unit,  and  from  one 
unit  of  Materials  we  produce  one  unit  of  Finished  Goods. 
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4)  All  processing  costs  and  operating  expenses  are  assumed 
to  be  fixed  at  $2.5  per  period  regardless  of  the  level  of 
operation. 

5)  At  the  end  of  the  period,  the  firm  wants  to  maintain 
the  inventory  levels  of  Materials  and  Finished  Goods  at 
exactly  the  same  level  as  at  the  beginning  of  the  period. 


'  X.e.,  this  may  be  viewed  as  a  generalization  of  breakeven 
(equilibrium)  ideas  from  the  activity  (flow)  accounts  to  the  oaiance  sheet 
(stock)  accounts. 


6)  The  firm  can  sell  all  Materials  and  Finished  Goods 
packed  through  Machine  1  at  the  selling,  price  of  $2  and 
$1„5  per  unit  of  finished  Goods  and  Matcrialss  respectively. 

7)  All  sales,  purchases,  and  payments  of  expenses  are 
made  in  cash, 

3)  The  Management  goal  ts  set  at  zero  profit  level 
(a  breakevan  point)  for  this  analysis. 


Let  us  first  prepare  a  4  by  4  spread  sheet  as  in  Example  1 
above  from  the  four  accounts.  Cash,  Finished  Goods,  Materials, 
and  Equity,  denoted  by  C,  G,  K,  and  E,  respectively. 


Table  V-2 
A  Spread  Sheet 


Cr.  C 

G 

M 

E 

C  * 

(1) 

(2) 

(3), 

G  (4) 

* 

(5) 

(6) 

M  (7) 

(8) 

* 

(9) 

E  (10) 

(11) 

(12) 

* 

Taking  into  account  the  conditions  of  the  firm’s  transactions, 
we  can  give  the  following  interpretation  for  each  element  in  the 
spread  sheet,  which  will  be  refered  to  as  spread  sheet  variables. 

The  entries  in  the  diagonal  cells  (marked  by  *)  represent  intra-account 
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transfers,  such  as  bank  transfers  in  the  case  of  Cash  account,  and 

play  the  role  of  "control  entries"  when  sub-ledgers  are  prepared 

for  an  account*  For  our  current  analysis,  however,  the  diagonal 

cells  do  not  have  significance  and  are  therefore  omitted  from 

further  consideration*  The  following  interpretation  is  M  ft  a  wmtbku 

<&ndfc£e  a rd  can  give  us  enough  information  about  the  nature  of 

the  transactions  that  the  variables  represent* 


Table  V-3 

Spread  Sheet  Variables 


No/ 

Dr* 

Cr* 

(1) 

C 

G 

Cost  of  goods  sold 

C2) 

C 

H 

Cost  of  materials  sold 

C3) 

c 

E 

Gross  profit  on  sales 

o> 

0 

C 

Purchases  of  finished  goods 

(5) 

G 

K 

Material  costs 

(6) 

G 

E 

Other  manufacturing  costs 

C  ?) 

K 

C 

Purchases  of  iuateyiels 

(8) 

H 

G 

Finished  goods  spoilage  returned  as  materials 

C  93 

K 

E 

Expenses  chargeable  to  materials  (e.g.  freight) 

(10) 

E 

C 

Manufacturing ,  selling  and  administrative  expenses 

(11) 

E  ■ 

G 

Finished  goods  spoilage  with  no  salvage  value 

(12) 

E 

K 

Materials  spoilage  with  no  salvage  value 

*  As 

coded 

;n  Tat/e  V-l. 

Let  the  amount  of  each  one  of  the  above  transactions  be 
represented  by  a  variable  X  and  let  each  X  be  assigned  two  subscripts, 
the  first  one  representing  debit  entry  account  and  the  second  one  a 
credit  entry  account*  For  example,  any  transaction  under  (1)  above 
1  would  be  represented  by  while  any  transaction  (2)  would  be 


V-16 


represented  by  and  so  on-.  Note  that  these  notaions  represent 
exactly  the  same  factors  which  were  represented  by  wn..  in  the 
previous  section-  However,  since,  as  we  shall  see  in  the  next 
section,  these  variables  act  as  a  substitute  for  the  subgoal 
variables  x  in  the  analysis  of  goals,  we  have  used  a  capital  X 
with  two  letter  subscripts  to  denote  the  spread  sheet  variables, 
in  order  to  relate  both  of  these  aspects  in  our  analysis- 

Mow  we  refer  to  Table  V-2  and  immediately  preceding  technological 
and  managerial  conditions  in  order  to  develop  constraints  that 
are  to  be  imposed  upon  the  transactions-  By  the  nature  of  the 
constraints,  transactions  (4),  (6),  (8),  (9),  (11),  and  (12) 
are  not  involved  in  any  constraints,  and  hence  in  our  X.  .  notation. 


(5.13a> 
(5. 13o) 
bol3c) 
(5.13d) 
(5.13e) 
(513f ) 
<5"13g) 
(5.13h) 


3xcg  + 

VI 

JVJ 

w 

a 

12 

3Xgm 

< 

10 

XCG  ~ 

XGM  + 

XCM  = 

XMC 

~XCM  " 

XCG  " 

XCE  + 

XCG  + 

•*W  S 

=  XCE 

^EC  ' 

*  2-5 

XCE  = 

SXEC 

Machine  hours  Constraints 

(Instruct/ cnt  I)  (tnd b)  ) 


\c  +  XEC  -  30  J 


Balance  Constraint 

(JnStnUt'Cn  S  Vj, 

V crt- ->uj a Tiv-t ttj  CcrndiVtt~*  cn  rush  fati-i 


Gross  Profit 

(  T»  sfr/if  r.c  i  03  - 

Fixed  costs 

(  InitfUct;cn  V-}) 

Breakeven  Constraint 

(Tvrtuictic*  ¥)). 


where  all  the  variables  are  constrained  to  be  non-negative 


ThasQ  six  variables  X^,  X^,,  XCE,  Xf,c,  XEC>  and  XQ,.  M  the  «b«fe  preWm 
may  be  represented  in  an  accounting  network  a.3  follows: 


*CE 


Goods 

Figure  V-2 

Accounting  Network  II 


V  *  t  ^ 

Let  Yc„  YQ,  Yk,  and  Y£  be  the  beginning  balance  of  Cash,  Finished 
Goods,  Materials,  and  Equity  accounts,  respectively,  and  let 
A  Yc,  Yc_,  A  Y^,  and  A  Y£  be  their  increment,  respectively, 
during  the  period.  Then,  relationship  between  Xs s  amd  Y" s  can 
be  given  as  follows  by  means  of  an  incidence  matrix  associated 
with  the  above  network. 
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Since  by  the  instruction  (4) „  (5) ,  (6),  (8),  and  the  non-negativity 
condition  on  an  ending  cash  balance  we  must  have. 

AYn  >-  30 
0 
0 
0 

(5°13e)  and  (5°13h)  were  obtained  by 
substituting  the  expression  for  A  Y“  s  given  in  (5°13i)  into  (5°13j)° 
For  the  goal  analysis,  we  simplify  (5.13a)  through  (5.13h) 
by  appropriate  substitutions  and  formulate  the  problem  as  follows: 


(5-13J) 


AYg  = 

*xm“ 


(5-14) 


Minimise 

+ 

y 

+  y“ 

subject  to 

XCG  + 

+ 
-  y 

+  y~  -  2o5 

^XCG  + 

“ci! 

<  12 

5X0S 

<  10 

xcc”  xCif  y  >  y  >  0 


i!ote  that  (5d4)  is  exactly  the  same  as  (3>3)  in  Chapter  3  except 
that  there  the  variables  and  Xc;,  are  replaced  by  and  x2„ 

Gne  of  the  solution  to  (5.14)  i3„  therefore,  =  2  and  X^,,  =  1, 
as  derived  in  (3=3)°  by  the  equations  (5°13c) ,(5°13d),  and  (5°13f). 
we  get  XQH  =  2,  X,^  =  3,  and  XC£  =  2.5° 


A  Soread  Sheet 


The  figures  in  B3  column  —  30,  10,  and  10  —  represent  the 
debit  balances  in  the  beginning  balance  sheet  and  the  figure  in 
B3  row  —  50  —  represents  the  credit  balance  in  the  beginning  balance 
sheet.  See  Table  V-l.  The  entries  in  the  double  lined  square  result 
from  solving  the  linear  programming  problem  and  substituting  the 
results  in  (5«13a)  -  (5»l3h).  The  figures  in  E3  row  and  EB  column 
are  derived  in  the  following  manner.  First  ws  take  the  row  sum  and 
the  column  sum  of  each  account.  If  the  row  sum  exceeds  the  column 
sum  for  an  account,  the  difference  is  recorded  in  EB  row  and  if 
the  column  sum  exceeds  the  row  sum  for  an  account,  the  difference 
is  recorded  in  EB  column.  As  a  result,  the  row  sum  and  the  column 
sum  for  each  account  are  equal. 

It  will  be  noted,  as  already  discussed,  that  the  entries 
in  a  row  in  a  spread  sheet  all  represent  debit  entries  to  that 
account.  The  entries  in  a  column  are  credit  entries,  account  by 
account.  To  make  this  completely  clear,  however,  and  to  show 
the  relationship  to  ordinary  ,fT"  accounts  we  may  recapitulate 
the  data  on  the  transactions  which  effect  cash  account  a3 
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Table  V-5 
Cash  Account 


pro*  &uj  C. 

frorn  Column 

c 

Beginning  Balance 

:£30°0 

Purchases  of  Materials 

43 

Sales 

Expenses 

2.5 

Cost  of  Goods  Sold  i  2 

Cost  of  Materials  Sold  1 

Gross  Profit  on  Sales  Zo5  5°5 

Ending  Balance 

30 

*25 

The  ending  balance  sheet  is  prepared  from  the  entries  inAEI3  row 
(debit  balances)  and  E3  column  (credit  balances)  as  follows: 


Table  V-6 

Ending  Balance  .‘Sheet 


/&M/ 

Column 

Cash 

*30 

Equity 

£  50 

Finished  Goods 

10 

Materials 

10 

ig 

4|[ 

This  is  exactly  the  same  as  the  beginning  balance  sheet4  S'ce'SMe  "Tvs  rfcswH:  ;s  due 
to  tl 1< 

^balance  requirements  for  Finished  Goods  and  Materials  and  the  fact 
that  the  resulting  transactions  are  required  to  breakeven,, 

The  income  statement  for  the  period  is  prepared  from  the 
entries  in  E  column  (profit)  and  E  row  (loss)  in  the  dou We  square 


as  follows: 
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Table  V-7 


Income  Statement 


E  &IAJ  * 

E  Column** 

Expenses 

2.5 

Gross  Profit  2.5 

Met  Profit 

0 

S 

M 

jit.  Tr*  cieuk'.t  -JiW  pert/M  e?i!/  ~Jib!e  V~£f~ . 


2,  A  Multiple  Goal  Problem 

Even  though  the  'Linear  programing  formulation  (5®lt)  takes 
into  account  only  one  goal  (breakeven),  the  analysis  can  readily 
be  extended  tc  multiple  goals  as  developed  in  the  earlier  chapters 
We  shall  show  only  one  of  several  possibilities  for  incorporating 
multiple  goals  in  the  problem  by  the  following  example.^- 

■^Rafer  to  Gharries,  Cooper  and  Ijiri,  1962,  p„  25  ff « 

Suppose  that  management  wants  to  attain  1  profit  level 

of  $2  after  covering  the  fixed  costs  of  $2o5»  Suppose  further 

that  management  is  willing  to  deplete  inventory,  if  necessary 

to  achieve  the  above  objective  but  in  this  case  management 

grants  to  deplete  Finished  Goods  only  after  Materials  are  all  depleted. 

Suppose,  also,  that  management  is  willing  to  decreaso  cash  balance, 

if  necessary,  only  if  both  Materials  and  Finished  Goods  are  completely 

depleted.  Finally,  suppose  that  no  far  as  the  desired  profit  level 

is  attained  and  the  cash  and  inventory  levels  are  maintained  at 
/ 

the  levels  of  the  beginning  balances,  tiff  management  does  not  care 
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about,  any  overachiev ament  of  these  levels. 

Then,  ve  have  four  goals  which  are  arranged  in  an  order 
of  preemptive  priority?  (i)  Achieve  the  level  of  contribution  to 
overhead  and  profit  at  (2)  Maintain  cash  balance  at 

least  as  great  as  $30 «  (3)  Maintain  <*  balance  of  Finished  Goods 

at  least  as  great  as  $10*.  (4)  Maintain  2k  balance  of  Materials 

at  least  as  great  as  at  $10. 

Assuming  that  the  beginning  balance  of  Finished  Goods  are 

already  packed  and  ready  for  sale  ,  but  that  the  beginning  balance 

ytt 

of  Materials  are  notApacked  (since  they  may  be  used  to  produce 
Finished.  Goods),  the  problem  is  formulated,  after  being  simplified 
by  appropriate  substitutions  as  in  (5.14),  as  follows: 
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(5.15) 

Minimize 

VI  +  Vi 

+  V3 

+  V4 

subject 

to 

(5.15a) 

^CK  + 

xcg  “  yi  +  yi 

=  4.5 

(5.15b) 

i.SXcj,.  + 

2Xca  "  XKC  "  y2  +  y2 

»  2.5 

(5.15c) 

XGK 

y3  +  y3 

=  0 

-L.  _ 

(5.15d) 

-X  -  X 

agm  acm 

+  xkc 

- 

4?. 

+ 

II 

O 

(5.15e) 

3xgm  +  “c* 

<  I2 

(5. 15f) 

*0K 

<  10 

(5.15fe) 

y2 

<  30 

(5«15h) 

y3 

<  10 

(5.151) 

yZ  < 

^GK' 


Cl!*  CGS  MC"  yl* 


yx.  ^2 9 


-  + 

y2t  y3t 


y3’  y4!  y4  - 


The  constraints  (5.15a)  -  (5»15d)  represent  the  Management" s 
four  goals.  The  constraint  (5»15a),  to  achieve  the  contribution 
level  of  $4.5,  is  the  most  inqxsrtant  goal  for  the  management, 
and,  therefore,  the  highest  preemptive  priprity  factor, 

is  attached  to  the  slack  variable,  y£,  which  shows  the 
under  achievement  of  the  goal. 

The  constraint  (5* 15b)  takes  care  of  the  second  goal, 
to  maintain  cash  balance  at  least  as  great  as  $30.  The 
total  cash  receipts  are  given  by  1*5Xqjj  +  2Xqq  whereas  the 

total  expenditures  are  given  by  XKC  +  XEC  *  X11C  +  2°5* 

In  order  to  maintain  the  cash  balance  at  $30  which  is 
equal  to  the  beginning  cash  balance,  we  must  have 

1,5  -  XKC  +  2°^9 

hence  any  shortage  in  the  cash  balance  is  represented  by 
y~  on  which  the  second  highest  priority  factor  is  attached. 
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In  addition,  such  a  cash  shortage  compared  with  the 
minimum  cash  balance  of  $30  cannot  exceed  $30  since  a  negative 
cash  balance  Is  ho-fc  allowed..  This  is  represented  as  an 
environmental  constraint,  not  as  a  goal,  ty  (5«15g). 

Similarly  the  third  goal  is  represented  by  (5«15c)  together 
with  constraint  (5«15h)  to  avoid  a  negative  inventory  balance, 
and  the  fourth  goal  by  (5»15d)  with  the  constraint  (5.151) 
by  the  same  reason. 

Note  that  y^’s  (i  =  1,  2,  3,  4,  )  do  not  appesa  in 
the  functional.  This  means  that  the  management  do  not 
want  to  penalize  any  overachievement  of  the  four  goals. 

The  constraint  (5«15e)  and  (5.15f)  are  the  machine 
operating  time  constraints  we  have  discussed  on  otc&Siort. 


A  solution  to  (5=15)  is  as  follows:  X^  =  2,  X^  =  3*  Xqq  -  3, 
XMC  =  The  total  contribution  to  overhead  and  profit,  i.e, , 

XCE,  is  4.5.  Since  all  the  operating  expenses,  are  fixed 

at  $2.5,  the  net  income  for  the  period  is  $2  as  desired.  The 
ending  cash  balance  is  $33,  which  is  above  the  beginning  balance. 
However,  the  ending  inventory  level  of  finished  Goods  was  depleted 
from  $10  to  $9,  whereas  the  ending  inventory  level  of  Materials 
are  restored  at  the  level  of  the  beginning  balance,  $10.  This 
means  that  there  is  no  solution  which  results  in  the  level  of 
Finished  Goods  inventory  being  closer  to  $10  if  we  want  to  attain 
the  two  other  goals  which  have  a  priority  to  this  goal  of  restoring 
Finished  Goods  inventory.  A  spread  sheet,  a  balance  sheet,  and 
an  income  statement  prepared  from  this  solution  A  as  follows: 


^4 

We  have  now  translated  a  set  of  given  goal  into  a  set  of  subgoals 

and  related  thorn,  to  standard  accounting  statements  all  by  means  of 

a  spread  sheet*  From  the  solution  of  our  linear  progranming 

model,  we  know  that  the  multiple  goals  are  not  satisfied  without 

violating  the  environmental  constraints  when  the  subgoals,  represented 

by  the  variables  X^,  XCM,  X{JC,  X^,  take  the  values  of  2, 

3,  3*  3,  4,5,  and  2*5,  respectively.  By  checking  the  alternate 

optimum  solution,  we  know  that  Xj.^  may  take  any  value  between 

5  and  8  but  all  other  subgoal  variables  have  to  be  exactly  at  the 

above  specified  levels.  From  these  values  for  the  subgoals,  we 

can  make  a  plan  oj~  operations  for  the  coming  period,  since  each 

one  of  the  subgoal  variables  implies  a  particular  type  of  operation, 

and  the  target  value  can  be  set  for  each  type  of  operations. 

On  the  other  hand,  once  the  planning  stage  is  over,  these 

spread  sheet  variables  for  the  subgoalB  also  serve  for  the  management 

as  a  control  device  — i,e,  as  indicators.  For  example,  in  order 

to  satisfy  the  multiple  objectives,  we  know  total  sales  has  to 

be  $10-5  (=  Xqj.j  +  XC3  +  XCE)„  Therefore,  by  watching  the  accumlated 

total  sales  to  date  the  management  can  judge  whether  or  not  <5*\l  of  the 
Jxi"*} 

multiple  goals  are, attained.  Furthermore,  by  means  of  a  spread 
sheet,  or  an  incidence  matrix,  described  in  the  previous  section, 
these  indicators,  which  are  concerned  with  transactions,  can  be 
converted  into  asset-equity  balances.  For  example,  from  the  above 
spread  sheet  we  know  that  when  the  multiple  goals  are  satisfied, 
the  balance  of  Equity  account  should  be  $52  and  the  balance  of 


Finished  Goods  account,  $9 ,  whereas  Cash  account  should  have  a 
balance  between  $30  and  $33  and  Materials  account  between  $10  and 
$13 o  Therefore,  by  our  indicators  this  management  can  also  assess 
whether  or  not  the  multiple  goals  are  being  attained  on  balance 
sheet  accounts . 

In  the  next  chapter,  these  points  will  be  more  fully  developed 
by  means  of  an  empirical  application  of  this  "spread  3heet  planning," 
for  consolidating  double-entry  bookkeeping  and  linear  programming. 
However,  before  going  into  any  further  development  of  "spread  sheet 
planning,"  let  us  analyze  in  the  next  section  some  of  the  characteristics 
of  spread  sheet  planning  from  the  viewpoint  of  the  goal  analyses 
developed  in  the  previous  chapters  and  let  us  also  do  this  together 
with  the  topic  of  aggregation  of  business  activities  as  they  are 
reflected  in  the  double-entry  bookkeeping  system. 


5°  The.  Aggregation  of  Activities 
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The  characteristics  of  such  a  spread  sheet  planning  may 
be  analyzed  as  follows,  in  connection  with  the  problems  of  aggregation 
of  activities, 

e;<tk 

Let  us  consider  x  as  a  vector  whose  components ^represent 
3k  subgoal  activity  that  takes  place  during  an  accounting 

period.  Of  course,  the  dimension  of  x  may  be  astronomical  for 
a  large  firm  but  this  need  not  concern  us  here  other  than  to  note 
that  then  the  accountant9  s  job  is  to  review  each  one  of  these 
activities,  evaluate  them,  place  them  in  appropriate  positions 
in  a  spread  sheet,  or  equivalently  in  a  transaction  vector  w,  and, 
finally,  aggregate  them  to  determine  the  aggregated  values  for 
each  ones  of  the  components  of  w. 

For  our  purpose,  we  may  consider  this  whole  process  of  accounting 

-tlinwjk 

to  be  represented  by  an  aggregation  matrix  C„  •  which  x  and  w 

are  related  by  Cx  =  w.  The  coefficients  of  the  matrix  C  may  be 

the 

considered  as  dealing  with, valuation  and  classification  of  the 
activities.  For  example,  if  the  w  vectoi'  is  as  given  in  Example  2 
in  Section  3»  the  first  element  in  w„  i,e,,  w^,  represents  a 

tht 

debit  entry  to,  material  account  and  a  credit  entry  t-o  dash  account. 

Then  the  first  row  of  the  matrix  C  has  non-zero  values  only  at  columns 
which  correspond  to  the  material  purchase  (in  cash)  activities. 

Then,  the  asset-equity  balances  for  the  purpose  of  preparing 
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financial  statements  nay  be  presented  as 
(5.16)  A  u  =  Tw  =  TCx 

where  A  u  is  a  vector  of  the  amount  of  changes  in  the  asset-equity 
balances  and  T  is  an  incidence  matrix  discussed  in  Section  3» 

On  the  other  hand,  these  numerous  activities,  represented 

by  the  components  of  the  vector  x,  collectively  achieve,  of  come  close  to 

a 

goals  b,  the  relationship  being  given  by 

A 

(4.1)  Ax  =  b 

t  f  possible,  , 

as  discussed  in  the  previous  chapter.  We  sbculd  /i/e,Atb  translate 
the  given  goals  b  into  a  set  of  more  operational  subgoals  x0  but  if 
the  dimension  of  x  is  very  large,  it  is  practically  impossible  to 
do  so.  We^  therefore^  to  have  some  ways,  to  plan  ^’aggregate  varMblfs, 
i*v  to  translate  the  goals  into  some  aggregates  of  the  subgoal  activities 
given  by  the  components  of  the  vector  X.  The  spread  sheet  planning 
discussed  in  the  previous  section  is  a  way  of-  achievitjthis  by 
replacing  x  wA  w  a  vector  for  spread  sheet  variables 

wliick  has  fewer  dimension  than  the  vector  x« 

Since  x  and  w  are  related  by, 

(4.2)  Cx  =  w„ 
we  may  express  x  by 


(4.3) 


x  =  C+w  +  C°z 


(Z  e  e*1"1*) 
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We  have  already  examined in  Chapter  IV  the  result  of  replacing- 
x  in  the  goal-subgoal  relationship  (4,1)  by  the  above  expression 
''4.,  3) ,  ana  al9o  the  condition  on  the  C  matrix  in  order  to^l/m-u  unique 
■ftatio*  of  the  goal  variables  v  from  the  spread  sheet  variables*?, 

I,e«,  since  (4,1)  may  be  rewritten  as 

(4,4)  v  =  AC*w  +  AC^z  (z  Sn_r)t 

the  condition  on  C  is,  by  Theorem  1  in  Chapter  IV,  to  be  able  to 
express  each  row  of  A  by  a  linear  combination  of  rows  of  C,  We  may 
interpret  this  condition  as  one  which  requires  the  accounting  methods 
of  valuation  and  aggregation  of  activities  to  be  "in  line"  with 
the  contributions  of  activities  toward  the  goals  of  the  management. 
The  same  relationship  can  be  derived  for  the  constraints  on 
the  subgoal  activities  xD  as  given  by 

(3>1)  Bx  <  h« 

The  constraints  (3»1)  nay  be  replaced  by 

(5*17)  Bc\-  +  PcPz  <  h, 

by  means  of  the  expression  (4,3)  °  This  implies  that  if  each  row 
of  B  can  be  expressed  by  a  linear  combination  of  rows  of  C  the 
constraints  may  be  converted  into  constraints  on  the  variable  w 

only,  i»e«, 


C 


(5.18) 


BCw  <  h 
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'•hile-  such  a  ’’-perfect"  consolidation  of  x  by  means  of  the 

xSee  also  the  discussion  on  aggregation  and  consolidation 
in  Dorfman,  Samel  son,  and  Solow,  1950  and  Rosenblatt,  1956* 

spread  sheet  variables  v  is  desirable,  it  may  be  practically 
impossible  to  have  such  a  "perfect”  consolidation.  Perhaps,  all 
that  can  be  done  is  for  accountants  to  consolidate  "as  perfectly 
as  possible"  for  the  goals  which  are  at  issue,^ 

^See,  e.go,  Charries  and  Cooper,  1961,  Appendix  E. 

The  choice  of  aggregations  and  consolidations  is  not  a 
technical  matter  only.  The  choice  of  variables  as  aggregates  for 
the  subgoal  variables  x  also  depends  upon  the  goals  of  the  management 
and  the  constraints  imposed  upon  the  subgoal  variables,  as  well  as 
psychological  requirements  of  management <>  Therefore,  whether  or  not 

spread  sheet  variables  are  good  aggregates  must  be  judged  T&l&tiv'e  to 
individual  environment »  Nevertheless,  particularly  when  the  goals 
are  related  with  profits  or  funds  flow,  the  spread  sheet  variables 
will  perhaps  show  their  greatest  advantage  as  aggregates,  since 
they  are  then  also  prepared  as  a  result  of  the  accounting  theories  and 
practices  which  have  been  developed  in  response  to  managerial  concern 
with  the  alternate  effects  upon  income  determination,. 

In  the  next  chapter,  we  shall  report  on  an  empirical  application 
of  spread  sheet  planning  to  a  firm  in  the  business  game  at  Carnegie  - 
Institute  of  Technology  as  a  means  of  illustrating  the  power  derived 
from  combining  accounting  and  mathematical  techniques, 
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AS  APPLICATION  OF  "SPREAD  SHEET  PLANNING” 

1.  Introduction 

This  chapter  is  concerned  with  an  experimental  application 
of  our  spread  sheet  approach  to  the  analysis  of  goals  developed 
in  the  previous  chapter  with  specific  reference  to  its  use  for 
(i)  planning  operations  and  (ii)  evaluating  various  managerial 
policies,  physical  constraints,  etc.  In  particular  we  want  to 
show  how  to  exploit  our  previous  suggestions  for  using  the  more 
readily  available  categories  of  accounting  costs  without  losing 
access  to  the  co Responding,  but  no  re  complex  jTo  cfererrire)  categories 
of  opportunity  costs,-1"  For  this  we  shall  draw  upon  a  previous 

See,,  e.g,,  the  discussion  by  Qcald,  1962, 


paper"*"  which  was  developed  around  actual  plays  of  a  business 


This  experiment  was  originally  reported  in  a  paper  by 
Y,  Ijiri,  F.  K,  Levy,  .and  R»C,  Lyon,  "A  Lineal*  Programing  Model 
for  budgeting  and  Financial  Planning,  "CNR  Research  "erro  random 
No,  >4,  July,  1962  which  is  to  be  published  in  Journal  of  Accounting 
Research „  Vol,  I,  A  part  of  Section  2,  3,  and  4  of  this  chapter 
was  directly  taken  from  this  p&per. 


game 


—  the  so-called  Carnegie  Tech  game. 


The  Carnegie  Tech 


Management  Game  is  modeled 


after 

a 


" firm" 


in  the  packaged  detergent  industry.  It  offers  the  advantage  of 
being  immediately  tractable  without  losing  a  rich  array  of  business 
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features  such  as  production,,  marketing,  finance,  etc-,^- 


'T’he  degree  of  complication  of  this  game  may  be  seen  from 
the  fact  that  the  number  of  specific  decisions  each  team  makes 
during  each  month  played  ranges  roughly  from  one  hundred  to  four 
hundred.  For  further  discussion  of  game  details,  see.  e.g. ,  Cohen, 
eto  al. ,  196fi»  or  Dill,  et.  al»,  1961 . 

the.  "the. 

An  application  of  only  one  of^ several  variations  of* goal 

analyses  developed  in  Chapter  IH  is  discussed  in  this  chapter. 

However,  this  experimental  model  can  easily  be  modified  to  meet 

these  variations  in  Chapter  III  without  changing  the  main  structure 

of  the  model,  since  once  we  have  succeeded  in  reflecting  the  operations 

-^7>e  of 

in  the  real  world  on  a  mathematical  model,  th e^variations  in  the 
model  such  as  ones  discussed  in  Chapter  III  involve  only  mathematical 
manipulations  of  the  model. 
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2.  Synthesizing  the  Model 

lo  Accounting  Period  of  Planning 

The  game  involved  here  is  a  conrolex  one;  hence. 

with,  ivh'Cn 

an  adequate  model  of  the  kxnd^we  are  concerned  to  examine  will 
also  be  complex.  Thus,  to  concentrate  on  points  that  are  essential 
to  "spread  sheet  planning"  it  is  desirable  to  confine  our  model 
to  only  one  period  (a  month)  in  the  operations  for  one  firm. 

This  "month"  is  actually  a  "succeeding  period"  following  on  the 
couplet ion  of  a  particular  round  of  decisions.  But,  of  course, 
a  sequence  of  one-month  decisions  do  not  add  up,  in  general,  to 
an  overall  desirable  set  of  decisions.  The  latter  would  require 
either  a  full  dynamic  model  or  else  the  introduction  of  certain 
"safeguards"  which  will  be  examined  when  we  discuss  the  implication 
of  extending  the  model  to  multiple  periods  in  a  later  section. 

2.  Goals 

The  first  task  in  the  construction  of  the  model  is  to  define 

clearly  the  management  objectives.  There  are  numerous  issues  here, 

but  to  save  space  we  will  not  enter  into  them  here  and  slnply  assume 

that  the  objective  "maximization  of  net  addition  to  retained  earnings 

r> 

(after  taxes  and  dividends)  is  wholly  adequate.  We  can,  of  course, 
take  into  account  multiple  objectives  by  means  of  the  methods  discussed 
in  Chapter  III,  and  other  possibilities  are  also  present  such 
as  attaining  a  "satisfactory  profit"  — ,  e.g.,  a  profit  level  at 
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least  as  great  as  the  previous  year1  s  profit,  but  for  the  moment  we  assume 
that  maximization  of  net  addition  to  retained  earnings  after 
taxe3  and  dividends  provides  a  "reasonable0  objective  for  this 
management.^" 


10f  course,  this  objective  will  normally  include  many  others 
as  * equivalent  objectives”  in  the  sense  that  any  one  of  them  will 
lead  to  exactly  the  same  optimum  program.  Also,  the  possibility 
of  opportunity  cost  evaluations  may  produce  still  additional  equivalences 
between  multiple  objectives  when  it  is  nece^sar/  to  alter  the 
constraints,  etc.  See,  e.g.,  Chames  and  Cooper,  !963« 


3.  Subgoals 

We  have  generally  assumed  a  divisionalized  firm  in  our" 
earlier  analyses  of  goals^  which  we  wanted  to  break  down  into  more 
operational  subgoals,  and  so  we  also  assume  that  here.  That  is, 
given  the  indicated  "overall  goal,"  we  next  proceed  to  erect  our 
model  around  subgoals  whose  values  will  collectively  contribute 
towards  the  attainment  of  the  goal.  In  this  case  the  subgoals 
are  presented  in  terms  of  the  sixteen  spread  sheet  variables 


listed  below, 
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C3‘ 

XCR 

XCL 

XCE 


3C‘ 

XRG: 


X, 


‘GM* 


^GE1 

XKP’ 

5dc: 

*PC: 


^LG 

XEF 

XEP 

XED" 


Table  VI -I 

Spread  Sheet  Variables 

Sales  of  government  securities 
Collection  of  accounts  receivable 
Borrowing 

Interest  on  government  securities 

Purchases  of  government  securities 
Cost,  -of  sales  at  standard  cost 
Gross  profit  on  sales 
Material  costs 

Variable  conversion  costs 
Purchases  of  materials 
Payments  of  dividends  and  taxes 
Payments  of  accounts  payable 

Rtpywattof  loans 
Depreciation 

Manufacturing  and  operating  expenses 
Accruals  of  income  taxes  and  dividends 


As  mentioned  in  the  previous  chapter,  the  letter  pair  subscripts 
in  the  above  spread  sheet  variables  indicate  their  effects  on 
balance  sheet  accounts.  Thus,  using  "X"  to  represent  an/  "amount 
vie  have  "X.  to  represent  the  coiresponding  debit  to  account 
"i"  and  the  credit  to  account  "jo" 

In  our  case  the  accounts  i  and  j  are  separately  "named"  as  follows: 


Table  VI -2 

Balance  Sheet  Accounts 
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Asset  Accounts 
C:  Cash 

B:  Government  securities 
R:  Accounts  receivable 
G:  Fire. shed  goods 
M:  Raw  materials 
Fj  Fixed  assets 

Equity  Accounts 

Ps  Accounts  payable 
D:  Dividends  and  taxes  payable 
L:  Loans  payable 
E:  Stockholders*  account 

In  this  model,  we  eliminated  all  income  statement  accounts 
and  used  Stockholders'  account  (E)  whenever  debit  or  credit  entries 
are  required  to  an  income  statement  account ,  We  have  already 
examined  this  in  the  previous  chapter,,  Even  though  we  need  to 
decompose  the  stockholders9  account  (or  capital  account)  for  more 
complicated  situations,  in  this  experiment  weAthus  greatly  tteduced 
the  size  of  the  problem  without  affecting  its  essentisi  mature. 


V1-? 


4,  beginning  Balance  Sheet 

For  our  purposes  we  now  produce  the  following  balance  sheet 
from  this  firm5 s  records  and  key  the  amounts  to  their  corresponding 
symbols  as  in  Table  3,  below0 


Table  V/-3 

Beginning  3alance  Sheet 


C; 

Cash 

5  7,260,000 

P: 

Accounts  Payable 

£3,592.000 

B: 

Government  Securities 

12,000,000 

D: 

Dividends  and 

R: 

Accounts  Receivables 

6.999,000 

Taxes  Payable 

2,922,000 

(i: 

Finished  Goods 

4,032,000 

L: 

Loans  Payable 

4,400,000 

Ms 

Raw  Materials 

1,499.000 

Ei 

Stockholders' 

j?  s 

Fixed  Assets 

26.000.000 

5  57.790.000 

Account 

46,876,000 

i57.790.000 

Mext  we  introduce  the  following  convention  *  tfe  use  the  one  symbol 
K  with  an  appropriate  subscript  to  represent  any  of  these  figures 
in  the  beginning  balance  sheet,  For  instance,  Kc  (=  $7,260,000) 
refers  to  the  opening  cash  balance,  while  (=  $12,000,000)  refers 
to  the  opening  balance  of  the  government  securities  account,  and 
so  or  0 


5°  Constraints 

We  now  impose  upon  the  sixteen  subgoal  variables  a.  set  of 
constraints.  These  constraints,  which  are  described  below,  mostly 
come  from  the  environment  of  the  firm  in  the  business  game,  especially 


from  the  rules  of  the  game*  Here  we  proceeded  by  aggregating- (or 

consolidating )  all  of  the  f  irm®  s  products  into  an  equivalent  single 

standard  product,.  This,  of  course,  raises  "information  content 

problems,"  but  we  shall  later  discuss  this  topic  in  more  detail. 

T'Cr  ’  the  moment  we  assume  that  all  aspects  of  this  aggregation 

—  e.g.,  in  inventory  account  — 2(fe.  wholly  satisfactory.  That 

yields  «- 

is,  we  assume  that  this  standard  product  /  categorization  that 
is  pertinent  to  both  our  subgoals  and  our  overall  objectives  or 
goals. 

Since  all  the  subgoal  variables  are  to  be  valued  in  dollar 
terms,  the  constaints  are  also  stated  in  terms  of  dollars.  In  order 
to  do  this,  we  set  up  standard  costs  by  means  of  which  the  constraints 
are  all  converted  into  dollar  terms.  Since  we  are  in  the  planning 
stage,  we  do  not  immediately  worry  about  the  variances  between  the 
actual  and  planned  program  values  which  later  enter  into  the  problems 
of  control.  Thus  proceeding  on  this  line  and  utilizing  actual 
game  data,  the  selling  price  and  oo3t  factors,  per  unit  of  the 
standard  product,  are  estimated  to  be  as  follows: 


Table  Vl'<f 

Selling  Price  and  Standard  Cost 

Selling  price 

Standard  cost  of  finished  goods 
Material  costs 

Standard  material  consumption: 

1  unit  per  unit  of  finished  goods 
Standard  material  purchase  cost:  $l/unit 
Variable  conversion  costs 

Standard  cost  of  finished  goods 

Standard  purchase  cost  of  materials 

Similar  valuation  problems  arise  on  other  accounts,,  too 
—  viZoe  government  securities,  accounts  receivable,  and  fixed  assets. 
Here,  however,  the  rules  of  this  particular  game  may  be  utilized 
to  produce  resulting  simplifications  that  are  valid  for  our  purposes. 
For  example,  under  these  rules,  government  bonds  are  the  only  securities 
that  a  firm  can  hold,  and  all  purchases  and  sales  are  made  only 
at  face  value  plus  or  minus  a  known  adjustment  for  interest  accrued. 

This  means,  of  course,  that  an  accurate  valuation  can  always  be 
effected  by  using  the  face  value  of  these  bonds  and  accomodating 
any  adjustment  by  means  of  the  interest  income  account.  Similarly, 
no  bad  debts  appear  in  this  game,  and  so  no  allowance  need  be 
made  for  a  valuation  reserve;  consequently  accounts  receivable 
amounts  are  always  at  their  face  value.  Also  depreciation  of  fixed 
assets  is  determined  by  the  declining  balance  method  and  the  fixed 
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$10.00 


$1.00 


$1.00 
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asset  balances  are  determined  by  deducting  the  resulting  reserve 
to  arrive  at  an  undepreciated  asset  amount . 

Therefore,  the  valuation  problems  of  assets  other  than  inventories 
are  greatly  simplified  in  this  model.  However,  this  is  because 
we  wanted  to  take  maximum  advantage  of  our  knowledge  concerning 
the  environment  of  the  firm  in  the  business  game, 

in  order  to  represent  the  firm’s  operations  and  environment 
to  a  satisfactory  degree  by  a  simplified  model,  Th'S does 

y\o^~  mean  that  we  cannot  handle  more  complicated  cases.  Not 
only  can  11  standard  cost  methods"  such  as  those  used  for  inventory 
valuation  be  but  also  further  alterations  can  be  introduced 

such  as  asset  liquidation,  stretching  of  acoounts  vs.  borrowing, 
etc.,  when  these,  too,  need  to  be  actually  considered  in  more 
complicated  cases c^ 

^See,  e.g. ,  Ghames,  Cooper,  and  Killer,  19 5? 

Allowing  for  the  above  aggregation  and  valuation  considerations, 
we  now  prepare  nineteen  constraints  which  are  to  be  imposed  upon 
the  sixteen  subgoal  variables  listed  in  Table  1.  Although  some  of 
these  will  now  be  developed  separately,  it  is  to  be  emphasized  that 
this  is  merely  \cf  convenience  of  exposition.  Althatjk  most  of  t/iese  cei>itrM^s 
come  from  the  environment  of  the  firm  in  the  business  game 
and  the  rules  of  the  game,  the  validity  and  reasonableness  of  these 
constraints  must  not  be  evaluated  independently.  Stating  the 
the  matter  differently,  all  constraints  and  objectives  must  generally 
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be  accorded  joint  consideration  if  a  valid  model  is  to  be  achieved* 

We  now  synthesize  these  sixteen  constraints  in  the  light 
of  the  following  considerations* 

(1)  The  firm*  s  sale  of  government  securities  cannot  exceed 
the  beginning  balance  in  this  account — viz., 

(6*1)  XCB  <  l(B 

(2)  Interest  on  government  securities,  as  earned,  is  received 
in  cash  for  the  government  securities  on  hand  at  the  end  of  the 
period*  The  monthly  interest  rate  is  0*229^*  Hence 

(6.2)  XC£  =  *00229  (Kb  +  XB(*  -  XCB) 

To  see  what  this  expression  means  note  that  KB  is  the  opening  balance 
for  government  securities  while  Xyc  refers  to  government  securities 
purchased  during  the  period,  by  offsets  to  cash*  Similarly,  XCB 
refers  to  the  cash  debits  realized  by  sales  of  government  recurities 
during  the  period*  Hence  (K^  +  XBC  -  XCB)  correctly  states  the 
ending  balance  when,  as  is  true  under  the  conditions  of  the  Carnegie 
Tech  game,  all  such  transactions  are  affected  only  in  cash*  Thus 
applying  the  indicated  interest  rate  of  0.229&  we  obtain  exactly 
X„.~.  the  amount  which  is  debited  to  cash  and  credited  to  the  stockholder*  s 
account * 

T 

In  the  Carnegie  Tech  Game,  all  interest  income  is  realized 
as  immediate  cash  income,  and  is  the  only  cash  income  in  the  game* 

Also,  the  price  of  the  bond  is  held  constant  throughout  the  (feme 
periods  as  noted  before* 
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(3)  Since  the  firm’s  terms  of  sale  are  30  days  net,  its 
maximum  collection  of  receivables  during  the  month  is  given  by 
the  beginning  balance  in  the  receivables  account. 

<6»3>  *CR  £  h 

(4)  The  b  eg  inning- of - th  e -p  eriod  cash  balance  limits  the 
purchase  of  securities. 

(6.4)  XgC  <  Kc 

(5)  Since  the  f irm* s  selling  price  during  the  period  studied 
is  $10,00/unit,  while  its  standard  cost  of  production  is  $2.10/unit, 
the  following  constraint  represents  the  gross  profit  on  a  unit  sale 
in  terms  of  the  corresponding  deduction  from  finished  goods  inventory : 

(6.5)  Xjyj  =  271  XRG 

or  =  3°?6  X^ 

(6)  Standard  cost  of  finished  goods  ($2.10/unit)  includes 
material  costs  (X^,,  =  $l/unit)  and  variable  conversion  costs  (XQE 
=  $l,10/unit)„  which  consists  of  direct  labor  cost  and  direct 
overhead, 

(6..6)  XG£  -  1.1  XaM 

(7)  Production  capacity  limits  conversion  during  the  period. 
Here  production  capacity  is  expressed  in  terms  of  the  value  of 

raw  materials  (at  Standard  cost)  that  can  be  converted. 

(6.7)  XGM  <  1,300,000 

(8)  Conversion  is  limited  to  raw  materials  on  hand  at  the 
1 


beginning  of  the  month 


(6.8) 
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XGM  -  KK 


In  this  case  Kj/;  =fl,499«000so  that  the  preceding  constraint, 
(6.7),  supersedes  thisllconstraint.  We  have,  however,  represented 
both  constraints  for  the  sake  of  completeness  in  cases  where 

K{.  <  $1,300,000. 


(9)  Market  conditions  limit  sales  in  the  coming  month  to 
2,000,000  units'*'  ($4,200,000  at  standard  cost). 

(6.9)  X-„  <  4,200,000 


^Obtained  from  the  relevant  market  forecast  which  under  this 
firm's  approach  produces  these  figures:  an  expected  rate,  a  maximum 
and  a  minimum.  The  maximum  is  entered  here  as  an  exact  upper  limit 
for  subsequent  study  by  reference  to  the  relevant  "dual  evaluators" 
which  are  to  be  used  as  "opportunity  cost"  figures  for  assessing 
possible  sales  improvements  and  the  expenditures  needed  to  achieve 
them  etc.  Refer  to  analyses  in  Section  5  of  this  chapter. 


(10)  Sales  during  the  month  are  further  limited  to  the 
completed  units  on  hand  at  the  beginning  of  the  month.'*' 

(6.10)  XRG  ~ 


Cf.  Footnote  d,  jh(<0  It  should  also  be  observed  that 
this  constraint  is  Intended  to  reflect  the  lag  on  shipments  from 
the  plant  to  the  relevant  distribution  centers. 


(11)  Repayment  of  loans  is  limited  by  the  outstanding  loan 
balance  at  the  beginning  of  the  month. 

(6.11)  XLC  <  ^ 

(12)  Because  the  firm  is  allowed  30  days  for  payment  of 
materials  purchased  on  credit,  it  has  adopted  a  general  policy 

of  not  paying 'the  accruals  incurred  on  accounts  payable  that  result 
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from  material  purchases  during  the  month,.  Thus,  the  payment  of 
accounts  payable  is  limited  to  the  sum  of  the  beginning  balance 
of  accounts  payable  plus  expenses  accrued  during  the  month,  excluding 
payables  accrued  from  material  purchases,, 

(6.12)  Xpc  <  Kp  +  XEp 

(13)  I'onthly  depreciation  charges  are  .833  per  cent  of  the 
net  fixed  assets  owned  at  the  beginning  of  the  month, 

(6.13)  XgF  =  ,00333  Kp 

(14)  Expenses  to  be  incurred  during  the  coming  period, 
including  both  manufacturing  cost  (other  than  material  cost)  and 
operating  expenses,  consist  of  the  following  four  items:  (a) 

Fixed  operating  expenses,  $2,675,000;  (b)  Variable  conversion  cost, 

*GE’  ^  ective  interest  penalty  for  discounts  not  taken  on 
accounts  payable  (3«09  per  cent  per  month);  (d)  Interest  (monthly 
rate,  .291  per  cent)  on  loans  payable  at  the  end  of  the  month. 

Thus,  putting  these  all  together, 

(6.14) 

XEp  *  2,675,000  +  XQE  +  .0309  (Kp  +  Xgp  -  Xpc)  +  .00291  (1^  +  XCL  -  X^) 
Note  that  Xgp  includes  all  expenses  (other  than  material  costs) 
regardless  whether  they  are  chargeable  to  finished  goods. 

This  means  that  the  stockholders11  account  is  understated  by  the  amount 
equal  to  X^E  since  this  portion  represents  costs  applicable  to  future 
periods  by  means  of  charges  to  inventory.  However,  this  is  adjusted 
gy  XqE  which  adds  baek  to  the  stockholders'  account  precisely  the 

amount  to  be  charged  to  inventory.  This  manipulation  was  necessary 


/ 
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to  take  into  account  the  interest  charges  which  a.Ke  applicable  to 
all  X--  including  X„„„ 

far 

(15)  Income  tax  is  accrued  at  52  per  cent  of  the  net  profit. 

In  addition,  the  firm's  policy  is  to  declare  a  dividend  equal  to 
$83,000  plus  (minus)  5$  of  the  excess  (shortage)  of  what  it  considers 
a  standard  net  profit  after  taxes,  $1. 860,000. 

(6.15)  XED  =  .52  (X.GE  +  Xre  +  XQE  -  X£F  -  Xgp)  +  83.000 

+  .05  [.48  (XCE+  Xre  +  XQE  -  Xsp  -  XEp)  -  1,860,0013 

Simplifying , 

(6.15)  XED  =  .544Xce  +  .544-X^  +  .544XQE  -  .54**^  -  „544XEp  -  10.000 

(16)  Company  policy  is  to  maintain  a  minimum  cash  balance 
of  $4,000,000  at  the  end  of  each  period. 

(6.16)  Kc  +  XCB  +  XCR  +  XCL  +  XCE  -  X3C  "  XpQ  “  Xjjq  -  >  4-, 000, 000 

(1?)  Because  of  an  impending  price  rise  in  the  following 

period  —  i.e.„  in  the  period  following  the  one  under  study  — 
the  firm  requires  that  the  end-of~ the- month  finished  goods  inventory 
be  at  least  as  great  as  the  minimum  sales  expected  during  the 
next  month  ($3 ,570,000 at  $2.10  standard  cost/unit).1 


"This  is  one  way  in  which  a  one-period  model  can  be  lashed 
into  succeeding  periods.  Note,  for  instance,  that  this  amount, 
too,  is  subject  to  treatments  by  means  of  the  dual  evaluators 
as  we  shall  see  in  Section  5*  Such  an  analysis  will  then  show  how 
much  is  being  lost  from  current  profit  opportunities  in  order  to 
provide  for  the  future  in  this  manner  and  the  firm' s  management 
can  then  alter  this  figure  or  request  an  extension  of  the  model 
to  explore  the  consequences  of  different  alterations,  etc. 


(6.17) 


*0  +  XGE  +  *GE  “  *80  —  3,570,000. 
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(18)  The  firm  expects  to  produce  1,200,000  units  in  the 
succeeding  month-  Thus  the  raw  materials  on  hand  at  the  end  of 
the  month  must  be  sufficient  for  this  production.  (At  $1.00  raw 
materials  cost/unit,  the  end  of  the  month  raw  materials  balance 
must  be  $1,200  ,000.)^ 

(6.18)  +  ^  -  XQM  >  1,200,000 

*"See  preceding  footnote. 

(19)  All  outstanding  income  taxes  payable  and  dividends 
declared,  including  those  accrued  or  declared  during  the  month, 
have  to  be  paid  by  the  end  of  the  coming  month. 

(°.19)  =  0 

In  addition  to  these  constraints,  all  subgoal  variables 
(X's)  are  required  to  be  non-negative.  This  is  done  to  avoid  any 
confusion  between  the  debit  and  credit  entries  which  would  otherwise 
have  to  be  given  a  reverse  (credit-debit)  interpretation  for  negative 
values  cf  any  X.^  Of  course,  the  non-negativity  conditions  can 

'"See  the  network  analysis  in  the  previous  chapter. 

be  eliminated  but  for  the  present  purposes,  it  simplifies  the  exposition 
to  arrange  the  model  so  that 

all  variables  Are  Itf*  i/e  . 
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6  0  The  Formulation  of  the  Linear  Programming  Model 

The  given  management  objective  of  maximizing  net  additions 
to  retained  earnings  (A  Kg)  is  now  represented  by  a  combination 
of  subgoal  variables  as  follows: 

(6e 20)  \  Kg  =  +  XQ£  -  Xgp  -  Xgp  -  XgD. 

Therefore,  the  full  linear  programming  model  is  set  forth 
as  follows: 
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(6.20} 

Maximize  (A  r£g  =)  +  X^,  +■  XGE  - 

XEF  ”  XEP  ~  Xi 

subject  to 

(6.« 

XCB 

SXB 

(6.23 

XCE  "  “ 00229  XBC  +  '°0229  XCB 

=  .00229  Kjj 

(6,3) 

XCR 

(6,4) 

XBC 

<xc 

(6,5) 

XRE  ~  XRG 

=  0 

(6.6) 

XGE  ~  1“1  XGM 

=  0 

(6.7) 

XGM 

<  1,300,000 

(6.3) 

XGM 

<  K,. 

(6.9) 

XRG 

<  4,200,000 

(6.10) 

XRG 

<  X-. 

—  ur 

(6.11) 

XLC 

VI 

(6.12) 

XPC  *  ^EP 

<  KP 

(6.13) 

XEF 

=  .00833  ^ 

(6.14) 

.9691  Xgp  -  XQE  +  .0309  Xpc  -  .00291 

xCL  +  .00291 

=  2,675,000  +  .0309  Kp  +  .00291  Kl 


(6.15) 

XED  ~  °'^r  XCE  ~  °^^XRE  “ 

.5^  xQE  +  .544  Xgp  +  .544  xEp  =  -10,000 

(6.16) 

"  XCB  "  XCR  "  XCL  "  XCE  +  X 

BC  +  ;S>C  +  +  XLC  S  KC  -4'000-000 

(6.17) 

“  XGM  “  XGE  +  XRG 

<  Kq  -3.570,000 

(6.18) 

_  y  +  X 

MP  GM 

<  Kjj  -1,200,000 

(6.19) 

*  XED  +  "Sc 

=  kd 

XCB'  *CR’  XCL’  XCE° 

Sc*  ^SlG0  XRE*  XGM’ 

XGE’  XKP ’  XPC’  XDCS 

XLC’  XEF’  XEP*  XED  -  0 

That  is,  vr.  are  to  search  for  amounts  X.  .  which  satisfy  all  constraints, 
including  non-negativity  for  all  variables,  and  among  the  entire 
collection  of  such  values  we  are  to  single  out  one  set  that  makes 


the  net  addition  to  retained  earnings  a  maximum.  The  solution 
methods  of  linear  programming  —  a.g, ,  the  simplex  method^  — 


1 

We  used  this  method  as  one  part  of  the  available  2-20 
electvanic  computer  code  without  attempting  to  apply  or  devise 
other  ,  possibly  more  efficient,  methods „  For  further  remarks 
on  this  topic  see  Chames,  Cooper  and  Ijiri, 


are  designed,  of  course,  to  produce  exactly  this  result 
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3»  The  Results 

B/  substituting  thz  figure  in  the  beginning  balance  sheet  (Table  3) 
for  the  K's  in  the  above  constraints  and  by  applying  the  simplex 
method,  a  solution  to  the  above  problem  was  readily  achieved,. 

Vfe  now  summarise  the  results  in  the  following  series  of  Tables. 
First  in  Table  5  we  list  the  transactions  which  achieve  the  maximum 
possible  net  addition  to  retained  earnings. 


Table  VIS' 

Optimum  Projected  Transactions 

(/ill  Tlftm  &re  in  rffH&O 

'SB 

Sales  of  government  securities 

9.703.000 

CR 

Collection  of  accounts  receivable 

6.999,000 

CL;  borrowing 

- 

CE. 

Interest  on  government  securities 

6,000 

BC 

Purchases  of  government  securities 

— 

RG 

Cost  of  sales  at  standard  cost 

3.192,000 

RE 

Gross  profit  on  sales 

12,002,000 

GK 

Material  costs 

1,300,000 

GE 

Variable  conversion  costs 

1,430,000 

MP 

Purchases  of  materials 

1,001,000 

PC 

Payments  of  accounts  payable 

7,697,000 

DC 

Payments  of  dividends  and  taxes 

7,871,000 

LC 

Refund  of  loans 

4,400,000 

EF 

Depreciation 

217,000 

EP 

Manufacturing  and  operating  expenses 

4,105,000 

ED 

Accruals  of  income  taxes  and  dividends 

4,949,000 

Net  addition  to  retained  earnings 

4,167,000 

Next,  we  utilise  this  information  to  obtain  the  following  balance 


sheet  and  income  statement  projections  for  the  period  at  issue 


*1 
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Table  VI -6 

Projected  Balance  Sheet 
(End  of  Period) 


C: 

Cash 

*4,000,000 

P: 

Accounts  Payable  41,001,000 

B: 

Government  Securities 

2,297,000 

D: 

Dividends  and 

P-: 

Accounts  Receivable 

15.194,000 

Taxes  Payable 

- 

G: 

Finished  Goods 

3,570,000 

L: 

Loans  Payable 

- 

K: 

Raw  Materials 

1,200,000 

E: 

Stockholders* 

F: 

Fixed  Assets 

25.783.000 

*52.044.000 

Account 

51.043.000 

452.044.000 

Table  VI -7 


( 


Projected  Income  Statement 


Sales  (RG  +  RE) 

Cost  of  goods  sold  (RG) 

Gross  profit  (RE) 

Manufacturing  costs  and 

operating  expenses  (EP)  *4,105.000 

Depreciation  (EF)  217.000 

Manufacturing  costs  charged 

to  finished  goods  (GE)  -  1.430.000 

Unabsorbed  manufacturing  costs 
and  operating  expenses 

Operating  profit 

Interest  income  (CE) 

Net  income  before  tax 

Accruals  of  income  taxes  and  dividends  (ED) 

Net  addition  to  retained  earnings 


*15,194.000 

....  ?..aa2f0y. 
12,002,000 


2.892,000 

9.110,000 

6,000 

9,116,000 

ft^ooo 

&  4,167,000 


* 


> 


O 
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Notice  that  we  row  have  the  main  docuents  that  are  usually 
deemed  to  be  pertinent  for  planning  purposes-  Additional  documents 
—  e,{,. »  flow  of  funds  statements,  cash  budgets,  etc.  —  can  also 
be  generated  if  desired, ^  It  is  not  proposed,  however,  to  pursue 

^See  Chames,  Cooper  and  Ijiri  I962,  for  further  discussion. 

this  topic  here.  We  note  instead  how  the  results  of  this  analysis 
can  be  used  for  planning  and  decision  making  by  various  kinds  of 
management. 

The  details  of  Table  2  can  readily  be  translated  into  instructions 
for  operating  managers  or  other  persons  who  are  not  immediately 
concerned  with  the  overall  aspects  of  planning.  For  instance, 
the  production  manager  may  be  directly  instructed  to  plan  to  produce 
$2,730,000  worth  of  finished  goods  during  this  period  and  further 
to  allocate  $1,300,000  of  thi3  amount  for  the  purchase  of  raw 
materials  and  to  expend  the  rest  ($1,430,000)  on  conversion  costs. 

In  turn,  the  purchasing  department  may  be  instructed  to  purchase 
$1,001,000  worth  of  raw  materials,  and  so  on.  This  means  that  the 

management  goal  —  maximum  addition  to  equity  account,  after  taxes 
and  dividends,  under  the  indicated  constraints  —  is  now  translated 
into  a  set  of  more  operational  subgoals  which  are  given  to  relevant 
organizational  segments  as  goals  imposed  upon  them. 

Of  course,  the  usual  information  for  a  coordinated  assessment 
and  review  by  top  management  is  also  available  in  the  form  of 
projected  balance  sheets,  income  statements,  etc.  In  addition. 


VI-23 

the  linear  programming  solution  provides  valuable  byproduct  information 
in  the  form  of  the  dual  evaluators.^"  We  propose  therefore  to 
elaborate  on  this  topic  in  the  next  section  and  then  show  how  this 
information  can  be  assembled  to  form  a  new  type  of  accounting 
document  for  use  in  integrated  management  planning. 

^"The  3-20  code  (like  most  linear  programming  codes)  provides 
these  data  automatically,  at  the  end  of  its  run,  as  well  as  other 
(equally  valuable)  results  which  enable  the  user  to  test  the 
program's  sensitivity  to  errors  in  the  data,  etc.  See,  e.g. , 

Cham e3  and  Cooper,  1961,  Ch.  XIII  for  a  discussion 

in  the  context  of  the  so-called  revised  simplex  code  for  IBK  computers. 
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4.  i-n  Accounting  Statement  for  the  Dual  Evaluators  as  Opportunity  Costs 
A  dual  evaluator ,  at  least  in  ctlfmanagerial-acccunting-economics 
context,  indicates  the  change  in  net  addition  to  retained  earnings 
that,  can  be  secured  if  the  constraint  corresponding  to  the  given 
evaluator  we-e  relaxed  by  one  dollar.  For  example,  the  dual  evaluator 
of  constraint  number  (6,?)  which  is  a  constraint  on  production 
capacity  has  a/  value  of  $3 .59^936.  This  means  that  if  production 
capacity  were  increased  so  that  exactly  one  additional  dollar’s 
worth  of  raw  material  can  be  processed,  then,  retained  earnings 
will  be  increased  by  $3 » 59^936.  This  figure,  which  is  obtained 
(automatically)  as  a  so-called  "evaluator,"  really  summarizes  a  whole 
complex  of  interrelated  opportunities.1  Hence  some  further  accounting 

.  —  ■■  ' . .  "  * .  "  ”  . ' 1 ~  1  ■ ”  1 . r 

jue. „  these  are  "mutatis  mutandis"  opportunity  costs  rather 
than  of  the  "ceteris  paribus"  variety.  The  difference  lies  in  the 
fact  that  the  latter  considers  variation  in  one  or  a  few  variables 
with  all  other  variables  fixed,  whereas  the  former  assumes  that 
ell  variables  are  optimally  adjusted  to  the  new  opportunities 
that  may  be  made  available.  See  Chames  and  Cooper,  1961,  for 
further  discussions,, 

aids  -to  managerial  interpretations  and  uses  are  indicated. 

In  order  to  show  that  the  dual  evaluators  take  into  account 
every  constraint  of  the  model  in  "mutatis  mutandis"  fashion,  the 
evaluator  of  production  capacity  will  now  be  analyzed  in  more  detail. 
Therefore,  stj-fcs-a  ;{ is  desired  to  alter  the  firm’s  raw  material 
processsing  capacity  by  one  dollar  worth  of  materials,  i.e.  one  unit, 
since  the  material  cost  is  $l/unit.  This  activates  a  whole  complex 
ox  transactions  which  are  set  forth  in  the  following  statement. 


Table  Vl”  ^ 

Analysis  of  Opportunity  Costs* 
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(1) 


(2) 

(3) 

(4) 

(5) 


Incremental  Sales  Resulting  ($2-1  x  3*76) 

Less:  Cost  of  Incremental  Sales 
Incremental  Gross  Profit 

Deduct:  Income  Taxes  and  Dividends  (54.4/S) 
Net  retained  from  sales  after  taxes  and  dividends 


Deduct:  Opportunity  Cost  of  the 

Cash  Needed  to  Finance  Expansion: 

Cash  Required  for  Raw  Materials**  $  0 

(5a)  Conversion  to  Finished  Product  1.100000 

Total  $1.100000 

(5b)  Add:  Cash  Required  for  Income 

Taxes  and  Dividends  4.295424 

(5c)  Total  Cash  Required  $5. 395424 


$9.996000 

2.100000 

7.696000 

4.295424 

3.600576 


(6)  Total  of  Interest  Earnings  Foregone  on  Securities  Sold 
($5.395425  x  0.00104533) 

(?)  Net  Retained  Realization  per  Unit  Increase  in 
Production  Capacity 


0.005640 

$3.594936 


*  This  statement  is  based  on  optimal  adjustments  being  effected 
in  all  pertinent  transactions. 

**  Note:  All  required  raw  materials  are  available  from  inventory 
on  hand. 


Notice  now  that  the  end  result  is  the  $3.594936  figure  that 
was  predicted  by  the  dual  evaluator.  Notice  also  that  the  indicated 
transactions  are  each  carried  out  optimally  (relative  to  one  another) 
in  order  to  produce  this  optimal  return  from  the  indicated  one 
unit  of  increased  capacity.  The  single  figure  of  $3*594936  summarizes 
all  of  these  transactions  to  the  one  net  end  effect,  as  indicated,, 
but  this  obviously  needs  accounting  elaboration  if  the  pulses  of 
managerial  use  and  understanding  are  to  be  adequately  served. 
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The  above  statement  is  intended  to  supply  this  kind  of  service,, 

W-? 

The  data  of  Table  A  were  drawn  from  the  byproduct  results 
furnished  automatically  by  the  computer  calculations  after  appropriate 
supp] eme.ntati.on  by  economic-accounting  considerations.  We  now 

elaborate  cn  this  as  follows: 

Vf-f 

In  (1)  cf  Table  A  we  observe  that  the  incremental  capacity 
increase  has  resulted  in  a  sale  of  goods.  The  needed  raw 
material  is  presently  on  hand,  since  =  $1,499,000  (Table  V|-3). 
i3  greater  then  =  $1,300,000  (Table  VI-5).  Therefore  an 
additional  raw  material  unit  is  dr?>wn  from  inventory. 

This  unit  is  processed  at  $1.10  conversion  of  finished  goods 
which  is  valued  at  standard  costs,  $2.10.  The  unit  of 
finished  goods  can  be  sold  at  ones,  since  the  firm  has 
unfulfilled  demand  fin  the  present  month  of  $1,008,000  of 
product  ( -valued  at  standard  cost  —  see  the  constraint 
(6.9)  remembering  Xrq  =  $3,192,000  in  the  optimum  solution.) 
Segments  (2),  (3)»  and  (4)  give  the  net  profit  realized 
from  this  sale  as  determined  by  the  constraints  (6.5)  and 
(S„15)  of  the  model. 

The  transaction  analysis  is  not  yet  complete,  as  the 
gross  profit  ($3»600576)  is  higher  than  the  dual  evaluator 
($3.59436).  The  difference  ($.00564)  can  be  accounted 
for  by  turning  to  the  cash  account  and  recalling  that  the 
program  has  puched  up  against  the  $4,000,000  stipulated 
minimum  balance.  Therefore,  the  additional  cash  outlays 
needed  for  production  must  be  obtained  in  one  of  three  ways: 

(а)  sell  government  securities,  losing  interest  income  at 
the  monthly  interest  rate  0.229$;  (b)  borrow  from  bank  at 
the  monthly  interest  rate  0.291$;  (0)  postpone  payments 

on  accounts  payable,  paying  interest  at  the  monthly  interest 
rate  3 .09$.  The  least  costly  of  these  three  ways  is  obviously 
achieved  in  the  sale  of  securities.  The  $.00564  shown  opposite 

(б)  in  the  above  statement  represents  the  opportunity  cost 
incurred  because  of  the  interest  income  that  must  be  foregone 
if  securities  are  sold  to  obtain  the  needed  cash. 


This  is  derived  as  follows:  (5a)  and  (5b)  gives  the 
amount  of  cash  needed  to  increase  production  by  one  unit. 

(5a)  represents  the  conversion  cost  which  is  paid  at  the 
end  of  the  month.  (5b)  represents  dividends  and  taxes  payable 


on  the  profit  generated  in 
to  pay  these  at  the  end  of 


and,  cash  must  be  obtained 
e  month  by  (6.19).  The  total 
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cash  requirement  is  therefore  the  sum  of  (5a)  and  (5b),  or 
$5.395474,1  which  is  the  figure  shown  opposite  (5c) °  (6)  multiplies 

the  number  of  dollars  needed  by  the  opportunity  cost  peer  dollar 

^Note  that  two  other  cash  flows  (accounts  receivable  and 
payments  on  raw  material  accounts)  are  affected  by  the  capacity 
increase.  However,  they  have  no  effect  on  the  flow  in  the  present 
month,  as  they  are  not  received  (or  paid)  until  the  following  month. 


to  obtain  the  total  opportunity  oost  of  obtaining  cash. 

The  opportunity  cost  per  dollar  is  obtained  via  the 
following  reasoning:  The  firm  foregoes  interest  income  of 
$.00229  for  every  dollar  of  securities  sold.  However, 
the  loss  is  reduced  to  $.00104424  by  taking  into  account 
savings  on  taxes  and  dividends,  54-4^*$. 00229.  Since  the 
interest  income  would  normally  be  collected  in  cash  at  the 
end  of  the  month,  the  $.00104424  of  income  foregone  reduces 
the  end-of -month  cash  valance  by  $.00104424.  This  reduction 
in  cash  balance  violates  constraint  (6„l6)  (minimum  cash 
balance  constraint)  and  to  compensate  for  this  reduction 
the  firm  must  sell  an  additional  $.00104424  of  securities 
and  forego  (.00104424  x  .00104424)  dollars  of  net  interest 
income,  as  well  as  (.00104424  x  .00104424)  reduction  in  the 
cash  balance. 

The  total  reduction  of  net  profits  after  taxes  and 
dividends  resulting  from  this  sale  of  securities  needed 
to  obtain  an  additional  dollar  of  cash  13  given  by  the 
sum  of  the  infinite  series: 

.00104424  +  (.00104424)?...  =  =  *00104533 

Therefore  .00104533  appears  as  the  unit  opportunity  cost 
in  (6). 

Finally,  in  (7)  we  seo  that  the  net  effect  of  relaxing 
the  production  capacity  constraint  by  one  unit  is  equal  to 
the  difference  between  net  profit  (after  taxes  and  dividends) 
realized  from  the  sale  of  goods  and  the  opportunity  cost 
of  securing  additional  cash  required.  That  is,  $3.600576 
-  $.005640  =  $3.594936.  This  figure  is  precisely  equal 
to  the  dual  evaluator  associated  with  production  capacity. 

Notice^  in  particular,  now  that  any  one  dual  evaluator  provides 

the  opportunity  cost  information  that  is  relevant  when  every  possible 

transaction  is  altered  to  a  new  optimum  level  in  response  to  a 

change  anywhere  in  the  system.  This  is,  in  fact,  the  intended 
meaning  of  the  term  "mutatis  mutandis"  which  has  been  accorded 


V 
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to  this  way  of  reckoning  opportunity  costs,  in  contrast  to  other 
approaches  which  assume  that  only  a  few  variables  are  adjusted 
while  all  others  are  held  constant. 

The  range  in  which  the  dual  evaluator  is  valid  is  limited. 

For  example,  the  increase  in  the  production  capacity  contributes 
to  the  net  addition  to  retained  earnings  (A  Kg)  by  the  amount  of 

tup 

$3°59  per  unit  increment  in  the  production  capacity  only  to  a  given, 
limit,  of- s«fk  -Vferbi-n.  passing  that  limit,  the  further  expansion 

contributes  to  A  Kg  at  a  smaller  rate  and  eventually  the  contribution 
vanishes  at  a  cettain  point,  beyond  which  the  expansion  of  the 
production  capacity  has  no  effect  on  A  Kg  due  to  other  constraints 
which  make  the  production  capacity  constraint  redundant On  the 
other  hand,  a  decrease  in  production  capacity  results  in  a  decrease 
in  A  Kg  at  the  rate  of  $3 <>59  per  unit,  but  this  rate  increases  as 
we  decrease  the  production  capacity  beyond  a  certain  critical 
point,  and  keeps  increasing  each  time  the  production  capacity 
passes  a  cn'.tical  point  in  its  decreasing  process.  Such  critical 
points  and  changes  in  the  rate  can  be  calculated  by  the  simplex 


method  as  we  shall  show  in  the  next  section 
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5*  Feedbacks  for  Management 

A  number  of  variations  of  the  above  analysis  can  be  made 
based  on  the  same  model  with  minor  modifications.  Among  them 
we  shall  describe  two  examples  of  the  extensions  of  the  analysis 
in  the  previous  sections.  One  of  than  is  an  extension  of  the 
dual  evaluator  analysis  in  the  previous  section  by  means  of  the 
method  described  in  Chapter  IV  and  in  Appendix  C.  then,  we  shall 
show  the  second  example  of  possible  extensions  of  the  model  \>y  Tneto S 
of  a  so-called  "sensitivity  analysis"  of  a  linear  programming 
problem.  In  contrast  with  a  dual  evaluator  analysis  which  manipulates 
tfc« stipulation  level  of  a  constraint,,  i„e.  }  a  constant  din  the  right 
hand  side  of  an  inequality  in  (6.1)  -  (6.19),  a  sensitivity  analysis  — 

or  at  least  an  extended  sensitivity  analysis1  — 

^ee,  e.g. ,  Ghames  and  Cooper,  19^3» 

tries  to  manipulate  a  coefficient  in  a  constraint,  i.e.,  a  coefficient 
attached  to  a  variable  X^..  in  the  left-hand  side  of  a  constraint, 
to  see  the  effect  on  the  objective  function. 

1°  An  Extension  of  a  Dual  Evaluator  Analysis 

Let  us  proceed  "to  an  extension  of  the  dual  evaluator  analysis 
using  an  example.  As  mentioned  in  the  last  paragraph  in  the  previous 
section,  a  dual  evaluator  associated  with  a  constraint  dees  not 
remain  constant  for  all  possible  stipulation  levels  of  the  constraint. 
Take,  for  example,  the  constraint  (6.9)  which  limits  the  sales 
by  the  market  conditions, (I.e.  the  maximum  sales  volume  we  can 

attain  in  the  coming  month  is~  estimated  to  be  2,000,000  units. 
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or  $4,  200 , 000  at  the  standard  cost  of  goods  soldJ  The  dual  evaluator 
associated  with  this  constraint  at  the  optimum  solution  given  in 
Table  5  is  zero.  This  means  that  increase  or  decrease  in  this 
sales  estimate  by  one  dollar  does  not  affect  the  net  addition  to 
retained  earnings. 

Notice  that  X^,,  cost  of  sales  at  standard  cost,  is  constrained 
to  be  less  than  or  equal  to  $4,032,000  by  (6.10)  which  supersedes 
the  constraint  (6„9).  Furthermore,  by  (6.17)  X^  plus  the  minimum 
inventory  level  at  the  end  of  the  period,  i.e„,  $3,570,000,  VflUjfc  fnyedter 
be  greater  than  or  equal  to  the  production  during  the  period 
( X^,;/  +  XGE  or  2.1  XG{.  by  (6.6))  plus  the  beginning  inventory, 

$4,032,000.  However,  since  the  production  volume  (represented  by 
XqK)  is  limited  to  $1,300,000  (at  material  cost)  by  (6.7),  this 
puts  a  constraint  on  which  requires  it  to  be  at  most  equal  to 
$3,192,000  (XRG  +  3.570,000  <  2.1  x  1,300.000  +  4,032,000).  This  clearly 
supersedes  (6.10)  and  of  course  (6.9)  which  we  are  interested  in. 

However,  this  redundant  sales  constraint  (6,9)  becomes  an 
effective  constraint  if  by  a.  change  in  the  market  forcast  the 
estimated  maximum  sales  is  reduced  belaid  $3,192,000,  making  the 
production  constraint  (6,7)  redundant.  Then  the  dual  evaluator 
associated  with  (6.9)  beoomes  no  longer  equal  to  zero.  It  becomes 
equal  to  $1.7118742  for  $1  increment  in  cost  of  sales  at  standard 
cost.  Since  the  standard  cost  of  the  finished  goods  is  $2.1  per 
unit,  this  means  that  one  unit  increase  or  decrease  in  the  sales 

O 
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Unit  will  bring  $30^936  (=  $1., 7118742  x  2d)  increase  or  decrease 
in  the  net  addition  to  retained  earnings,  provided  the  current 
sales  limit  is  less  than  $3,192,000=  It  may  be  clear  from  Table  VI ~8 
that  this  is  precisely  equal  to  the  dual  evaluator  associated 
with  the  production  constraint  (6„7). 

If  the  current  sales  limit  is  exactly  $3,192,00^  the  dual 

evaluator  associated  with  this  constraint  i3  two-fold;  i,e. ,  for 

any  Increase  in  the  sales  limit,  the  net  addition  to  retained 

earnings  i3  not  affected  due  to  the  production  constraint  (6=7) 

together  with  the  minimum  inventory  balance  constraint  (6„17), 

whereas  for  any  decrease  in  the  sales  limit  the  net  addition  to 

retained  earnings  is  reduced,  .by  $1.7118742  per  $1  decrease  in  the 

sales  limit.  That  is,  the  dual  evaluator  is  zero  for  increment, 
a 

and  $1.7118?42  for  decrement  in  the  sales  limit  if  the  current  sales 
limit  is  exactly  at  $3,192,00©. 

This  value  of  dual  evaluator  remains  constant  for  further 
reductions  in  the  sales  limit  until  ,000  I?  ftA-'Vd  at  Vikick 
the  dual  evaluator  is  increased  to  $1» 7124218.  To  see  the  reason 
for  this  change  let  us  analyze  the  production  side  of  the  problem. 

As  we  decrease  the  sales  limit  further,  the  production  volume 
is  also  decreased  since,  as  we  shall  see  later,  any  surplus  production 

A 

causes  decrease  in  the  net  addition  to  retained  earnings.  Let  us 
analyze  how  much  the  latter  i.S  decreased  by  one  unit  of  surplus 
production,  i.e.  inventory  at  the  end  of  the  period  over  and  above 
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the  minimum  inventory  level  imposed  by  (6,1?) o  For  one  unit  of  surplus 
inventory,  we  have  to  purchase  one  dollar  worth  of  materials  (or 
reduce  the  material  inventory  by  the  same  amount)  and  pay  conversion 
costs  of  $1.1.  {'leithey'"  is  ar\  expense  Chargeable  to  the  current 
period.  However,  we  have  to  consider  "the  implications  for  interest. 

The  material  purchase  cost  need  not  be  paid  in  this  month  since 

4 

the  firm  has  30  day  credit.  But  the  firm  ha3  to  pay  the  conversion 

cost  of  $1.1  by  the  end  of  the  month  if  they  want  to  avoid  paying 

3°C'9$  interest  on  overdue  amount  dfA  HhS  happens  to  be  the  most  expensive 

way  of  financing.  Here  again  the  least  expensive  way  of  financing 

is  to  sell  Securities  1 44  net  addition  to  retained  earnings 

by  $0.00104533  for  each  dollar  sales  of  securities,  or  $0.00114986 

for  $1.1  sales  of  securities.  This  is  the  opportunity  cost  of 

producing  one  unit  of  product'  for  inventory  accumlation.  Or  stating 

the  matter  differently,  this  is  the  opportunity  saving  which  will 

be  obtained  whenever  we  reduce  the  production  volume  by  one  unit 

the 

if  we  set  aside  its  effect  on  marketing  side  of  the  probleip. 

As  we  decrease  the  sales  limit,  we,  at  the  same  time^  decrease 
the  production  volume  so  that  the  ending  inventory  is  always  at  A 
minimum  (see  (6.1?).  By  doing  this  we  can  save  the„ loss  from  decreased 
sales  by  $0.00114986  per  unit  decrease  ivi  sales  or  $0.00054755  per 
dollar  decrease  in  cost  of  sales.  This  has  already  been  taken 
into  account  in  the  dual  evaluator  for  462,000  <  X^,  <  3.192,000, 
i.e. ,  $1.7118742,  since  the  dual  evaluator  is  the  result  obtained 
when  everyth \ ng.  is  adjusted  optimally.  Notice  that  at  XRq*462,000, 
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optimum  (or  minimum)  =  o.  That  is,  the  sales  can  be  made 
entirely  from  the  beginning  inventory  without  violating  the 
inventory  balance  constraint.  Since  the  production  volume  has 
already  been  puchec.  down  to  zero,  the  savings  which  have  been  obtained 
from  reducing  the  production  volume  vanishes.  This  means  that 
any  further  reduction  in  the  sales  limit  will  reduce  the  net 
addition  to  retained  earnings  by  $1  <>7124218  (»  $1.7118742  +  $0$X>54755) 
per  dollar  decrease  in  cost  of  sales  or  by  $3.596086  (=  $3.594936 
+  $0,.G0114986)  per  unit  decrease  in  sales  volume.  The  latter  figure 
may  be  obtained  directly  from  Table  VI-?  \y  eliminating  (5a). 

In  summary,  a  dual  evaluator  is  a  step  function  of  a  stipulation 
leva?,  as  we  have  observed  in  the  above  specific  example.  We  next 
proceed  to  Hiatt  a  managerial  use  of  tfe  dual  evaluator  thus  explored 
for  all  possible  ranges  of  the  stipulation  level,  in  the  following 

•ray 

t 

We  'enow  that  at  =$3,192,000  the  net  addition  to  retained 
earnings  (4  Kg)  is  $4,166,665.  We  also  know  that*one  dollar  decrease 
in  *f:G  results  in^deerease  {tr  A  Kg  of  $1. 7118742,  until  reaches 
$462  000,  Bayond  tfiis'fsiat  the  decrement  in  A  Kg  is  changed  to  $1.7124218 
per  dollar  decrease  in  From  we  construct  a  chart  which 

shows  the  relationship  between  the  sales  limit  and  the  net  addition 
to  retained  earnings,  or  equivalently,  the  relationship  between 
Xp£r  and  A  Kg  when  everything  is  adjusted  in  such  a  way  that  A  Kg 
is  maximum  under  the  given  conditions.  This  relationship  between 
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and  maxinum  A  Kg  is  given  by  the  upper  line  re^raents  in  the 

following  diagram-  The  scale  on  the  horizontal  line  has  been  adjusted 

to  represent  physical  sales  volumes  rather  than  co3t  of  sales- 

Met  Addition  to 
Retained  Earnings 

$4,167 

4,045 


2,297 

2,176 


-507 

-1,298 

-1,419 

Figure  VI~1 

Relationship  between  Sales  Volume 
and  Net  Addition  to  Retained  Earnings 

The  lower  line  of  Figure  VI-1  was  prepared  as  follows: 

Suppose  that  the  management  of  this  firm  wants  to  know  what  the 

situation  would  be  if  their  subordinates  take  the  worst  possible 

course  of  action  they  can  do  without  violating  the  constraints 

imposed  upon  them.  This  means  that  management  wants  to  know  how 
much  the  subordinates  can  push  AK£  down  if  they  try  to  minimize  it- 
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To  derive  this,  we  need  to  replace  the  minimum  cash  balance 
constraint  (6.16)  by  a  maximum  cash  balance  constraint  such  as 

(6.16a)  XCQ  +  XCR  +  XCL  +  XCE  -  Xgg  -  XpC  -  X^  -  Xj^  <  8,000,000  -  Kc, 
in  which  the  maximum  cash  balance  is  constrained  to  be  at  most 
equal  to  $3,000,000.  Then  we  replace  the  objective  function  (6.20) 
by  its  negative 

(6.20a)  Maximize  (-  A  Kg  =)  -  XCE  -  -  X^  +  XgF  +  Xgp  +  XgD 

which  is  equivalent  to 

(6.20b)  Minimize  (  A  ^  =)  XCE  +  X^  +  XQE  -  XEp  -  Xgp  -  X^. 

The  minimum  value  of  JL  Kg  is  -  $1,419,050,  which  is  derived  by  making 
no  sales;  maximum  production  for  surplus  inventory;  no  collection 
of  accounts  receivable;  no  payments  on  accounts  payable  incurring 
interest  penalty,  maximum  amount  of  investment  on  government  securities 
(which  has  die  least  interest  rate  among  111  methods  of  financing 
and  maximum  amount  of  borrowing  from  a  bank  without  violating  the 
maximum  cash  balance  constraint. 

Now  let  us  change  the  sales  limit  constraint  (6.9)  to 
(6.9a)  ^>0 

The  dual  evaluator  associated  with  (6.9a)  when  the  new  problem 
in  which  (6.9)  is  replaced  by  (6.9a)  is  solved  is  -  $1.7117638. 

This  means  that  when  the  minimum  sales  limit  in  (6.9a)  is  increased 
by  one  dollar  -  A  Kg  is  decreased  or,  equivalently,  A  Kg  is  increased 
by  $1.7117638.  This  dual  evaluator  does  not  change  for  any  value 
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of  Xj^  in  the  range  of  0  <  192,000 ,  and  for  X^,  >  3.192,000 

the  problem  becomes  un solvable.  From  this  information  we  derive 
the  lower  line  in  Figure  VI-1. 

Notice  the  significance  of  the  information  that  this  chart 
conveys.  For  example,  suppose  that  management  observes  an  actual 
sales  volume  of  1,000,000  units.  Then,  it  can  be  sure  that  no  matter 
how  badly  subordinates  operate  their  divisions,  the  management 
is  guaranteed  that  the  net  addition  to  retained  earnings  is  at 
least  as  great  as  $2,176,000.  Alternatively  no  matter  how  well 
the  subordinates  operate  their  divisions  the  net  addition  to  retained 
earnings  is  at  most  $2,297,000.  Of  course,  it  is  necessary  to  Tnalre. 
sure  that  none  of  the  constraints  imposed  upon  subordinates  are  violated. 
But  if  this  can  be  checked,  e.g.,  by  auditing  and  other  internal 
control  devices,  the  management  can  rely  on  the  sales  volume  as  a  quick 
measure  of  the  net  addition  to  retained  earnings. 

On  the  other  hand,  if  management  is  concerned  with  the  breakeven 
point,  this,  too,  can  be  translated  into  a  range. for  the  sales  volume 
by  means  of  this  chart.  In  this  case,  the  "breakeven  sales  range" 
is  between  360,000  units  and  395,000  units.  This  means  that  if 
the  sales  volume  is  less  than  360,000  units,  the  management  can  be 
sure  that  the  breakeven  point  has  not  been  attained,  whereas  if  the 
sales  volume  is  greater  than  395,000  units,  it  is  sure  that  the 
breakeven  point  has  been  attained.  Therefore,  Ait  is  management!' s  goal  to 
attain  the  breakeven  point  (which  is  a  "satisficing"  goal),  it  can  be 
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translated  into  a  sales  volume  which  is  given  to  his  subordinates 
as  their  goal..  He  may  use  the  minimum  sales  volume  (360,000) 
or  the  maximum  sales  volume  (395,000)  or  any  figure  in  the  range 
for  the  breakeven  sales  volume  for  this  purpose,  depending  upon 
whether  he  i3  optimistic  or  pessimistic  about  the  behavior  of  his 
subordinates, 

ijff. 

Note  that  process  of  deriving  Figure  VI-1  discussed  in  the 
above  is  only  intended  to  describe  the  nature  of  the  result  in 
Figure  VI-1,  M  it  do  es  not  mean  that  we  have  to  go  through  all  these 
elaborate  computations.  By  using  the  algorithm  described  in  Appendix  C, 
we  can  derive  all  needed  information  through  a  computer  with  minor 
modifications  in  a  machine  program  for  the  simplex  method,1 


H/e  have  developed  the  above  analysis  assuming  that  negative 
income  taxes  and  negative  dividends  can  be  interpreted  aB  deductions 
from  the  beiming  balance  of  Dividends  and  Taxes  Payable  account, 
since  the  beginning  balance  of  this  account  (Kq  =  2,922,000)  is 
large  enough  to  cover  negative  dividends  and  taxes  generated  by 
even  greatest  possible  deficit  in  the  current  period,  i,e.  the 
maximum  deficit  before  taxes  and  dividends  $3,112,000  ($1,419,050 
/.456Jt  (from  which  negative  taxes  and  dividends 

which  offset  previous  accruals)  are  calculated  as  $1,693,000 
($3,112,000  x  .544),  However,  if  this  is  not  permfiiiWe,  we  can 
represent  the  asymmetric  behavior  of  income  taxes  and  dividends 
by  means  of  .  methods  described  in  Chapter  II,  Section  4  and  in 
Chapter  III.  See  also  Charnes  and  Cooper,  1961. 


2.  A  Sensitivity  Analysis 

We  now  move  to  a  sensitivity  analysis  of  the  problem,  manipulating 
tlie  selling  price  of  the  product  3S  '  incorporated  in  the 
linear  programming  formulation  through  the  constraint  (6.5). 
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We  shall  analyze  the  relationship  between  selling  price  and 
sales  volume  when  everything  is  adjusted  optimally 

to  attain  the  maximum  net  addition  to  retained  earnings  as  follows. 

Let  q  be  the  sales  volume  in  physical  unit  and  p  be  the  selling 
price  of  the  product.  To  save  space,  we  shall  give  only  the  result 
of  our  computation  which  shows  the  relationship  between  p  and 
q  when  everything  is  adjusted  optimally: 

For  0  <  q  <  220,000 

(6.21)  p  =  11,998.636  2.1 

and  for  220,000  <  q  <  1,520,000 

(6.22)  p  =  11,998,013  i  +  2.10252 

That  is,  a  coefficient  in  a  constraint  (the  coefficient  3°?6  in 
(6.5)  which  was  transformed  into  p)  i3  now  represented  by  a  piecewise 
linear  function  of  the  inverse  of  the  stipulation  level  (the  stipulation 
in  (6.5)  transformed  into  sales  volume  q») 

For  a  practical  range  of  p  (e.g.  p  <  20  —  note  that  the 
current  selling  price  is  $10  or,  more  precisely,  $9^996) ,  the  following 
chart  was  prepared  from  (6.22). 


520,655 


q 


Figure  Vl-2 

Selling  Price  and  Sales  Volume 
at  Optimum  Solutions: 

An  Iso-Profit  Curve 

The  significance  of  this  chart  may  be  seen  as  follows-  Any  point 
on  this  curve  shows  a  selling  price  and  sales  volume  pair  h ffcfk 

attains  exactly  the  same  amount  of  the  net  addition  to  retained 
earnings  as  given  in  Table  Wr£  which  is  the  maximum  attainable 
amount,  when  p  =  9»996»  assuming  that  everything  is  adjusted  to 
attain  maximum  addition  to  retained  earnings  under  the  given  constraints. 
This  means  that  if  the  management  can  find  a  selling  price  at 
which  the/  sure  th  at  the/  can  sell  more  than  the  sales  volume  indicated 
by  the  curve,  the  selling  price  has  to  be  adjusted  to  that  new 
price  since  this  action  will  bring  greater  profit.  That  is,  . 

when  a  dan  and  curve  of  the  product  is  superimposed  upon  this 
iso-profit  curve,  any  point  in  the  demand  curve  which  lies  above 
the  iso-profit  curve  shows  a 
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preferable  selling  price  than  the  current  selling  price  of  $9*996. 

7*1 

This  kind  of  a  sensitivity  analysis  can  be  extended  various 
directions,  including  a  sensitivity  analysis  on  cost  factors  which 
will  help  management  in  setting  up  standard  costs.  We  obviously 
cannot  shows  all  such  possibilities  of  sensitivity  analyses  for 
managerial  uses  in  this  section.  But,  a3  the  preceding  discussion 
at  least  indicates,  this  kind  of  byproduct  from  our  linear  programming 
spread  sheet  model  at  least  warrants  further  accounting  research 
looking  towards  its  practical  use  by  management. 
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6„  Multiple  Period  Model 

Following  the  analyses  of  a  single  period  model  of  spread 
sheet  planning  developed  in  the  previous  sections,  we  shall  discuss 
some  of  the  implications  of  extending  the  model  to  a  multiple 
period  model  of  spread  sheet  planning* 

X*  Goals 

As  we  have  discussed  in  the  earlier  chapters,  we  can  incorporate 
a  variety  of  goals,  single  or  multiple,  optimising  or  satisficing, 
into  our  spread  sheet  planning  model*  For  example,  the  goal  may  be 
to  maximize  the  preeent  value  of  the  discounted  future  net  income 
after  taxes,  or  it  may  be  to  achieve  the  profit  level  at  least  as 
great  as  a  target  profit  level  in  each  period*  In  the  former  case 
we  will  need  to  specify  the  discount  rat®  to  be  used,  even  though  the 
effect  of  changing  the  discount  rate  on  the  solutions  may  be  analyzed 
by  means  of  a  sensitivity  analysis  as  discussed  in  the  previous 
section*  In  the  latter  case  we  need  not  specify  the  discount  rate, 
or  we  can  use  the  consequences  of  a  dual  evaluator  analysis,  if  we 
like,  to  study  the  discounting  implied  by  any  such  target* 

If  satisfying'  multiple  goals,  (e*g*,  achieving  a  profit 
level  at  least  as  groat  as  a  specified  minimum  profit  level  in  each 
period),  are  found  to  be  incompatible,  then  we  may  proceed  to  an 

ordering  of  the  goal  of  profit  level  achievement  in  each  period* 

The  management  may  be  concerned  with  achieving  a  satisfactory  profit 

level  in  the  current  period  at  the  expense  of  unsatisfactory  profit 
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levels  in  the  future  periods ,  or  it  nay,  in  some  eases,  assume 
the  reverse  point  of  view. 

Furthermore,  a  management  may  also  respond  as  it  sees  same 
degree  of  substitutability  between  the  goals  of  the  satisfactory 
profit  level  achievement  in  each  period  in  a  dual  evaluator 
analysis o  Ncr  need  it  accept  the  dual/values  per  ee.  The  goals 
may,  instead,  be  weighted  according  to  what  the  management  considers 
the  relative  degree  of  ''regret"  as  we  have  discussed  in  Chapter  III. 
Notice  that  in  such  a  weighting  we  need  not  be  concerned  with  the 
discount  factor  for  the  income  stream,  since  if  we  like,  an  external 
market  interest  rate  on  investment  may  be  incorporated  in  the  model 
by  means  of  a  eet  of  constraints  (e.g.,  the  constraint  (6.2)). 
or  in  the  functional,  when  the  opportunities 

of  outside  borrowing  and  lending  are  to  be  considered. 

Therefore,  in  setting  up  the  management  goals  for  our  model  we  need  not 
be  constrained  by  such  unduly  narrow  concepts  like  maximizing  the 
discounted  future  income  stream^  relative  to  only  one  rate  of  intez*eet 
over  all  periods,  though  this  may  certainly  be  a  valid  goal  in  some 
situations. 

1/  Actually  recent  studies  have  begun  to  reverse  earlier  econometric 
findings  on  the  insignificance  of  interest  rates  as  economic 
magnitudes  only  by  introducing  balance  sheet  considerations  via 
such  ideas  as  maintenance  of  an  optimum  portfolio  of  fixed  asset 
relations.  See,  e.g„,  F„  Hammer,  1963. 
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2,  Subgoal 

In  order  to  extend  our  single  period  model  to  a  multiple 
period  model  for  n  periods,  we  need  to  increase  the  number  of  spread 
sheet  variables  at  least  by  a  factor  of  n«  It  may  need  to  be  increased 
more  if  the  nature  of  the  constraints  require  finer  divisions  of  the 
spread  sheet  variables  ^  On  the  other  hand,  it  may  be  decreased 


1/  There  are,  however,  possible  compensations  via  Improved  algorithms , 
See,  e,g,,  ChameB  and  Cooper,  1961,  Appendices  F  and  G,  or  G„  B„ 
Qantzig  and  P»  Wolfe,  I960, 


by  means  of  grouping  the  variables  and  simplifying  constraints  for 
remote  future  periods  if  the  management  is  more  concern’d  with  the 
goals  for  the  current  and  nearby  future  periods, 

3-  Constraints 

In  a  multiple  period  model,  we  have  two  types  of  constraints, 

"intra-period"  constraints  and  "inter- periods"  constraints.  The 

former  are  represented  by  constraints  on  operations  in  a  given  period, 

whereaB  the  latter  are  represented  by  constraints  connecting  the 

operations  in  more  than  one  period. 

Let  x  be  the  vector  for  the  spread  sheet  variables  in  the 
th 

k  period,  and  let 

Bkxk  <  hk  (k  *  1,  2,  , 


(6,23) 


n) 
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be  the  "intra -period"  constraints  for  the  kth  period.,  Here  we 
employ  matrix  notation  so  that  we  can  thereby  avoid  a  multiplicity 
of  subscript.  Then  we  can  in  this  notation  let 


(6.2 L:) 


n 

21 

k=l 


Ak/*k 

B  x 


A 

^  6 


be  the  "inter-period*  constraints  over  all  periods ^ 
In  this  approach  we  -would  have 
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A  particular  kind  of  inter-period  constraint  relation  is  of 
interest  to  us  because  these  arise  as  constraints  on  asset-aquity 
balances,  (e.g,,  (6„l6)  «=>  (6.19))  in  spread  sheet  balances..  These 
may  be  represented  as  follows: 

(6.25)  Z.  ^ik*h3  (J  -  Ip  2,  ....  n)o 

k-1 

If  we  new  introduce  these  between  (6.23)  and  (6.24) the  matrix, 
with  these  submatrices  as  its  elements,  becomes 
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4o  Solutions 

Solutions  frost  the  multiple  period  model  may  be  used  in 
a  variety  of  ways,  some  of  which  have  already  been  discussed 
in  Section  3„  They  may  be  used  to  prepare  projected  balance  sheets 
and  income  statements  for  each  period  under  consideration „  Also  the 
solutions  obtained  for  the  components  of  any  x*^  may  be  given  to  the 
subordinates  ae  targets  in  particular  periods „  In  the  latter 
caae,  we  may  discard  the  values  of  the  spread  sheet  variables  for 
the  future  periods  derived  by  a  solution  and  focus  on  the  epread 
sheet  variables  only  for  the  current  periodo  Then,  at  the  end 
of  the  current  period/we  .review  the  constraints  and  goals,  modify 
the  formulation,  solve  the  new  problem,  and  then  use  the  values 
thus  determined  for  the  spread  sheet  variables  only  for  the 
current  period  at  that  tirae0^ 

*This,\.~  to  be  sure,  will  generally  be  only  a  sub-optimization  in 
the  sense  of  C.J.  Hitch  (1953)  —  but  the  dual  evaluator  analysis  can  also 
play  a  significant  role  here  in  reducing  the  degree  of  sub-optimization. 
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5°  Analyses 

The  dual  evaluator  analysis  and  its  extension  as  well  as 
the  sensitivity  analysis  elaborated  in  the  previous  two  sections 
can,  of  courses  also  be  applied  to  the  multiple  period  model, 
tooc  Furthermore,  the  concept  of  "transfer  pricing”  can  also  be 
applied  to  the  multiple  period  model,  since  the  balances  of  assets 
equity  accounts  at  the  end  of  the  ktfl  period  are  mathematically  the 
same  as  products  transferred  from  the  kth  division  to  the  (k+l)8t 
division  in  the  linear  programming  formulation,^  Thus,  7  accounting 

1/  Refer  toWiinston,  1962,  for  the  discussion  of  transfer  prieingo 

O 

theory  of  asset  valuation  based  on  opportunity  costs  can  readily 

be  developed  in  this  direction,  and,  moreover,  this  can  be  done  by 

(a )  introducing  ordinary  accounting  costs,  considered  ae  projected 

outlays,  into  the  direct  model,  while  (b)  securing  the  corresponding 

opportunity  costs  from  the  results  of  formulation  and  solving  a 

corresponding  linear  programming  model »  On  the  other  hand,  this  does 

not  mean  that  all  aspects  of  current  procedures  should  be  observed,. 

The  usual  distinctions  between  capital  and  operating  budgets  are  a  case  in 

be 

point 0  This  distinction  may  best yviewed  as  one  which  arises  because 
of  the  limited  ability  of  current  accounting  procedures  when  confronted 
with  large  and  complex  problems  involving  many  interacting  variables „ 


C  ) 
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It  ifj  not  something  which  is  required  by  the  logic  of  double 
entry  accounting  dot  ee 

6„  Capital  budgeting 

While  we  cannot  exhaust  here  all  possibilities  of  the 
analyses  of  a  multiple  period  model  for  spread  sheet  planning, 
we  shall  discuss  briefly  one  further  important  direction  in 
terms  of  possible  applications,. 

Let  us  consider  a  set  of  plans  for  the  expansion  of  production 
capacities,.  Vie  assume  that  the  production  capacity  constraints 
have  already  been  incorporated  in  the  model  as  "intra-period"  con- 
stralntSj,  e,g„,  (6.7).,  We,  then,  decompose  the  related  fixed 
asset  accounts  (and  consequently  spread  sheet  variables,  too) 
to  provide  enough  detail  so  that  the  dollar  value  of  the  assets  can 
be  related  with  sufficient  closeness  to  the  production  capacity 
alterations  being  considered.  Once  we  have  prepared  a  decomposed 
spread  sheet  variable  which  represents  the  relationship  between 
a  dollar  value  increment  and  a  production  capacity  increment,  we 
can  incorporate  the  variable  into  the  production  capacity  constraints 
with  an  appropriate  coefficient  for  the  conversion  of  a  dollar 
value  increment  into  a  production  capacity  increment. 
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For  example*  in  our  single  period  mode],  developed  in  Section  2, 

suppose  that  the  fixed  assets  consist  of  a  set  of  homogeneous 

machines,  and  that  an  addition  of  one  unit  of  machine  which  costs 

$100,000  increases  the  monthly  production  capacity  by  5.000  units, 

or  $5 a 000  of  raw  materials  at  standard  cost.  If  we  represent  any 

th  k 

amount  of  machine  purchases  in  the  k  period  by  Xpp,  then  the 
production  capacity  constraint  (6,7)  for  the  j  period  may  be 
changed  into 

(6.7a)  X£„  -  .05  Z^~  x£p  <  1.300.000.  (j  =  1.  2,  ...  n) 

If  we  want  to  impose  a  time  lag  between  the  period  of  purchase  and 
the  period  in  which  the  production  capacity  increase  is  effected, 

we  may  represent  this  by  the  following  consti’aint 

j-s 

(6.7b)  X^M  -  .05  <  1.300,000  (j  »  1.  2,  ...  n) 

where  s  is  the  number  of  periods  of  time  lag  and  XFP  —  0  for 
k  £  0„  In  an  entirely  analogous  way,  a  decrease  in  production 
capacity  due  to  the  disposal  of  the  machines  may  also  be  effected. 

Of  course,  in  raaiy cases,  the  purchases  of  a  fractional  unit 
of  machine  does  not  have  any  meaning,  but  this  may  be  adjusted  by 
applying  techniques  similar  to  the  one  used  in  dealing  with  fixed 
costs  in  Chapter  II  or  by  so-called  diophantine  (integer)  linear 
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pro gra a ir j  _ng  techniques  Also  ,  If  the  rela  tionship  between  the 


1/  C.fc  C names  find  Cooper,  1961c  Also  see  Weingartner,  1961c 


dollar  Increment  of  the  fixed  assets  and.  the  production  capacity 
increment  is  not  linear,  the  method  described  in  Chapter  II  for 
dealing  with  a  piecewise  linear  cost  curve  can  be  applied  here,  In 
addition,  if  we  ara  interested  in  a  particular  investment  plan  which 
will  result  in  an  expansion  of  the  production  capacity  or  in  cost 
savings,,  the  dual  evaluator  analysis  and  its  extensions;  as  well  as 
the  sensitivity  analysis  (on  cost  factors),  which  have  been  die™ 
cussed  in  the  previous  sections  should  supply  Valuable  information 
for  the  decision  making  about  the  investment „ 

In  summary,  a  multiple  period  model  of  spread  sheet  planning 
carries  with  it  the  implication  that  capital  budgeting  and  operating 
budgeting  are  to  be  considered  simultaneously »  That  is,  the  model 
derives  the  solutions  which,  among  various  alternatives  for  capital 
budgeting  and  operating  budgeting,  give  us  the  minimum  degree  of 
"regret"  in  the  management  goals c  It  therefore  instructs  uo  to 

1 

invest  only  after  taking  into  account  such  factors  as  depreciation, 

o—  *■*"  V  ~  ~ W  '  1  '  "  ’  ' 

'''Or,  rather,  its  funds-flow  consequences- 

income  taxes,  investment  alternatives,  sales  constraints,  as  well 
as  management  goals  and  management  utility  (degree  of  regret) 
in  the  attainment  of  the  goals,  not  all  of  which  are  considered 
in  an  ordinary  capital  budgeting  procedure^  Thus,  by  means  of  such 
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a  multiple  period  model  as  described  above,  the  usual  artificial 
separation  of  the  two  types  of  budgets,  capital  budget  and  operating 
budget,  is  avoided  and  the  funds  flow  consequences  can  then  be  con¬ 
sidered  across  se  well  as  within  these  budget s° 
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SUMMARY  AND  CONCLUSION 

lc  Summary  of  the  Results  of  the  Studies 

In  this  concluding  chapter,  we  shall  first  briefly  suiimarlze 
the  results  obtained  from  our  studies  and  the n, in  the  next  section, 
we  shall  attempt  some  assessment  of  existing  accounting  practices 

at  least  as  we  have  experienced  them  or  read  about  them  <==  in 
order  to  determine  how  they  are  functioning  aa  "management  informa¬ 
tion  systems”  and  then,  finally,  to  suggest  possible  ways  in  which  they 
might  bo  improved  for  the  latter  purpose. 

Using  numbers  in  parentheses  to  refer  to  the  chapter,  section, 
and  subsection,  (in  this  order),  in  which  a  result  is  discussed, 
we  summarize  the  main  results  of  our  studies  as  follows : 

1,  A  planning  process  may  be  characterized  as  a  translation 
of  a  3at  of  given  goals  into  a  set  of  subgoals  which  are  more 
operational  and  controllable.,  (l-2»  II-l-(l))  „ 

2o  Goals  may  be  "optimising"  or  "satisficing, "  and  single 

or  multiple*,  (ill-(l) ) , 

3 ,  Breakeven  analysis  may  be  viewed,  essentially,  as  a  way 
to  translate  a  goal  (profit  level)  into  a  more  operational  subgoal 
(sales  volume) a  It  carries  with  It  the  notion  of  satisficing  (no- 
profit  no-losa  point),  (II~1~(1))  „ 
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4°  The  breakeven  model  can  be  extended  to  a  piecewise 
linear  breakeven  model  which  takes  into  account  nonlinear  revenue 
and  cost  curves,  A  nonlinear  coat  curve  may  contain  such  factors 
as  fixed,  variable,  eemi~fixeds  and  serai-variable  coats,  but  these 
can  all  be  represented  by  a  set  of  "variable  cost  components," 

(lI-l-<2))„ 

5o  Such  piecewise  linear  representations  are  possibly  more 
closely  akin  to  accounting  rather  than  economics  models  and  modes 
of  analysis.  But  this  does  not  mean  that  basic  ideas  in  economics 
which  are  potentially  useful  need  to  be  abandoned.  This  is  illus¬ 
trated  by  the  idea  of  elasticity  of  demand  which  has  been  developed 
in  economics.  Piecewise  linear  models  cause  difficulty  with  the 
ordinary  constructs  which  are  not  defined  at  kinks  in  a  piecewise 
linear  total  revenue  curve.  But  this,  too,  may  be  viewed 
only  as  a  methodological  difference.  The  basic  idea  nay  be  preserved 
by  suitable  moans.  This  leads  to  ideas  like  our  concept  of  "marginal 
revenue  head."  (il-i-C 3))» 

6,  Models  for  a  planning  process  which  involves  translation 
of  a  single  goal  into  multiple  subgoals,  may  be  treated  by  means 
of  generalized  inverses  and  goal  programming,  (II-3,  11-4)=.  This 
extends  to  constraints  imposed  on  subgoals  as  well  as  the  constraints 
which  operate  on  the  goals.  The  two  may  be  simultaneously  treated 
and  contradictions,  if  any,  resolved  by  various  minimization 


measures 
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7o  Varying  the  functional  in  a  goal  programming  model 
produces  various  types  of  goal  orientation*  satisficing* 
optimizing,  eta,  (III--2), 

80  Medals  for  multiple  as  well  as  single  goals  may  be 
treated  in  these  same  kinds  of  functional  representations, 

(III-3-2.,  III-4-1), 

9,  When  multiple  goals  are  incompatible,,  the  goal  programming 
model  and  generalized  inverse  models  both  minimize  the  deviation 
from  goal  levels.  In  the  goal  programming  model  the  deviation  is 

defined  as  the  sum  of  the  absolute  value  deviations  for  each  goal. 

In  the  generalized  inverse  model  the  deviation  ie  defined  as 
"Euclidean  distance"  —  minimum  sum  of  squares.™  from  the  goal 
levels,  ( (III~4-(2)). 

10,  Treatment  of  goal  Incompatibilities  is  not  restricted  to 
a  scalar  treatmact  and  commeiisurability  of  different  goals.  Models 
may  be  constructed  which  incorporate  an  "ordering"  of  multiple 
goals  without  raising  issues  of  goal  coraraensurability,  Alternatively 
a  "weighting"  of  multiple  goals  may  be  used  as  when  the  commensurability 
of  goals  is  derived  by  means  of  the  degree  of  management " 8  relative 
"regret"  on  one  unit  of  unsatisfactory  deviation  from  the  goal  level, 

(ill— 3-=(3 )  3  III-4-“(3))o  Such  a  relative  "regret"  may  also  depend 

upon  the  actual  distance  from  the  goal  level,  in  which  case  a  step  function 

may  be  incorporated  in  the  goal  programming  model,  (III~3~(3))° 
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3.1  j  Accounting  processes  are  assessed.  end  studied  relative 
to  the  subject  of  -indicators”  on  goals  and  subgoals  at  both  planning 
and  control  stages  These  indicators  are  related  to  elements  in  a 
vector  w,  a  matrix  C9  and  to  a  vector  x  for  subgoal  variables „ 

( IV-2 ) o 

3.2,  If  the  goal  variables  represented  by  a  vector  v  is 
related  to  the  subgoal  vector  x  by  Ax  “  v,  with  A  a  matrix  conformable 
to  x,  and  if  this  indicator  vector  w  is  related  to  this  same  subgoal 
vector  x  by  Gx  =•  v  the  necessary  and  sufficient  condition  for  v  to 
be  a  unique 3. y  determined  function  of  w  only  is  that  each  row  of  A 
is  expressible  as  a  linear  combination  of  the  rows  of  Co  If  an 
indicator  or  a  set  of  indicators  satisfies  this  condition  it  is 
called  a  ''perfect"  indicator  or  a  "perfect"  indicator  set,,  (IV-3)  „ 

13 o  "Imperfect  indicators"  are  the  class  of  all  indicators  that 
are  not  perfect,  "his  is  studied  relative  to  possible  constraints 
that  my  be  imposed  in  order  to  narrow  the  range  of  goal  indicator 
discrepancy  The  maximum  and  the  minimum  value  of  the  goal  level  at 
each  indicator  value  can  be  represented  by  an  "indicator-goal  control 
chart.-"  (XV«4), 

lk,o  Such  a  chart  can  be  produced  by  a  mapping  of  the  original 
convex  sot  (generated  by  a  set  of  constraints  on  the  subgoal  variables) 
over  the  two  dimensional  space  of  indicator  values  and  goal  levels. 

An  algorithm  to  perform  such  a  mapping  and  generate  all  the  extreme 
points  in  the  mappod  convex  set*  from  which  an  "indica tor-goal  control 
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chart"  can  be  prepared,  is  developed  in  Appendix  C„  The  chart  may 
also  be  prepared  as  an  extension  of  a  dual  evaluator  analysis. 

(VJ-5-U)}. 

15.  This  indicator-goal  control  chart  can  tell  management 
(i)  at  any  value  of  the  indicator  how  much  they  have  attained, 
in  terms  of  the  goal,  at  best  and  at  worst,  (ii)  for  any  given 
goal  level  what  value  of  the  indicator  guarantees  that  the  goal 
level  has  been  attained  and  what  value  of  the  indicator  guarantees 
that  the  goal  level  has  not  been  attained,  and  (iii)  if  a  subordinate's 
goal  is  taken  as  an  indicator,  whether,  and  by  how  much,  management 
goals  and  subordinate's  goals  may  be  in  conflict.  (IV-4,  VI-5-(l))o 

l6„  Choice  of  an  indicator  for  any  given  goal  depends  upon 
the  goal  function  and  the  constraints  imposed  upon  the  subgoal  var¬ 
iables.  In  order  to  aid  in  dealing  with  this  kind  of  problem 
an  "indicator-goal  divergence  coefficient,"  or  simply  a  "divergence 
coefficient,"  is  developed  to  show  the  degree  of  divergence  between 
a  goal  and  any  indicator  that  may  be  used,  (jV-5).  '  - 

17.  The  basic  equations  of  double-entry  bookkeeping  dAn  be. 
restated  and  developed  in  order  to  obtain  suitable  mathematical  aids  for 
applying  these  goal  analysis  models  and  ideas  t»y  reference  to  the 
data  and  procedures  utilized  in  ordinary  accounting  practice.  (V— 2). 

We  emphasized,  in  particular,  the  fact  that  multiple  measuring  units  can 
perfectly  be  used  in  the  double  entry  bookkeeping  system.  (V-2). 
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These  are  further  extended  to  secure  added  power  and  flexibility 
for  planning  as  well  as  control  aspects  of  accounting  by  studying 
relationships  between  transactions  and  asset-equity  balances. 

The  accounting  idea  of  a  spread  sheet  is  brought  together  with  the 
mathematical  idea  of  an  incidence  matrix.  The  latter  has  known 
relationships  to  the  idaa  of  networks.  Hence  by  this  means  the 
idea  of  an  accounting  network  is  rigorously  established  in  a  way 
that  provides  convenient  access  to  the  related  graphical  representa¬ 
tions.  (V“3)» 

18.  Taking  elements  in  a  spread  sheet  as  subgoal  variables, 
which  are  called  spread  sheet  variables,  the  networks  are  related 
to  equivalent  linear  programming  models  for  analyses  of  goals. 

These  are  then  applied  to  accounting  data  by  means  of  specific 
examples  which  illustrate  their  possible  U3 ;  for  ordinary  account¬ 
ing  f unc  tions .  ( V-4 ) » 

19 o  Planning  by  spread  sheet  variables,  or  "spread  sheet 
planning,"  is  developed  around  the  topic  of  planning  on  aggregates 
of  subgoal  variables  in  which  spread  3heet  variables  are  used  for 
aggregates.  Therefore,  the  appropriateness  of  such  a  planning  on 
aggregates  depends  upon  the  relationship  between  the  goal  function 
and  the  aggregation  process  in  the  accounting  system.  These  topics 
are  discussed  and  then  by  reference  to  cases  such  factors  as  the 
divergence  coefficient,  introduced  earlier,  are  brought  into  the 
picture.  (V-5)° 
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20 An  experimental  application  of  the  idea  of  "spread  sheet 
planning"  was  effected  by  meane  of  a  firm's  operations  in  the 
Carnegie  Tech  Management  Game,  This  sufficiently  complicated 
game  allowed  ua  to  incorporate  various  phases  of  business  operations, 
such  as  production,,  marketing*  finance,  etc,,  into  our  model  of 
spread  shoes  planning  (71-2/ „ 

21 o  For  the  latter  analysis  a  single  management  goal  was 
translated  into  values  for  a  sat  of  spread  sheet  variables.  The 
latter  are  available*  then,  as  goalo  which  may  be  given  to  subordinates 
Alternatively  the  spread  sheet  variables  may  be  combined  to  obtain 
a  projected  balance  sheet  and  a  projected  income  statement  as  important 
documents  often  synthesized  by  accountants  as  an  aid  to  overall  manage¬ 
ment  planning,  (VI-3) * 

22c  These  balance  sheet  and  profit  and  loss  statements  may  be 
viewed  as  projections  in  terms  of  outcome  possibilities  in 
ordinary  accounting  treatments  of  the  corresponding  transactions » 

These  are  sometimes  contrasted  with  alternative  opportunity  cost  treat¬ 
ments  o  However,  here  the  latter  are  viewed  as  being  available  from  the  same 
model  differently  interpreted u  To  illustrate  this  an  analysis  was  made 
on  a  dual  evaluator*  which  was  summarized  in  the  fom  of  an  accounting 
statement  for  opportunity  costs,  (VI-/+) ,  gne  dual  evaluator  analysis 
was  extended  further  by  means  of  an  indicator-goal  control  chart* 

(VI-5~.(l))o  A  sensitivity  analysis  was  made  on  the  selling  price  of 

the  product  and  the  result  was  represented  by  an  (optimum)  i3o-profit  curve 
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which  3howa  fcho  relationship  between  selling  price  and  sales 
volume  at  a  given  profit  level  when  everything  is  adjusted  to 
attain  maximum  profit „  (VI-5~(2))„  The  purpose  of  these  analyses 

is  to  show  how  raanagerially  valuable  information  can  be  derived 
from  as iioon ting  data  when  they  are  combined  with  mathematical  models 
such  as  these  developed  in  earlier  chapters.  Also  the  fact  that 
these  analyso3  are  not  of  the  "ceteris  paribus"  variety  but  of  the 
"mutatis  mutandis"  ones  was  emphasized,  (IV-4,  IV-5), 

23,  Implications  of  extending  the  above  single  period  model 
into  a  multiple  period  model  ware  discussed.  It  was  noted  that 
in  a  multiple  period  model,  a  discount  rate  for  income  stream,  etc,, 
nsec  not  be  specified,  since  satisficing  multiple  goals,  e,g,, 
attaining  a  profit  level  at  least  as  great  as  the  minimum  profit 
level  in  each  period,  can  very  well  be  incorporated  in  the  model. 

In  this  case,  if  tha  multiple  goals  are  found  to  be  incompatible, 
they  may  be  ordered  or  weighted  as  discussed  in  Chapter  III,  In 
addition,  weighting  of  unsatisfactory  profit  levels  in  each 
period  my  be  made  by  reference  to  the  degree  of  management  psy¬ 
chological  relative  "regret,"  and  tha  resulting  interest  rate 
imputation  can  be  compared, if  desired,  with  market  rates  of  interest 
(VI  6  (/.))„ 

24 o  The  multiple  period  model  for  spread  sheet  planning  was 
also  examined  to  cast  further  light  on  accounting  ideas  which  are 
basis  against  merely  procedural  approaches  which,  even  if  widespread 
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may  only  be  a  result  of  limitations  imposed  on  the  methodology 
available  for  implementing  the  more  basic  constraints  ,  This  was 
illustrated  by  reference  to  the  possibilities  of  joining  capital 
budgeting  simultaneously  with  operating  budgets  as  an  alternative 
for  the  two  types  of  budgets,  (VI-6-(6) ) „ 
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2c  Conclusion 

Taking  into  account  these  results  we  now  review  some  aspects 

accoutvn)  practice 

ojf  current  from  the  standpoint  of  '’management  information 

systems This, coupled  with  some  statements  on  how  accounting 
might  now  be  developed  with  the  newer  methodologies  and  ideas  that 
are  now  becoming  available. 

lo  Accounting  for  Control 

Accounting  is  ordinarily  classified  into  financial  account¬ 
ing  and  management  accounting.  This  is  convenient  in  some  contexts. 
For  our  purposes,  however,  we  found  it  better,  in  Chapter  I,  to 
dletinguieh  between  "accounting  for  planning"  and  "accounting  for 
control Thia  enabled  ue  to  isolate  certain  criteria  in  an 
accounting  system  design  and  also  to  better  understand  some  aspects 
of  current  practice.  Thus  in  accounting  for  planning  it  was  found 
that  flexibility  of  records  provided  a  criterion  in  order  that 
a  wide  variety  of  possibly  non-repetitive  demands  for  data  might 
be  readily  supplied  with  minimum  time  or  costs.  In  accounting  for 

control  the  criteria  of  uniformity  and  consistency  come  to  the  fore. 

It  set  1 1 

Thus,  from  the  standpoint  of  external  control  of  management, even 

'A 

financial  accounting  may  be  better  understood  in  terms  of  its 
heavy  relianco  on  these  criteria.  But  this  does  not  end  here  and, 
in  fact.,  the  bulk  of  the  control  problems  we  discussed  lie  in 
(internal)  management  accounting.  This,  too,  provides  the  focus 
of  our  following  discussions. 


As  mentioned  in  Chapter  I„  it  is  rather  difficult  to  construct 
systematic  theories  of  accounting  for  planning  due  to  non-repetitlve 
and  even  non-accounting  (double  entry)  varieties  of  the  data  that 
may  be  required  by  management  for  planning  purposes „  On  the  other 
hand,  something  may  ba  done  here,  too,  if  we  approach  this  topic 
from  the  standpoint  of  its  possible  relations  to  control  account¬ 
ing,  The  latter  is  evidently  more  easily  treated  since  it  has 
uniformity  and  consistency  as  bases  to  work  from.,  It  also  has 
relatively  well  developed  concepts  such  as  standards,  measurement 
units,  scale?  meters,  etc„,  all  requiring  uniformity  and  consistency „ 
Working  therefore  from  this  point  of  view  we  have  tried  to  supply  a 
basis  for  a  more  general  approach  to  control  accounting  theory  as 
well  as  a  basis  for  implementation.  However,  more  extended  con- 
structions  of  systematic  theories  can  be  and  should  be  made  in  account 
ing  for  control. 

Of  course,  there  are  also  other  functions  such  as  "stewardship" 
accounting,  as  well  aB  accounting  for  taxes,  and  so  on.  But  these 
are  not  of  major  interest  here  and  so  we  have  focused  our  attention 
*nd  will  focus  our  attention  in  the  following  discussion  only  to  the 
function  of  control  accounting  that  has  been  discussed  in  this 
thesis  o 

2  Coordination  between  Planning  and  Accounting  for  Control 


In  Chapter  IV,  we  analyzed  the  relationship  between  planning 
processes  and  control  accounting  processes  and  derived  a  concept 
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of ''di'vergansa'’  between,  the  two  processes  represented  by  an 
"indicator-goal  divergence  coefficient, "  It  is  a  truism  in  accounting 
that  knowledge  of  Management  goals  is  essential.  Sometimes,  how¬ 
ever,  this  topic  Ir,  confused  with  others  and,  in  particular, ,  certain 
kinds  of  accounting  methodologies  may  be  allowed  to  assume  a  prece¬ 
dence  in  this  respect,  Hance  it.  is  desirable  to  proceed  at  a  more 

fundamertal  level  to  isolate  these  aspects  of  accounting  frop 
that 

accounting  ideas.' are  really  basic.  This  thesis  has  been  conceived 
therefore  with  this  as  a  topic  for  theoretical  clarification  as  well 
as  for  extending  the  power  of  the  basic  accounting  ideas. 

Of  coarse  this  thesis  is  only  a  start  in  thi3  direction.  We 
have,  however,  carried  it  far  enough,  we  think,  to  indicate  that  it 
should  be  possible  to  develop  adequate  accounting  methods  to  meet 
all  kinds  of  iasnag<jment  goals  without  in  any  way  altering  the  really 
basic  principles  of  accounting.  This  is  in  contrast,  we  might  note, 
with  some  of  the  recent  efforts  to  secure  a  better  basis  of  servic¬ 
ing  management  by  stepping  outside  the  conventional  realm  of  account¬ 
ing  and  by  exploring  the  nature  of  business  operations  and  internal 
and  external  environment  in  which  these  operations  take  place, 


1 /  See,  a, g.,  Moonita.,  196lj  Sprouse  and  Moonitz,  1962$  Chamber, 

19;- 1,  3  t-c  c 
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It  is,  of  course,  only  trite  to  say  that  accountants  should  care¬ 
fully  study  the  requirements  of  management  and  then  design  their 
accounts  and  reports  relative  to  the  way  individual  activities 
may  be  identified  with  related  goal  attainments*.  It  is  not  trite, 
however,  to  attempt  to  delineate  ways  in  which  this  can  be  done 
relative  to  the  evaluation  and  aggregation  of  subgoal  activities 
according  to  their  contributions  to  the  attainment  of  the  goals » 

It  is  this  latter  topic,  of  course,  that  has  been  a  major  objective 
for  this  thesis „  We  have  tried  to  do  this  moreover  in  a  way  that 
will  open  paths  to  future  progress  in  accounting  as  well  as  in 
management o  This,  too,  is  not  trite  if  one  views  this  as  an  issue 
in  developing  wholly  effective  ways  of  achieving  this  service  to 
management  while  retaining  the  basic  aspects  of  accounting  pro ctice 
which  have  now  served  so  well  over  a  period  of  centuries 


1 /  Refer,  for  example,  to  the  following  quotations: 

"Capitalism  without  double-entry  bookkeeping  is  simply 
inconceivable o  They  hold  together  as  form  and  matter »  And 
one  may  indeed  doubt  whether  capitalism  has  procured  in 
double-entry  bookkeeping  a  tool  which  activates  its  forces, 
or  whether  double-entry  bookkeeping  has  first  given  rise  to 
capitalism  out  of  its  own  "rational  and  systematic  spirito" 
(Wemar  Sombart,  1922)  „ 

"That  the  countries  in  which  the  science  of  bookkeeping 
made  the  most  progress  were  always  those  in  which  most 
economic  progress  was  being  made  can  no  doubt  be  explained 
as  a  mixture  of  cause  and  effecto"  (H„  Mo  Robertson,  1935 )° 
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3o  Control  Accounting  for  Non-profit  Goals 

From  the  beginning  of  our  study  wa  hare  not  limited  our 
analyses  so  that  they  will  be  applicable  only  to  particular 
profit  management  goals  —  e.g.,  maximum  profit  or  satisfactory 
profit o  V/e  have  also  not  even  restricted  oureelvas  only  to 
particular  goal  and  aubgoal  structures.  Vie  have  instead  attempted 
to  delineate  a  general  route  for  dealing  with  all  kinds  of  possi¬ 
bilities  here  in  such  a  way  that  neither  down— the-line  nor  top  manage¬ 
ment  goals  would  have  to  be  ignored.  For  instance,  we  have  considered 
it  to  be  perfectly  natural  for  a  sales  manager  to  try  to  reach  a 
goal  level  of  sales  volume  even  if  the  top  management  has  only 
overall  profit  for  its  goal.  If  it  is  the  sales  manager's  goal  to 
attain  a  given  level  of  sales  volume,  then  accountants  must  provide 
him  an  appropriate  feedback  which  telle  him,  from  time  to  time,  where 
he  stands  in  terms  of  this  specified  goal.  On  the  other  hand  we 
have  attempted  also  to  deal  with  these  ideas  in  a  May  that  can 
help  such  a  sales  manager,  as  well  as  top  management,  to  understand 
the  implications  of  goal  alterations.  The  dual  evaluator  analysis 
provided  an  illustration.  Furthermore,  we  have  not  attempted  to  do 
this  piece  by  piece,  or  ceteris  paribus .  but  rather  we  have  dealt 
with  these  ideas  relative  to  contexts  in  which  a  host  of  possible 
intergoal  interactions  must  be  considered  mutatis  mutandis.  Here,  too, 
it  is  our  belief  that  much  more  can  and  should  be  done  by  further 
developments  in  these  directions. 
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There  are  further  alternatives,  too,  relative  to  current 
controversies  on  the  monetary  bases  of  accounting,.  It  is  partly 
with  this  thought  in  mind  that  we  introduced  a  matrix  reformula¬ 
tion  of  the  basic  accounting  equations.  We  did  not  exploit  tfn'x 
here,  however,  for  its  bearing  on  monetary  valuation.  Hence  we  Cdn 
yio\  only  note  that  the  convention  of  monetary  valuation  may  iteelf 
only  be  treated  in  full  perspective  after  further  study  of  other 
possibilities  like  these.  From  a  control  standpoint  in  any  event, 
this  one  currently  pervasive  idea  of  monetary  valuation  may  better 
be  replaced  by  a  more  general  theory  of  valuation  and  aggregation, 
and  here  the  "divergence  coefficient,"  may  find  a  place  as  we  turn  to 
a  variety  of  goals  and  subgoals. 

There  are  further  issues  of  time-period  consequences  for 
goals  and  subgoals  that  require  more  attention  than  we  could  accord 
them.  Instead  of  restricting  our  research  on  accounting  to  topics 
like  asset-equity  valuations  only  —  and  there  has  bean  ample  dis¬ 
cussion  of  this  in  the  literature  of  accounting  —  we  should  also 
begin  to  stucfer  activities  that  attain  a  goal  so  that  we  can  properly 
begin  to  give  requisite  attention  to  activities  rather  than  assets  v 
and  equities  which  represent  the  results  of  activities.^  This  does 

1/  Some  of  the  information  alteration  schemes  suggested  by 
A„  Stedry,  I960,  and  by  A.  Stedry  and  A. .  Charlies,  1962, 
are  psrtinent  here  and  so  are  some  of  the  procedural  studies 
studied  by  N.  C„  Churchill,  1962,  and  N„  CD  Churchill  and 
W„  W„  Cooper,  1962. 
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nc ;  mean  that  assets  and  equities  should  be  eliminated  from 
accounting  records-  It  wily  means  that  we  can  best  gain 
perspective  on  fundamental  principles  which  govern  the  recording  of 
a 3 sets  and  equitiee  by  studying  them  in  a  broader  context  of 
activity  accounting- 

4=  Accounting  and  Mathematics 

A  good  deal  more  can  be  said  on  these  topics,.  But  now  we 
want  to  turn  to  a  final  discussion  of  the  role  that  mathematics 
might  play  in  developing  theories  of  control  accounting  in  a  higher 
dimension, 

Throughout  this  thesis  we  have  employed  mathematics  not  onljr  fcofefulj^ 
as  a  procedural  device  for  developing  better  accounting  for  manage¬ 
ment  but  alao  as  a  device  for  securing  theoretical  clarification,, 
finally,,  we  have  also  used  it  to  develop  firm  contacts  not  only 
with  raathematies  (e-g-,  linear  programming)  but  also  with  other 
disciplines  as  well  (e»g„j.  network  theory) -  It  ie  our  belief  that 
raathematies  was  indispensable  in  achieving  these  kinds  of  clari¬ 
fications  and  procedural  extensions-  But  it  cannot  be  denied,  in 
any  event,  that  mathematics  was  indispensable  in  order  to  establish 
-wholly  rigorous  «—  hence  firm  —  contact  with  these  other  disci¬ 
plines  o  Here,  too,  much  more  can  and  should  bo  done.  Notice,  for 
instance,  that  rigorous  connections  have  been  established  between 
linear  progranning  and  statistics  and  the  theory  of  games-  This  is  a 
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direction  of  further  research  'which  will  be  needed  if  we  are  going 
to  develop  satisfactory  accounting  approaches  to  topics  like  goal 
control  under  risk  and  uncertainty. 

If  ws  look  back  on  the  history  of  accounting,  we  can  note  that 
the  development  of  accounting  was  rather  closely  attended  to  by  the 
work  of  other  iaathaoati clans f  and,  indeed,  the  first  publication 
of  double  entry  accounting  appeared  in  a  tract  on  mathematics 


1/  See  Gharnes,  Cooper,  and  Ijiri,  1962, 


The  advent  of  the  electronic  computer,  a  mathematics  tool,  and  the 
development  of  new  math  ana  tics  along  with  numerous  management  appli¬ 
cations  in  operations  research  and  elsewhere  open  further  prospects 
for  future  developments,.  It  is  our  belief  that  serious  research 
will  show  that  accounting  i3  neither  in  conflict  with  these  develop¬ 
ments  nor  isolated  from  them-  As  a  ease  in  point  we  can  observe 
the  recent  development  and  use  of  network  ideas  for  scheduling 
and  contra lling  projects-  These,  too,  can  be  rendered  in  accounting 
forma t  and  shown  to  have  the  basic  double  entry  principle  embedded 
in  them.  The  fact  that  these  methods  of  approach  do  not  fit  easily 
into  the  "T  account"  arrangement  which  is  customary  in  accounting  is 
not  a  matter  of  fundamental  importance.  The  mathematics  we  have  been 
using  lends  itself  readily  to  these  nsw  usages^  as  accounting 


2j‘  Sae,  e-go.  A,  Charnes  and  W0  W0  Cooper,  1961,  for  a  precise 
characterization  of  so-called  critical  path  scheduling  as  a 


VIS-18 


(Footnote  2  continued'- 

special  kind  of  linear  programming  model  which  is  intimately  related 
to  the  kinds  of  accounting  networks  that  we  examined  in  Chapter  V. 

See  also  Chames,  Cooper,  and  Thompson,  July,  1962,  for  a  subsequent 
extension  of  critical-path  and  PERT  techniques  into  the  realm  of 
statistical  (risK)  considerations , 

possibilities  and  it  also  lends  itself  *  ■■■*  <> i  >  spread  sheet 
recording  and  reporting  on  electronic  computers , 

5«  Accounting  in  the  Future 

Planning  processes  and  control  accounting  processes  Will  be 
better  coordinated,  and  the  function  of  accounting  as  a  "management 
information  system"  will  best  be  imp  rowed,  we  think, 

only  after  preceding  studies  and  careful  reviews  of  accounting  principles, 
theories,  and  practices,  etc,,  at  a  sufficiently  fundamental 
level o  Even  though  control  accounting  is  only  one  branch  of 
accounting  it  is  certainly  a  very  important  one.  It  also  provides 
a  good  point  of  departure  for  further  insight  and  development. 

There  is  a  need  and  an  opportunity,  in  any  event,  for  further 
development  of  a  rigorous  accounting  theory  as  well  as  better 
methods  of  servicing  management.  We  have  tried  to  show  how  both 
of  these  objectives  can  be  accommodated,  But,  of  course,  this  thesis  is 
only  a  start  toward  all  of  the  needs  that  must  be  met. 
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AN  ANALYSIS  OF  GENERALIZED  INVERSES 

1 o  Introduction 


A  generalized  inverse  of  a  matrix  A  (denoted  by  f»+ )  may 
be  defined  as  the  unique  matrix  which  satisfies  an  the  following 
four  set  of  equations; 

(Al.a)  AATA  =  A 

(Al«b)  A^AA^  =  At 

(Al.c)  A  A*  =  (AAt)* 

(Alod)  A+A  =  (A+A)* 

where  (AA^)*  and  (A^A)*  represent  the  transposes  of  the  matrices 
(AA+)  and  (A+A)„  respectively o1  Penrose  (1955)  proved  that  for 

+  "More  generally „  when  the  matrix  A  is  complex,  (AA^)*  and 
(A 'A)*  represent  the  conjugate  transposes  of  the  matrices  (AA*  ) 
and  (A:A)„  respectively,  However,  since  only  real  matrices  are 
discussed  in  this  appendix,  conjugate  transposes  are  reduced  to 
ordinary  transposes,  and  hence  we  shall  be  concerned  with  the  latter 
only  in  our  discussion^ 

any  matrix  A  (non-singular  or  singular,  square  or  rectangular, 
zero  or  non-zero)  there  exists  the  unique  matrix  A"*”  which  satisfies 
above  set  of  equations <. 

"  Alternatively t  a  generalized  inverse  may  be  defined  as 
the  unique  solution  %  to  AX  =  pr(a)  an<*  ^  ~  ?H(X)  whcre  PR(A) 
represents  the  orthogonal  projection  on  the  range  of  A  and 
the  orthogonal  projection  on  the  range  of  X  C6en -Isfde  l  avd  Cl l&r/ies,  /  ^o3) 


Since  any  orthogonal  projection  is  hermit ian  idempotent  (i.e., 

3  =  F*  =  p2.  where  P*  is  the  conjugate  transpose  of  P),  this  definition 
is  equivalent  to  the  definition  given  by  using  (Al).  (See  also 

Appendix  B» 


When  a  matrix  A  has  its  ordinary  inverse  A-^  (i.e<>(  when 
A  is  non-singular) is  equivalent  to  A~^  since  A_“  satisfies 
(Al)  and  the  uniqueness  property  of  guarantees  that  =  A7^ 
In  order  to  make  the  properties  of  a  generalized  inverse 


more  visible,  we  shall  work  on  particular  examples,.  Let  us  take 

2  by  2  matrices  f2  cmr5,  [2  4] 

trVii  trill  Ko  riianMori  >w  U  nmri 


mi 


which  will  be  denoted  oy  B  and 


respectively.  Then,  the  transposes  of  H  and  C  are 


respectively.  The  matrix  C  has  its  ordinary  inverse  C" 


j j»  respective 

which  is  £;J  -fj 


b  a 


whereas  the  matrix  B  doe3  not  have  the  ordinary 


inverse  since  it  is  singular.  The  generalized  inverse  3^  exists. 


however,  for  the  matrix  B  as  for  any  other  arbitrary  matrices  and 
is  given  by  as  we  shall  see  later. 

In  summary,  we  shall  use  the  following  matrices  in  our 


discussions. 


A  singular 
matrix  B 

A  non-singular 
matrix  C 

The  original  matrix 

■■El 

-  §3 

The  transposed  matrix 

-  E 1  . 

o 

• 

II 

H, 

The  generalized  inverse 

n+  r„08  „04| 

B  =  jol6  oOSj 

ct  -  U  i 

The  ordinary  inverse 

(does  not  exist) 

hi 

? 

o 

Notice  that  B"f  and  C*"  satisfy  (Al),  The  discussions  in  this  appendix 
may  be  generalized  to  rectangular  matrices  since  any  m  x  n  rectangular 
matrix  may  be  converted  into  a  (singular)  square  matrix  by  adding  . 

(m  -  n)  zero  columns  (if  m  >  n)  or  (r.  -  m)  zero  rows  (if  m  <  n)<> 
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2.  Linear  Transformations 

d$ot'iite<(  witk. 

An  m  x  n  matrix  A  ip  lOii fuel/  Aa  linear  transformation  which 
assigns  to  any  vector  x  in  an  n -dimensional  vector  space 
the  vector  y  =  Ax  in  some  subspace  of  an  m-dimensional  vector  space 
satisfying  the  condition  that 
(A2)  A(cx^  +  cxg)  -  cAx^  +  cAXg 

for  every  and  in  /&n  and  every  scalar  c„  The  vector  space 
^  is  called  the  domain  of  A  and  the  subspace  of  the  vector  space 


the  range  of  A.  For  example,  the  matrix  B  represents  a 


‘‘‘Refer,  for  exanple,  to  Kemeny,  Mirkil,  Snell,  and  Thonpson, 
1959,  p°255  ff.  and  Po273ffo 
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linear  transformation  which  assigns  to  any  vector  x  (e„g.  (^) 


in  a  two-dimensional  vector  space  ^  2  the  vector  y  =  Bx  (e»g„  (^)) 

Similarly,  the 


in  an  another  two  dimensional  vector  space  ^  2 
matrix  C  represents  another  linear  transformation  which  assigns  to 
any  vector  x  (e.g,  (2))  in  ‘pC  2  the  vector  y  =  Cx  (e.g,  C1^))  in 

^"Unless  the  distinction  becomes  important,  we  shall,  for 
simplicity,  use  the  symbols  A,  B,  and  C  for  the  matrixes  A,  B,  and  C, 
respectively,  and  for  the  transformations  represented  by  them, 

We  shall  also  use  the  term  points  and  vectors  interchangeably. 


Notice  that  the  vectors  in  2  assigned  by  the  transformation 
B  are  always  in  the  form  of  (  )  where  a  is  a  scalar  no  matter 

what  vector  we  choose  in  2°  This  means  that  no  vectors  in  ^d 
correspond,  under  the  transformation  3,  to  the  vectors  in  ^  2 
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j/'i  . 

which  are  not  in  t-h&  form  of  (  "  )»  Furthermore,  there  are  infinitely 

C- 

many  vectors  in  9  which  correspond  to  the  same  vector  y  in 

’aider  the  tr an sf  omat  ion  B«  For  example,  let  x  be  one  of  the 

u  * 

vectors  which  corresponds  to  y  in  Then,  any  vector 


X  "  X  t  ("T )Z 


x  given  by 

(A3) 

where  z  is  a  scalar'  corresponds  to  y  under  the  transformation  B, 
since,  for  any  choice  of  z„ 


(A4) 


8x  =  Bx  +  B(“^)z  =  Bx  =  y„ 


These  properties  of  the  transformation  B  cannot  be  observed 
in  the  transformation  C„  For  any  vector  y  in  we  can  always 

find  a  vector  x  in  ^X.  9  which  corresponds  to  it,  since  x  =  C~^y 
corresponds  to  y  under  the  transformation  C  (Cx  =  CC^y  =  y. ) 
Furthermore  such  a  vector  x  is  unique  for  any  given  y,  since  any 
vectors  in  9  other  than  x  which  may  be  Kritten  as  x  +  x  (x  f  0) 
correspond ,  under  the  transformation  C,  to  a  vector  in  ^  2  given 
by  Gx  Cx  -  y  +  Cx  f  y  for  Cx  ~  0  if  and  only  if  x  -  0  which 
comes  from  the  fact  that  C  is  non-singular . 

In  general  s  for  the  transformation  given  by  an  m  x  n  matrix 
A,  a  set  of  all  vectors  M  (x  constitutes  a  subspace  of m 
which  is  called  the  range  of  A»  We  shall  denote  the  range  of  A 
by  R(A)«  The  dimension  of  R(A)P  or  the  number  of  linearly  independent 
vectors  which  span  R(A)„  is  called  the  rank  of  A  which  will  play 
a  crucial  role  in  our  di  scussions » 


o 


o 
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Then,  for  a  vector  y  in  ^  n  but  not  in  R(A),  there  is  no  vector 
in  which  corresponds  to  y  under  the  transformation  A.  This 

can  happen  if  and  only  if  the  rank  of  A,  denoted  ’qy  r,  is  less 
than  m>  Furthermore  if  the  rank  of  A  is  less  than  n,  all  the  vectors 
in  a  subspace  of  whose  dimension  is  equal  to  n-r ,  correspond 
to  the  same  given  vector  in  the  range  of  A-  Therefore,  for  every 
vector  y  in  ^  m  the  existence  and  uniqueness  of  a  vector  in^f  n 
which  corresponds  to  y  are  guaranteed  if  and  only  if  m  =  n  =  r, 
i-e-,  if  and  only  if  the  matrix  is  non-singular -  These  points 
will  be  elaborated  later  in  more  detail - 

Let  us  look  at  these  issues  from  a  view  point  of  solutions 
to  a  system  of  simultaneous  linear  equations »  A  system  of  simultaneous 
linear  equations  may  be  represented  by  Ax  =  y  where  A  is  an 
m  x  n  matrix,  x  an  n-dimensional  vector  of  variables  and  y  an 
m-dimensional  vector  of  constants-  Therefore,  by  solving  a  system 
of  simultaneous  linear  equations  we  mean  to  find  a  set  of  vectors 
in^"  n  which  correspond  to  the  given  vector  y  in  under  the 

transformation  A-  Then,  the  above  arguments  on  the  singularity 
and  non-singularity  of  matrices  can  also  be  applied  to  the  problem 
of  the  existence  and  the  uniqueness  of  a  solution  to  a  system 
of  simultaneous  linear  equations-  Le.,  the  existence  and  uniqueness 
of  a  solution  to  a  system  of  simultaneous  linear  equations  are 
guaranteed  for  every  m-dimensional  vector  y  if  and  only  if 


c 


the  matrix  associated  vdth  the  system  is  non-singular.  If  the 
rank,  r,  of  an  m  x  n  matrix  A  is  less  than  m,  there  exist  m-dimensional 
vectors,  ys  s:  for  which  Ax  =  y  fails  to  have  a  solution.  Moreover, 
if  the  rank  of  A  is  less  than  n,  the  solution  to  Ax  =  y,  if  exists. 


is  not  unique 


u 


O 
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3,  One-to-Cne  Correspondence  Between  R(A)  and  R(A*) 


We  have  observed  that  the  range  of  A,  denoted  by  R(A), 
is  a  subspace  of  whose  dimension  is  r,  the  rank  of  A, 

This  means  that  any  vector  y  in  R(A)  can  be  expressed  by  a  linear 
combination  of  r  basis  vectors,  i,So ,  r  linearly  independent  vectors 
which  span  F.(A),  For  example,  the  matrix  B  given  in  Section  1 

has  rank  1  R(3)  is  therefore  a  one-dimensional  subspace  of  a 

two-dimensional  space,  <PC  ^  Hence,  any  vector  in  R(3)  can  be 
represented  as  a  scaler  multiple  of  one  basis  vector  such  as  (£). 

On  the  other  hand,  such  a  set  of  r  basis  vectors,  or  simply  a 
basis,  is  not  unique,  (E„g„  (^c),  (~)„  etc,,  can  be  a  basis, 
of  1(3)  o )  However,  let.  us  arbitrarily  choose  a  set  of  r  basis 
vectors  and  prepare  an  n  x  r  matrix  Ho  The  columns  of  U  provides 

O 

a  basis,  (E,g„,  U  =  (.£),)  Then,  any  vector  y  in  R(A)  can  be 
represented  as  y  =  Uw  where  w  is  an  r-dimen sional  vector,  Ibreover, 
by  virtue  of  the  fact  that  the  r  columns  of  U  are  a  basis,  there 
is  a  one-to-one  correspondence  —  a  so-called  isoraophisra  —  between 
y  and  w,  i,e„,  for  any  y  in  R(A)  there  is  one  and  only  one  w  such 
that  y  =  Uw, 

Similarly  consider  an  n  x  m  arbitrary  matrix  'a  whose  rank 

A  . 

is  equal  to  r,  the  rank  of  A,  and  whose  range,  P.(A),  has  r  basis 
vectors,  none  of  which  are  transformed  into  the  null  vector  in 
under  the  transformation  A,  ‘The  latter  condition  is  needed 


7 


m 
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to  insure  some  properties  necessary  for  A  to  be  an  "inverse* 
transfonaation  of  A  as  we  shall  see  later* 

We  shall  derive  the  generalize  inverse  of  A  from  ^  by  imposing 
some  conditions  upon  A  successively*  First,  note  that  ary  vector 
x  in  R(A)  can  be  represented  sp  x  =  Vh  where  V  is  an  n  x  r  matrix  of 
bsis  vectors  for  R(A)  and  w  is  an  r-dimen sinnal  column  vector  for  a  linear 
combination  of  basis  vectors*  Again,  by  virtue  of  a  basis,  there  is  one-to- 
one  correspondence  betvreen  x  and  w,  i.e.  „  for  any  x  in  R (ft)  there  is 

A  ^ 

one  and  only  one  w  such  that  x  =  Vw,  Since  w  and  w  can  be  any 
vector  in  an  r-dimen sional  Euclidean  space,  any  r-dimen sional 

non-singular  matrix  can  give  a  one-to-one  correspondence  between 
a  set  of  w  vectors  and  a  set  of  w  vectors*  This  implies  that  if 
We  restrict  our  attention  only  to  vectors  in  R(A)  and  R(A),  we 
can  make  a  one-to-one  correspondence  between  vectors  in  R(A)  and 

.A. 

vectors  in  R(A;» 

Now,  let  us  consider  a  vector  x  in  R(A)*  Since  R(A)  is 

a  subspace  of  we  can  apply  the  transformation  A  to  the  vector 

find  a  transformation  A 

x  obtaining  the  vector  y  =  Ax  in  R(A)*  We  would  like  to /which 
transforms  y  precisely  back  to  x  which  we  started  with*  What  condition 


_ 
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should  we  impose  upon  the  matrix  A  given  the  original  matrix  A? 

Let  us  take  an  arbitrary  x  in  R$)„  We  transform  x  into  y  =  Ax 
by  the  transformation  A  and  then  transform  y  back  to  a  vector  in 
R(3)  by  the  transformation  "A,  The  vector  thus  obtained  is  j£ax„ 

We  want  to  have  this  equal  to  x„  Therefore,  one  of  the  conditions  is 
(A5)  &bc  =  x  for  all  x  e  R(A)„ 

Similarly,  starting  with  an  arbitrary  vector  y  in  R(A)  we  apply 
the  transformations  ^  and  A  successively  and  require  the  result 
to  be  exactly  equal  to  y,  i,e. 

(A6)  AAy  =  y  for  all  y  (r  Ii(A) 

Since  R(£)  =  ^Ay:  y t  and  R(A)  =  |ax:  x  £  ^n\ 

(A5)  and  (A6)  may  be  written  as 
(A7)  AAAy  =  %f  y  £ 

(A3)  A^Ax  =  Ax  x  £  Xn 

or 

(A9)  'am  =  1 


(A10) 


AAA  =  A, 


It  will  be  clear  from  (Al<,a)  and  (Al»b)  that  the  generalized  inverse 
of  A  satisfies  both  (A9)  and  (A10). 

A  solution  £  to  (A9)  and  (A10)  does  exist  for  any  arbitrary 
matrix  A  as  proved  in  Penrose,  1955;  however  it  is,  in  general, 
not  a  unique  solution  since  we  ignored  two  other  constraints  on 
A  as  given  in  (Al„c)  and  (Al„d)»  In  our  example,  8  =  (R(B) 

A  r  5  ol  A  10,1 

is  the  x?  axis)  or  3  =  ^  Q  (R(3)  is  the  x^  axis)  or  infinitely 


O 
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A  A. 

roany  other  B4  a-  well  as  d; .  satisfy  (A9)  and  (A10)o  The  role 
of  the  constraints  (Al»c)  and  (Alod)  is  then  to  restrict  R(A) 
to  be  identical  with  R(A* )  thus  obtaining  the  unique  solution  to 
(Al)  which  is  the  generalized  inverse  of  Ao  This  v/ill  'OC  -eiejotif&t&l. 

in  rile  ))ext  section. 
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4,  The  Hull  Space  of  a  Transformation 

V/e  shall  first  examine  the  concept  of  the  "null  space"  of 
a  transformation  A,  denoted  by  H(A),  and  then  examine  the  relationship 
between  R(A*)  and  N(A), 

The  null  space  of  a  transformation  A  is  defined  as  a  set 
of  all  vectors  x  in  ^  which  satisfy  Ax  =  0,  For  example,  any 
vector  in  the  null  space  of  B  satisfy  L2  a«-  0;  or  all  the  vectors 

o  p 

in  N(B)  have  a  form  (_^)a  where  a  is  a  scalar.  The  vector  (  £) 
is  a  basis  for  the  null  space  of  B,  or  a  null  space  basis  of  D„ 

In  the  case  of  an  m  x  n  matrix  A  with  rank  r,  the  null  space  of 
A  is  n-r  dimensional  and  therefore  the  null  space  basis  consists 
of  n-r  linearly  independent  vectors.  Of  course,  such  a  basis  is 
not  unique;  (e,g,  (_\.),  (_^) •  etc<y  can  also  be  a  basis  for 

N(B),)  However,  once  we  obtain  a  basis,  any  vector  in  H(A)  can 
be  expressed  by  a  linear  combination  of  the  basis  vectors, 

A  null  space  basis  may  be  obtained  by  diagonalizing  the 
matrix  by  an  filamentary  row  operation.  For  an  m  x  n  matrix  A  with 
rank  r,  we  first  obtain,  by  suitable  row  and  column  interchanges, 
if  necessary,  a  matrix  D  which  has  a  form  M  where  Ir  is  the 
r -dimensional  identity  matrix,  0  is  the  (m-r)  x  n  zero  matrix, 
and  H  is  an  r  x  (n-r)  matrix  of  residuals,  and  has  a  property  that 
A  =  EDP  where  E  is  a  non-singular  matrix  of  elementary  row  operation 
and  P  is  a  permutation  matrix  for  column  interchange,  (Mote  that 
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the  first  r  columns  of  D*,  i.e.  constitute  a  basis  for  R(A*) 

since  A*  =  (EDP)*  =  P^ITE*  in  which  P*  is  simply  a  (non-singular) 

permutation  matrix  and  E*  is  also  a  non-singular  matrix.  I.e. 

any  vector  in  R(A*)  can  be  represented  by  a  linear  combination 

of  columns  of  ?.r  .  Then,  we  prepare  a  matrix  j~5*  "  j  and  inter  cl 
lH*J  t  n-r> 

rows  for  any  corresponding  column  interchanges  made  during  the 


diagonal i zatio n  process.  The  resulting  matrix,  denoted  by  A  , 


which  is  equal  to  P* 


ft) 


where  P*  is  the  transpose  of  P,  is 


Ei-) 


a  matrix  for  the  null  3pace  basis  of  A,  since  AA  =  EDPP* 

Tt  *  h!  f  — H  1  ^ 

=  sj.trl. I~  -  •-  =  EO  —  0.  (See  Orden,  1962.)  For  example, 

J  1  ■Ln-r ' 

a  3  x  4  matrix  given  below  may  be  diagonalized  as  follows  to  obtain 
a  matrix  D: 


2  2  4  2" 
4  4  8  4 

— > 

112  1 
0  0  0  0 

— > 

112  1 
0  0  12 

— > 

112  1 
0  2  10 

— > 

13  3  7  5J 

0  0  12 

0  0  0  0 

0  0  0  0 

l< 

PifJe  f&M/fJyX 
Subtr&ci  Jitifes.  K«w/ 
■from  ptiu  J.  Siibtr'Ml 
I  from 

We  then  obtain  a  matrix 


Interchange 
Row  2  and  3 


Interchange 
Column  2  and  4 


D.Yirfe  K«»X 
•Subtract  R»w 


l»“ 

-H 

IV 


-1.5  -1 

1 

-.5  o 

which  is 

1  0 

.J 

L  0  ij 

However,  since 


we  interchanged  2nd  and  4th  columns  during  the  process  of  diagonalization. 


we  interchange  2nd  and  4th  rows  of 


to 


obtaining  A  which  is 


-1.5  ~1 
0  1 
1  0 
.  -.5  o 


Note  that  any  row  interchange  during  the  diagonalization 


process  does  not  affect  A° 


It  may  be  easily  checked  that  AA°  -  0. 

,o. 


Any  vector  in  H(A)  can  then  be  repressed  by  A°z  (z  , 
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i.e. ,  W(A)  =  ^  A°z:  j  On  the  other  hand,  R(A*)  can  be 

expressed  by  A*w  (w  £  ^m)  by  the  definition  of  R(A*)«  Then  the 
inner  product  of  any  vector  in  R(A*)  and  any  vector  in  N(A)  is  always 
equal  to  zero  since  the  inner  product  of  A*w  and  A°z  is 
(All)  (A*w,  A°z)  =  w*AA°z  -  0. 


Therefore,  the  two  subspaces  R(A*)  and  N(A)  of  </tL  are  .said 

to  be  "orthogonal"  (which  means  perpendicular  in  real  vector  spaces) 

with  each  other.  (Refer  to  Halmos,  1958,  p.l22ff. ) 

We  also  define  a  "direct  sum"  which  we  associate  with  an 
operator  ©  as  follows :  '  .*  . 

If  and  V2  are  subspaces  of  a  space  V  with  the  properties 
(A12)  V  =  Vx  +  V2  =  j  xfy|x  £  yaj 

(A13)  V1  0  V2  =  0 

then  V  =  VL  ©  Vg.  Furthermore,  if  and  V2  are  orthogonal  with 
each  other  the  two  subspaces  are  called  orthogonal  complements  oj- 
each  other  in  the  space  V.  (Note  that  for  any  given  in  V  its 
orthogonal  complement  V?  in  unique. )  In  our  case  N(a)  is  a  subspace 
of  n  with  dimension  n-r  and  R(A*)  is  its  orthogonal  complement 
of  dimension  r,  i.e. 


(Al4) 


=  R(A*)©K(A), 


since  any  basis  of  R(A*),  e.g. 


-H 

J-n-v. 


H* 


,  and  any  basis  of  H(A),  e.g. 


are  linearly  independent  and  collectively  constitute  n 


K. 

linearly  independent  vectors  which  span  y\.  .  In  exactly  the  same 


way,  we  can  show  that 


O 
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) 


(A15)  =  H(A)  +  H(A*)« 

c7  m 

In  our  example,  R(B*}  is  a  set  of  all  vectors  which  has  a 

\ 

form  (2)a  where  a  is  a  scalar  and  N(3)  is  a  set  of  all  vectors 

o 

which  has  a  formC  )3  where  g  is  a  scalar.  Clearly,  the  inner 

28 

product  (a,  2x)(_jp  =  0  for  any  choice  of  a  and  £>,  and  hence  R(3*) 

1.  2 

and  J3(B)  are  orthogonal ,  i-'oreover,  since  (g)  and  (  £)  are  two 
linearly  independent  vectors ,  any  vector  in  can  be  uniciuely 
expressed  by  a  sum  of  a  vector  in  R(D*)  and  a  vector  in  H(B), 
i.e.  /C  g  -  R(B*)  ©  N(B).  In  the  following  diagram 
R(B* )  and  N(B)  are  represented  by  the  two  lines  which  intersect 
prependicularly  with  each  other  at  the  origin. 


Figure  A-l 
R(B*)  and  N(B) 


o 

Similarly,  R(B)  whose  vectors  are  all  in  the  form  of  (£)a  and  13(3*) 
whose  vectors  are  all  in  the  form  of  (~2)S  are  represented  in  the 
following  diagram  for  ^2  the  tWD  ■Lines  which  intersect  perpendicularly 

with  each  other  at  the  origin. 


Figure  A-2 
R(D)  and  N(B*) 


Now  let  us  go  back  to  the  n  x  m  matrix  “X  which  satisfies 

(A9)  and  (A10)  and  whose  range,  R(^),  has.  r  basis  vectors,  none 

of  which  are  transformed  into  the  null  vector  in  wider  the 

transformation  A.  The  latter  condition  is  equivalent  to  saying  "that 

any  basis  of  R(fi)  is  linearly  independent  of-  any  basis  of  N(A) 

and  hence  =  R( A)  0)  N(A).  Therefore,  any  vector  x  in  f-an 

be  uniquely  represented  by  the  sum  of  the  vector  in  R(A)  which 

is  obtained  by  projecting  x  on  R(^)  along  with  (or  parallel  to) 

H(A)  and  the  vector  in  U(A)  which  is  obtained  by  projecting  x  on 

N(A)  along  with  (or  parallel  to)  R(A).  For  exanple,  if  we  set 
a  fo  o')  a 

B  =  q  J,  R(B)  is  all  the  points  on  xg  axis.  Then,  as  shown 

in  the  following  diagram,  any  point  x  (e.g»,  (g))  in  /*-  2  0311  be 

0  ^ 

represented  by  the  sum  of  the  vector  x-  (e.g.,  (c))  in  R(B)  which 

A  D 

is  obtained  by  projecting  x  on  R(D)  along  with  N(3)  and  the  vector 


x2  (eog.,  (_*))  in  N(B)  which  is  obtained  by  projecting  *  on  H(B) 

along  with  R(B).  A 

R(B) 


4 


Figure  A-3 

A 

Projection  on  R(B)  and  N(B) 


Next  we  shall  show  that  for  any  x  the  vector  x  =  AAx  is  the 

vector  in  R(A)  projected  from  x  parallel  to  N(A)»  First,  note  that 

the  set  of  all  vectors  which  correspond  to  a  given  vector  y  in 

^  ^  under  the  transformation  A  constitute  a  subspace  of 

which  is  parallel  to  N(A)  since  if  not  any  point  in  the  intersection 

of  the  two  subspaces  corresponds  to  a  given  vector  y  and  at  the  same 

time  to  the  null  vector  which  is  contradictory  (unless  y  =  0  in 

which  case  the  two  subspaces  are  identical*)  Since  Ax  —  AAAx  =  Ax 

by  (A10),  we  conclude  that  both  x  and  x  “  &Ax  correspond  to  the 

same  vector  in  and  hence  x  is  the  vector  obtained  from  x 

by  projecting  on  R(fi)  parallel  to  11(A)-,  The  vector  $  in  N(A) 

A. 

which  is  obtained  by  projecting  x  on  N(A)  parallel  to  R(AJ  is 

A  * 

given  simply  by  x  -  x  =  x  -  AAx* 


We  then  seek  for  a  condition  on  A  that  makes  the  two  subspaces 


Rdb  and  N(A)  orthogonal-.  In  order  for  this  to  be  true  we  have 

a  4 

to  have  the  inner  product  of  x  and  x  equal  to  zero  for  any  x  in 


lt,e° 

(Al6)  (&Ax,  x~£ax)  =  x*(&A)*x  -  X*(\k)*kAx 

=  x*(($A)*  -  (fa)*&k))x  =  0  for  all  x  € 
or 

(Al?)  (M)*  =  (AA)*$A) 

Let  (^A)*  =  Then,  (A17)  is  rewritten  as  follows: 

(A18)  Ik  +  Jf  -  (fo  +  y)(2A)  =  iAAA  +  Ykk  =  Ik  +  JfAA, 

or 

(A19)  AAa  =  If 

This  means  that  we  have  to  have  either  tk  -  I  or  =  0  which  implies 

AA  =  (£a)*„  Since  if  3a  =  I,  (AA)*  =  Ik  which  implies  *T  =  C, 

the  former  case  is  simply  a  special  case  of  the  latter.  Therefore, 

we  conclude  that  the  necessary  and  sufficient  condition  for  R(A)  and  N(A) 

to  be  orthogonal  is 

(A20)  AA  =  (AA)* 


In  exactly  the  same  way  we  obtain  the  necessary  and  sufficient  condition 
for  R(A)  and  N(A)  to  be  orthogonal  as 
(AZL)  AA  =  (A&)* 

Note  that  (A2C)  and  (A21)  are  exactly  the  same  as  (Al.c)  and  (Al,d) 

used  in  defining  the  generalized  inverse  of  A.  Therefore, 

we  have  shown  that  R(A*)  is  the  orthogonal  complementary  subspace 

to  N(A)  in  p?  and  that  by  the  uniqueness  of  the  orthogonal  complementary 

subspace 


In  summary,  A*  is  a  transformation  which  transforms  vectors 

in  m  into  R(A* )  which  is  a  subspace  of  n  ii^uch  a  way  that 

for  any  vector  x  in  RCA*)  A^Ax  =  x,  and  for  any  vector  y  in  R(A) 

AA^y  =  y,  In  particular,  if  A  is  an  n -dimensional  non-singular 

and  hence  for  any  vector  x  In  /Cn 
matrix,  R(A)  and  R(A* )  =  y(.  ^AlAx  =  x  and  for  any  vector 

y  in  AA^y  =  y ,  However,  since  this  is  true  if  and  only  if 

A+A  =  AA*^  =  I,  we  have  =  A-1  when  A  is  non-singular.  This  means 

that  a  generalized  inverse  has  the  same  inverting  property  as  an 

ordinary  inverse  has  but  the  objects  to  which  the  inverting  property 

works  are  limited  to  the  range  of  the  original  matrix  and  the  range 

of  the  transposed  matrix  in  the  case  of  a  generalized  inverse. 


O 
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5»  Solutions  to  a  Linear  System 

By  the  use  of  a  generalized  inverse  solutions  to  a  linear 
system  Ax  =  y  can  now  be  obtained  easily.  Let  us  first  consider 
a  linear  system 
(A22)  Ax  =  y 

where  y  is  a  given  vector  in  R(A)„  Then  a  solution  x  to  (A22)  is  simply 
(A23)  x  =  A^y„ 

A  +4  /\ 

since  Ax  =  AA  y  =  y  by  the  inverting  property  of  a  generalized  inverse. 

A 

However,  this  is  only  one  of  many  possible  solutions  to  Ax  =  y. 

Note  that  if  x  is  a  solution  to  Ax  =  y,  any  vector  x  which  is  a 

sum  of  x  and  any  vector  x'in  N(A)  is  also  a  solution  to  Ax  =  y, 

for  Ax  =  Ax  +  Ax'1  =  Ax  =  y.  Furthermore  x*  has  to  be  a  vector  in 

N(A),  otherwise  Ax  =  Ax  +  Ax?}*  Ax  =  y.  Therefore,  the  set  of  all 

solutions  to  Ax  =  y  can  be  obtained  by  adding  each  vector  in  11(A) 

to  x»  Thus  the  uniqueness  of  a  solution  to  Ax  =  y  dcjp&ncis  enti  feiy 

upon  whether  or  not  N(A)  consists  of  only  the  null  vector  which  is  if 

dwl  enj/  if  A  is  non-singular.  Since  any  vector  in  N(A)  may  be  represented 

by  A°z  z  4^_r,  the  set  of  all  solutions  to  Ax  =  y,  denoted  by 

A 

S(A,  y)  is  given  by: 

(A24)  S(A,  y)  =  |x  =  A+y  +  A°z:  z  }  ■> 

The  use  of  the  matrix  A°  of  the  null  space  basis  is  not  the 
only  way  to  represent  N(A).  We  shall  examine  another  way  of  representing 
N(A)  by  means  of  A^.  Take  any  vector  x  in  Then  Ax  cjenef&tef  a 

vector  y  in  R(A)„  from  which  we  obtain  A^ Ax  by  transforming  back 
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to  K(A*~)  by  means  of  A*„  The  vector  x  thus  obtained  is  a  projection 
of  x  on  R(A*)  parallel  to  H(A)  as  discussed  in  the  previous  section. 

Since  R(A*)  and  N(A)  are  orthogonal  (or  perpendicular),  x  may  be 
considered  as  an  orthogonal  projection  of  x  on  R(A*).  Then  x  -  A^Ax 
or  (I  -  A^A)x  gives  us  a  vector  in  N(A)  which  is  obtained  by  an 
(orthogonal)  projection  of  x  on  N(A)  along  with  R(A*).  allowing 
x  to  vary  over  we  can  obtain  every  vector  in  N(A)  by  the  expression 
(I  -  A^A)x, x  €  /^n“  Thus  (A24)  may  be  rewritten  as 
(A25)  S(A,  y)  =  ^  x  =  A+y  +  (I  -  A^Ajz:  z  €./£ n  }  . 

For  example,  if  we  set  y  =  (^9)  in  Bx  =  y,  we  obtain  a  solution 
x  in  R(B)  by  (A23),  i.e.  =  (*}.  Since  vectors  in 

O 

N(B)  are  all  in  the  form  of  (  £)a  as  we  have  observed,  the  set  of 

all  solutions  to  13x  =  (  ^)  is  given  by 

(A26)  x  =  (g)  +  (_^)a  (a  being  a  scalar) 

In  Figure  below,  the  set  of  all  solutions  to  Dx  ■=  (  ^)»  or 

S(B,  (^®)),  is  represented  by  a  line  which  is  parallel  to  the  line  for  N(3). 

The  solution  obtained  by  has  a  special  property  which 

does  not  exist  in  any  other  solutions  to  Ax  =  y.  Notice  that  since 

S(A,  y)  is  a  parallel  shift  of  N(A)  which  is  orthogonal  to  R(A*)» 

S(A,  y)  is  orthogonal  to  R(A*)„  This  inplies  that  among  all  the 

vectors  in  S(A,  y)  the  vector  at  the  intersection  of  S(A,  y)  and 

R(A*),  which  is  A^yB  has  a  minimum  Euclidean  distance  to  the  origin, 

2  2  2  1/ 

i„e.  the  square  root  of  (x,  x)^or  equivalently, (x^  +  Xg+.-.x^  '2 
where  x^,  x^,  . x^  are  the  elements  of  x,  is  minimum  among  all  vectors 


o 
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x  in  S(A,  y).  This  quantity,  the  square  root  of  (x,  x),  is  called 
the  norm  of  x  and  is  denoted  by  | |xj |.  In  our  example,  the  norm 
of  A*b  (=  ( ^ ) )  is  v42  +  22  =^5»  This  norm  is  minimum  among  all 
vectors  in  S(D,  (^°))  which  are  in  the  form  of  +  (as  given 
in  (A2 6))  where  a  is  a  scalar,  since  clearly  [(1  +  2a)2  +  (2  -  a)2]^2 
=  C5a2  +  5]1/2  is  minimum  when  a  -  0. 

Therefore ,  we  can  restore  the  uniqueness  of  a  solution 
to  Ax  =  y  by  requiring  the  norm  of  the  solution  to  be  minimum. 

Since  for  any  subspace  of  a  vector  space  there  is  one  and  only  one 
vector  which  has  a  minimum  Euchlidean  distance  to  the  origin  we 
can  always  find  a  unique  solution  to  such  a  minimizing  problem 
provided  that  S(A,  y)  is  non-empty,  or  equivalently,  y  is  in  R(A). 

In  summary,  A^b  is  the  unique  solution  to 
(A27)  Minimize  (x,  x)1^ 

Subject  to  Ax  =  y, 

or,  equivalently, 

(A2.8)  Minimize  (x,  x) 

A 

Subject  to  Ax  =  y. 

Having  used  this  minimizing  property  of  A+  to  obtain  the 
"uniqueness"  that  we  want  to  associate  with  our  concept  of  "solution", 
we  next  turn  to  its  use  in  connection  with  the  question  of  "existence." 

Consider  a  linear  system  Ax  =  y  in  which  y  does  not  lie 
in  R(A).  In  such  a  case,  no  solution  exists  for  Ax  =  y  by 
the  definition  of  R(A).  What,  then,  is  the  significance 
of  when  y  is  not  in  R(A)?  Note  that  AA^y  is  the  orthogonal 
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projection  of  y  on  R(A)  just  as  A-*  Ax  is  the  orthogonal  projection 
of  x  on  R(A*)  which  we  have  already  examined*  Since  AA^y  is  in 
R(A),  solutions  exist  to  Ax  =  AA^y  which  is  given  by 
(A29)  S(A,  AA^y)  =  £  x  =  AtAA^y  +  (I  -  A^A)z:  z  ’ 

using  the  formula  given  by  (A2jj).  However,  since  A^AAt  -  A*  by 
(Al*b),  (A29)  is  equivalent  to 

(A30)  S(A,  AAty)  =  J  x  -  A+y  +  (I  -  a1a)z;  z  t  /K  „}  . 

Let  us  then  examine  the  significance  of  the  vector  y  =  AAty 
in  its  relation  with  y»  Since  A^y  =  A^AA^y  -  A^y,  both  y  and  y 
lie  in  the  same  solution  space  to  A^y  =  x  (x  e  R(A* ) ) .  However, 

a  set  of  all  solutions  to  A+y  ■  x  (x  fe  R(A* ))  constitute  a 

solution  space  S(A+,  x)  which  is  parallel  to  K(A^)  just 

as  in  the  case  of  solutions  to  Ax  *  y  (y  fe  R(A)). 

Since  N(At)  is  orthogonal  to  R(A),  so  is  S(At,  x).  This  means  that 

y  is  a  vector  obtained  by  projecting  y  orthogonally  to  R(A),  and 

hence  y  is  a  vector  in  R(A)  which  has  a  minimum  Euclidean  distance 

C&y. .  y*C(f)  /«  Fij'ire  A-<0* 

to  y  among  all  vectors  in  R(A)./ Therefore,  a  set  of  all  vectors 
given  by 

(A31)  x  =  A^y  +  (X  -  A^A)z  (z 

is  the  solution  set  to  Ax  =  AA^y  =  y  where  y  is  a  vector  in  R(A) 

which  has  a  minimum  Euclidean  distance  to  y*  In  particular  if 
A 

y  -  y  or,  in  other  words,  if  y  is  in  R(A),  the  minimum  Euclidean 
distance  is  zero*  In  other  words,  (A31)  gives  us  the  set  of  all 
solutions  to  the  problem; 

(A32)  Minimize  j  |Ax  -  yjj. 
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where  |  jAx  -  yj  |  is  the  norm  of  the  vector  (Ax  -  y),  i.e»  (Ax  -  y, 

l/ 

Ax  -  y)  '2c  In  particular,  if  it  is  possible  to  have  an  x  which 
brings  |  |Ax  -  yj  j  down** zero,  Ax  =  y  is  solvable  and  the  set  of  all 
solutions  is  given  by  (A31)«  Thus,  the  original  problem  of  Ax  =  y 
which  may  or  may  not  have  a  solution  is  changed  into  a  problem  of 
minimizing  the  Euclidean  distance  between  Ax  and  y,  or  a  problem 
of  finding  x  which  makes  Ax  as  "close  to  y"  as  possible,  for  which 
the  existence  of  a  solution  is  guaranteed  since  for  any  vector 
y  in  cy  ^there  exists  (uniquely)  a  vector  y  in  R(A)  which  minimizes 
the  Euclidean  distance  to  y  so  far  as  R(A)  is  non-empty  which  is 


true  even  for  A  =  0, 

In  summary,  A is  the  unique  solution,  which  is  guaranteed  jo 
exist „  to  the  following  double  minimization  problem: 

(A33)  Minimize  jjxj| 

Subject  to  j  jAx  -  yjj  to  be  minimum. 


where  x  is  a  variable  in  /*C  n  and  y  is  a  given  vector  in 


u 
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An  Example  of  Computation  of  A1 


In  Appendix  B,  Various  methods  of  calculating  generalized 
inverses  are  described,  together  with  a  flow  chart  and  GATE  program 
for  one  of  these  methods.  In  this  section,  however,  we  shall  show 
the  process  of  calculating  a  generalized  inverse  by  an  " elimination 
method"  by  using  an  example.  For  more  detail  discussions  on  this 
method  refer  to  Appendix  B» 

Let  us  calculate  the  generalized  inverse  of  a  3  x  4  matrix 

2  2  4  2' 

4  4  8  4  o  If  the  number  of  rows  in  a  matrix  is  less  than  the 

3  3  7  5 

number  of  columns,  it  is  easier  to  calculate  the  generalized  inverse 
of  the  transposed  matrix  and  then  transpose  the  resulting  matrix, 
obtaining  the  generalized  inverse  of  the  original  matrix,  since 
(A*  yf  =  (A^)*  which  is  clear  from  our  earlier  discussions «» 

Let  us  therefor*  )'n  tniS  case  consider  A  to  he. 


A 


2  4 
2  4 
4  8 


The  first  step  is  to  calculate  A*A, 

28  56  50* 

A*A  =  56  112  100  . 

50  100  92 

Then,  form  a  matrix  [A^A  |  A*]  and  diagonalize  by  a  set  of  elementary 


row  operations,  interchanging  rows  and  columns  if  necessary. 

inter, 

(Columns  of  A*  should  never  be  (Changed  with  other  columns  in  A* A  and  A*,) 


O 


A-2? 


The  diagonal ization  process  is  as  follows.  We  shall  denote  an 
'til  th 

element  in  i  row  and  j  column  of  the  tableau  by  b^. 


28  56  50 

56  112  100 
50  100  92 


2 

2 

4 

2" 

4 

4 

8 

4 

3 

3 

7 

5. 

2 

2 

4 

21 

2 5 

US 

28 

26 

0 

0 

0 

0 

16 

16 

4 

40 

28 

28 

~2Q 

25 

2 

2 

4 

2) 

28 

28 

25 

28 

16 

16 

4 

40 

28 

~2S 

25 

2* 

7o  ?6 
16  16 
75  ~t5 


18  66' 
7&  ~7& 
4  40 
?5 


j[A*A  1  k*} 

1  Divide  Row  1  by  b^  and  subtract 
)  scalar  multiples  of  Row  1  from  f?f>w 
2  and  Row  3.  the  scalars  being 
given  by  b^  and  b31“ 

r** 

1  Interchange  Row  2  and  Row  3. 
j  then  Column  2  and  Column  3  to 
( bfeing  a  non-zero  element  in  b_0» 


f Divide  Row  2  by  b22  and  subtract 
.scalar  multiples  of  Row  2  from 
/Row  1  and  Row  3,  the  scalars' being 
[given  by  b^2  and  b^2» 


'.'e  have  diagonalized  the  first  two  rows  but  we  cannot  proceed  the 
diagonal! zation  further  since  the  remaining  row  contains  only  zeros. 
Tliis  ends  the  diagonalization  process.  The  result  of  diagonalization 

is  in  the  form  of  I"  whore  I  is  the  r-dimensional  identity 

matrix,  A  is  an  rx  (n-r)  matrix  of  residuals,  0  is  the  (n-r)  x  n 
zero  matrix,  and  E  is  an  n  x  n  matrix  of  elementary  row  operations. 
The  dimension  of  Ir,  i.e.»  r,  is  the  rank  of  A*  A  which  is  equal  to 
the  rank  of  A.  Let  us  denote  the  first  r  rows  of  EA*  by  (EA*)r* 

The  next  step  is,  then,  to  calculate  (1^  +AA*)~^~t  which 
is  guaranteed  to  exist  for  any  &  .  In  our  example. 
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(ir  +  MV1  .  [<*  J)  ♦  0)f.  (*  Jf =  C„  J). 

(rr  In  our  example, 

rl/1  0)ir  L  34  34  18  -66n 

L5^0  5;J  1  7^-16  -16  -4  40' J 


We  then  calculate 


A* 


1  o 
o  1 

2  0 


380 


34 

18 

-66 

17 

17 

9 

-33 

-80 

-20 

200 

=  190 

-40 

-bO 

-10 

100 

68 

36 

-132 

34 

34 

18 

-66 

A 

Fianlly  we  permute  rows  of  the  resulting  matrix  if  we  Interchanged 

corresponding  columns  during  the  diagonalization  process.  (Any  row 

Interchange  during  diagonalization  does  not  affect  the  result  and 

hence  can  be  ignored,, )  In  our  example,  since  we  interchanged  the 

Hence  now 

second  and  the  third  columns .  ^interchange  the  second  and  the  third 
rows  of  the  above  matrix,  obtaining  the  generalized  inverse  of  A, 


L+  =  -I_ 
L  190 


17 

17 

9 

-33 

34 

34 

18 

-66 

-40 

-40 

-10 

100 

If  A  is  the  transpose  of  the  original  matrix,  we  transpose  A+  to 
obtain  the  generalized  inverse  of  the  original  matrix*  Thus, 


*9 

O 

k. 

2]+ 

4  , 

17 

34 

-40 

4 

3 

c 

4 

8 

ry 

1 

190 

17 

9 

34 

18 

-40 

-10 

7 

5J 

1-33 

-66 

100 

It  may  be  WerifieA,  that  (Al„a)  -  (Al<,d)  are  all  satisfied  by  the 
matrix  thus  calculated. 

If  the  1th  row  of  A  is  all  zeros,  this  row  may  be  eliminated 
before  we  start  the  calculation*  We  than  insert  a  zero  column 


' 
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between  the  (i-l)st  oolurna  and  the  i  column  of  A*  obtained  at 

the  end  of  c51uulation0  Similarly,  if  jth  column  of  A  ia  all 

zeros,  this  column  may  be  eliminated  before  we  start  the  calculation, 

t-ll  4. 

inserting  a  zero  row  between  (j-l)--st  row  and  the  j  row  of  A' 
obtained  at  the  end  of  the  calculation. 


?.  A  List  of  Some  Properties  of 

Generalized  Inverses 

The  generalized  inverse  has  the  following  properties. 
(See  Penrose8  1955;  Cline,  1952.) 

1.  A  =  0  (m  by  n)  implies  =  0  (n  by  m); 

2.  A'tt  =  A; 

3.  A*t  =  A+*; 

4.  if  A  is  non-singular  A"^  =  A~\ 

5.  (A*A)*  A+Af*; 

6„  if  U  and  V  are  unitary  (UAV)*  =  V*A*U*; 

?.  if  A  =  21  A^  c  where  A^AJ  =  0  and  A*A^  ~  0„  whenever  i  /  j, 
then  A^  =  J2LA*; 

8.  if  A  is  normal  A^A  =  AA^  and  (An)+  =  (A^)n; 

9.  A,  A*A_,  A*  and  A+A  all  have  rank  equal  to  trace  A^A; 

10 o  A*  A,  AA’9  x-A'Ap  and  I-AA-  are  all  hermitian  and  iaenpotent 

+  +  ,  ■j'  > 

7l1.  (a A)’  =  A  A1,  whera  A  is  a  cocplex  number  and  A  means  A 

if  X  1  0  and  0  if  X  «  0; 

12.  if  A  is  hermitian  and  idempotent  A*  =  A; 

13.  if  A  has  full  column  rank 

14.  if  A  has  full  row  rank  aT  =  A*(AA*  )~'L; 

15.  if  B  (m  by  r),  C  (r  by  r),  and  D  (r  by  n)  each  has  rank  r„ 

where  1  <  r  <  minimum  (m,  n)8  (BCD)^  = 


/ 

/ 


APPENDIX  B 

A  REPORT  or;  THE  MACHINE  COMPUTATION 
OF  THE 

GENERALIZED  INVERSE  OF  AN  ARBITRARY  MATRIX1 


l_c _ The  Generalized  Inverse  of  an  Arbitrary  Matrix 

Eo  H,  Moore  [27,  283  and  Independently  Bjerharanar  [6]  and 
Penrose  [30]  showed  that  the  concept  of  inverses  can  be  generalized 

as  follows: 

For  any  m  x  n  complex  matrix  A.  the  system  of  matrlc  equations 
AXA  =  A 
XAX  =  X 

(AX)*  =  AX  (*  denotes:  conjugate  transpose) 

(XA)*  =■  XA 

has  a  unique  solution,  an  n  x  m  conplex  matrix  called  the  generalized 
invQT??  of  A,  denoted  by  A+„ 

+  —1  + 

If  A  is  nonsingular  then  A  =  A  ,  otherwise  A  still  possesses 
many  desirable  properties  which  make  it  a  central  concept  in  linear 
algebra,  numerical  analysis  and  in  various  applications. 

The  main  references  on  generalized  inverses  are:  Moore  [27,  28], 
Bjerhammar  [6,  7,  8],  Penrose  [30],  Greville  [l6],  Hestenes  [19,  20], 
Lanczos  [25],  Rado  [36],  dan  Broeder-Charnes  [9]  and  Ben-I srael-Chames  [2]. 
A  representative  list  of  references  on  applications  of  generalized  inverses 
is:  [33,  [6],  [7],  [11]8  [16],  [17],  [22],  [23],  [24],  [31],  [32],  [35], 
[42]  and  [43], 

^Reproduced  from  A,  Ben-Israel  and  Y»  Ijiri,  "A  Report  on  the 
Machine  Computation  of  the  Generalized  Inverse  of  an  Arbitrary  Matrix," 

ONR  Research  Memorandum  No, 110,  Pittsburgh:  Carnegie  Institute  of 
Technology,  Kerch,  1963,  All  the  references  in  this  appendix  are 

give  on  ph£e  B-l^B-l?; 


.  .  ,  .  . . , 


If  A  is  nonsingular  (A+  “  A-1)  or  of  full  rank  (A  **  (Afl)_1A 
or  A+  -  A*(AA*)_1)  then  A+  nay  be  computed  by  ordinary  inversion  methods, 
e.g.  [13],  [21]  and  [27].  If  A  is  not  of  full  rank,  then  a  full  rank 
matrix  X  may  be  formed  by  adjoining  to  A  sufficiently  many  rows  (columns) 
(orthogonal  to  those  of  A)  and  A  is  obtained  from  A  by  striking  out 
the  corresponding  columns  (rows),  e.g.  [18].  Methods  for  computing  A+, 
when  A  is  of  arbitrary  rank,  are  not  necessarily  trivial  extensions  of 
thr  ordinary  inversion  algorithms  —  although  they  reduce  to  the  later 
algorithms  when  A  is  nonsingular.  A  review  of  some  of  these  methods  and 
of  some  other  results  of  computation  interest  will  now  be  given t 

2.1  Direct  Methods > 

2.1.1  Elimination  Methods 

2.1.11  If  S  is  a  symmetric  matrix 

C  a  nonsingular  matrix  (product  of  elementary  matrices)  such  that 
CSC*  “  D  =  (d±i)  diagonal 

then 

S+  =•  C*D+C  where  D+  «*  (d^*)  (R®0  t35 ]) 

2.1.12  Similarly  if  A  is  a  square  matrix,  V,  W  unitary  matrices^ 
such  that 

A  «  TOW,  D  «  (d±i) 

then 

A+  ”  W*D+V*  (Penrose  [30] 


1/ 


Existence  guaranteed  by  a  theorem  of  Autonne,  extended  to  the 
rectangular  case  in  [18]. 


u 


c 


^5 

As  in  the  nonsingular  case,  e.g.  [21]  p.  83  and  [41] ,  the  above  may 
be  used  in  an  inversion  algorithm. 

2.2  Approximate  Methods 
2.2.1  Iterative  Methods 

2.2.11  den  Broeder  and  Charnes.  [9]  showed  that 
S  #  #  I# 

lie  >  A  (I  +  AA  )  ~  always  exists  and 


n1*  0,  1.  2,  ... 

2.2.12  Ben-Israel  and  Charnes  [2]  showed  that  for  any  A 

H»  CK,  >  (I  -  oC  A  A)*A  always  exists 

n->  oo  k°0 

and 

C*  2T (I  -  CX  A*A)kA*  -  A+ 
k-0 

provided  that 

0  ^  ^  ^  is  the  greatest  eigenvalue  of  A  A. 

*1  X 

An  iterative  method  of  computing  A+  follows  by  rewriting  the  above  ast 


n-*®»  k”l 


>*(!  +  AA*)-k  -  A+ 


k-1 


This  result  may  be  rewritten  as i 

*, 

If  “ 


- ,  *. _i 

Iq  -  A  (I  +  AA  )  A 

Vi  -  V1  + 


then 


11m  y  -  * 


c 


Step  3t 

Form  AA  (Flow  Chart  4) 

Step  4:  Dlagonallzatlon 

Diagonalize  the  matrix  (A  A  |  A-)  to  obtain 


(EA  AP  ;  EA  )  -  (-£- -  J  EA  ) 

0  !  0 

0/ 


(Flow  Chart  5)- 
Record  the  permutation  matrix  P 
the  residue  matrix  /\ 

aft-  nfr 

the  matrix .EA,  ,  consisting  of  the  first  r  rows  of  EA  , 
and  the  rank  r. 

If  r  **  n  (in  which  case  A“  O)  go  to  step  9.^ 

If  r  <  n  go  to  step  5« 

Step  5; 

Form  (I  +  A  A*)  (Flow  Chart  5) 


Step  6:  Inversion 


Invert  (I  +  AA  )  (Flow  Chart  6) 


Step  7: 


Form  (-£)  (Ip  +  AA*)"1  (Flow  Chart  7) 


Because  of  convenience  in  machine  operations  we  actually  diagonalize 


attac  ^ 

(---)  to  obtain  (  * r  '  ^ 


2/ 


Which  is  simplified  to:  Form  PEA 


A  . 


o 


Step  8: 


Form  (-£)  (Ir  +AA#)-1^  (Flow  Chart  8) 


3tep  9:  Permutation 
I 


Form  P<2pj)  (If  +AA*)-1{e£  -A1"  (Flow  Chart  9) 


Step  10: 


If  m  ^  n  then  I+  ** 

If  m  <  n  transpose  A*  to  obtain  I+  *■  (A^ )*  (Flow  Chart  10)^ 


Step  11: 


Insert  zero  rows  (colums)  in  X  ,  in  place  of  the  zero  columns 
(rows)  stricken  out  in  Step  1,  to  obtain  A+  (Flow  Chart  11) 


.2  Operational  Counts 


3.2«1  In  counting  the  arithmetic  operations  required  by  the  above 
method  (disregarding  bookkeeping  operations)  we  assume  no  zero  rows  or 
columns  so  that  A  “  X,  m  «*  a  and  n  **  n.  We  assume  also  that  m  ^  n  and 
that  n)r  «o  that  Steps  5-8  are  executed.  The  number  of  arithmetic 
operations  in  Step  6t  the  inversion  of  an  r  x  r  matrix,  is  left  out  as 
it  depends  on  the  method  used  for  the  inversion  routine.  The  results 
are  summarized  below: 


1/  T 

Since  the  diagonalization  data  was  written  as  (-—),  see  Flow  Chart  5, 

we  actually  obtain  (A  )  at  Step  9.  Therefore,  according  to  Flow  Chart  10, 
Step  10  is:  If  m  >  n  transpose  to  get  j+. 

If  m  <  n  set  X+  “  A  . 


O 


Step  Operation 

Division 

Multiplication 

Addition 

3 

nn2 

nn2 

4 

(n-l)(m+n)r 
-  (n-l)(r+l)r 

2 

(n-l)(«r*n)r 
-  (n-l)(r+l)r 

2 

5 

r2(n-r) 

r2(n-r)  +  r 

6 

7 

? 

? 

7 

2 

nr 

nr2 

8 

o nr 

mnr 

total 

(rtl)rJ£2ilr 

2  2 

mn  +nr  +mnr 
+r2(n-r)  + 

+(n-l)r[  (m+n)-^ii] 

2  2 

mn  +nr  +mnr 
♦r2(n-r)+r+ 
+(n-l)r[  (m+n)-^^-] 

+  no.  of  operations  in  inverting  an  r  x  r  matrix 

3.2.2  Examining  the  above  table  we  note  that  the  case  r  “  min  •[  m,n J  -1  ”  n  - 
requires  the  greatest  numbers  of  arithmetic  operations.  In  fact,  if  r  “  n  -  1 
then 

(m  +  (n-1)  divisions 

2ran2  -  mn  +  (n-l)2  [m  +  ^n  +  1]  multiplications 

and  2mn2  -  mn  +  (n-l)2  [m  +  ^  +  1]  +  (n-l)  additions 
are  needed,  except  for  the  inversion  of  the  (n-l)  x  (n-l)  matrix  in  Step  6. 

3.2.3  If  r  "  min  ^  m,nj  ,  and  this  fact  ie  recognized  by  the  machine, then 
Steps  5-8  &re  not  executed.  When  A  is  nonsingular,  i.e.  m  =  n  **  r,  the 
method  requires 

(^n2  -  ^)  divisions 


-  2n2  +  ^n)  multiplications 
and  -  2n2  +  ^n)  additions. 

Thus,  in  the  nonsingular  case  the  above  method  is  less  efficient  than 
the  ordinary  matrix  inversion  methods.  This  is  due  to  the  formation 

-ft 

of  A  A,  which  is  not  needed  for  inversion  by  elimination,  if  A  is 
nonsingular. 

3.3  Discussion 

3.3.1  We  give  the  results  of  some  experiments  with  the  present 

elimination  method,  on  Bendix  G-20,  for  Rutishauser's  matrix  A^  =  (a^j)  = 

((**^))»  0  <  i,  J  <  n-1,  with  condition  number  log  p(An)  ™  U  n  log  2, 

e.g.  [29].  As  in  [29],  we  have  chosen  the  measure  of  the  error  as 

m  =  max  /  r.  .[  where  R  =  (r.  .)  =  A  X  -  I  and  X  is  the  computed 
i,  j  n 

inverse  of  A^. 

— 30 

With  the  smallest  number  E  recognized  by  the  algorithm,  jf  =  10  ,  the 

results  are: 


error 

compilation 

time 

computation 

time 

n  =  8 

m  =  7.1  x 

10-3 

69  sec. 

18  sec. 

n  =  28 

ra  =  7.4  x 

10"1 

69  sec. 

176  sec. 

The  same  results,  approximately,  were  obtained  for  £  =  lO-^3  and 


t 


Comparing  these  results  with  those  of  Newman  and  Todd 


6-ii 

([29]  p.  474),  it  is  possible  to  evaluate,  for  the  nonsingular  case, 
the  present  elimination  method.  As  expected,  see  3*2.3  above,  in  the 
nonsingular  case  the  present  method  does  not  compare  favorably  with 
the  ordinary  elimination  methods. 

3.3.2  As  in  other  elimination  methods,  the  correct  rank  recognition 
by  the  algorithm  —  which  in  turn  depends  on  the  choice  of  €■  —  is  all 
important  here.  The  rank  recognition  may  be  tested  here  by  comparing 
zero  rows  in  EA*AP  and  in  EA*.  Since  the  matric  equation  A*AX  =  A*  is 
consistent,  it  follows  that  for  any  zero  row  in  EA*AP  the  corresponding 
row  in  EA*  must  be  zero.  Such  a  test  is  clearly  incomplete. 

4.  An  Iteration  Method  for  Computing  A+ 

In  this  section  we  discuss  briefly  the  iteration  method 
2.2.12  and  relate  our  computational  experience  with  it. 

4.1  The  Convergence  Rate 

4.1.1  In  [2]  it  was  shown  that 

oo 

A+  =  ^  (I  -  o«  A*A)kA*  for  0<  — 

This  is  the  basis  of  the  iteration  method  2.2.12  whose  iteration 
gives : 

o o 

*n  =  04  d  "  04  A*A)kA* 

=  X  ,  +  c*A*(l  -  AX  ,  )  n  -  1,  2,  ... 

n— J.  n— x 

XQ  =  ex' A*  and  0  <  **  <  — 


where 


As  A 


Jk12 


=  lim  X  9  we  have  in  the  iteration 
n-»oo 

||  A+  -  Xn  ||  =  ||  OC  (I  -  of  A*A)kA*  ||  < 

-  °<  lS-i  II  1  ~  <*A*A  II k  II  A*H  " 

=  oC  II  A»  II  •  II  I  -  <X  A»A  II  n+1 

n  /|  i  - a**  a 

where  |l  T  H  is  any  multiplicative  matrix  norm  (i.e.  K  ST  f  <  f  s  II  ■  f|  T  /)  ). 
4.1«2  A  more  rapidly  convergent  scheme  was  given  in  [2]:  Let 

Yn=  <*{l  +  (I-c*  A*A)}  ^  {  I  +  (I  -oC  A*A)2  J  A* 

where  0  ^  . 

*1 

Then  Y  -  A+  and 

A+  -  Yn  II  <-* 

Still  more  rapidly  convergent  schemes,  at  the  cost  of  more  multiplications 
per  iteration,  can  be  given,  e.g.  using  the  results  in  [26]. 

4.2  The  Optimal  o< 

4.2.1  To  the  vector  norm  II  x  II  —  (x,  x)1^2  =  (  <21 /x.  I  2)^/2  there 

i*/ 1  X 

"corresponds"  the  matrix  norm  ||  T  /|q  =  V"?i  ^  ^ where  is  the  greatest 

eigenvalue  of  T*T.  By  "correspondence"  here  we  moan  that 

(|  T  |L  =  sup  II  Tx  H 

xfO  llxH 

Since  |J  I  -  of  A*A  //  ,  as  a  function  of  the  real  parameter  o(  is  convex,  and 


II  A*  II  II  I  -  <kA»A  f/2*1*1 
1  -  ||  I  -  Ot  A*A  ll 
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'  4.3  Discussion 

We  have  found  the  convergence  of  the  iterative  method 
2.2.12  too  slow  to  be  of  much  practical  value.  E.g.  for  the  Rutishauser 
matrix  Ad,  (X  is  5  x  10”  .  It  may  be  worthwhile  to  check  the  effect 

O  Jl 

of  some  accelerated  versions  of  2.2.12;  this  will  be  reserved  for  a 
future  study. 
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APPENDIX  1:  FLOW  CHARTS 


A: 

m: 

n: 

X: 

m: 

n: 

As 

= 

m: 

n: 

r: 

£5 


•  •  •  p, 
ql* 


m 


V 


Original  m  x  n  matrix  whose  g.i.  is  to  be  calculated 
Number  of  rows  of  A 
Number  of  columns  of  A 

Reduced  form  of  A  by  eliminating  zero  rows  and  zero  columns 
of  A,  if  any.  If  there  is  no  zero  rows  or  zero  columns  in 
A,  A  =  A 

Number  of  rows  of  A  (Of  course  m  =  m  if  I  =  A) 

Number  of  columns  of  A  (Of  course  5  B  n  if  I  s  A) 

Reduced  and  conditionally  transposed  form  of  A:  i.  e.  A  =  I 
if  m  2  n  and  A  ”  I  if  m  <  n 


Number  of  rows  of  A  (m  =  i  if  A  =  I,  m  =  n  if  A 
Number  of  columns  of  A  (n  =  n  if  A  =  I,  n  =  m  if  A 
Rank  of  A,  which  is  equal  to  the  rank  of  A  A 


I*) 


5*) 


Error  allowance:  i.e.  in  any  matrix  if  an  element  has  an 
absolute  value  which  is  less  than  £ ,  the  machine  regards 
the  element  as  equal  to  zero 

Flag  0:  0  if  the  problem  is  not  the  last  one;  1  otherwise 

Flag  1:  0  if  5  =  A  and  1  if  5  /  A 

Flag  2:  0  if  A  =  I  and  1  if  A  =  A* 


Flag  3 i  0  if  A  A  is  singular  and  1  if  A  A  is  nonsingular 


Flag  for  zero  rows  in  A:  p^  =  -i  if  i 
p.  =  i  otherwise 


.th 


Flag  for  zero  columns  in  A: 
column;  q.  =  j  otherwise. 


row  is  a  zero  row; 


.th 


-j  if  j  column  is  a  zero 


,  .t=  Flag  for  row  interchange  in  Stage  5.  Initially  t.  =  i  (i=l,  2. 
n  th  th  ^ 

If  i  row  and  j  row  are  interchanged  during  the  process  in 

Stage  5*  the  value  of  t.  and  t.  are  interchanged,  too;  i.e., 

ti=j,  tj=i.  1  J 


_2£  Cw  f 


K 


i 

i 

k 

1 


Element  in  row  Jth  column  of  a 

Element  in  i*"*1  row  column  of  a  matrix  stgred  in  H  regiater  region 
h^j  may  be  deaignated  by  where  k  “  (i-1)  x  n  +  .j 

Number  of  columns  of  a  matrix  stored  in  H  register  region 

Temporary  storage  location 


Indices 


Iteration  statement:  Iterate  the  whole  statements  up 
to  the  point  x  in  the  diagram,  setting  the  initial  value 
of  the  index  s  equal  to  u  and  incrementing  s  by  v  at  the 
end  of  each  iteration,  until  s  becomes  equal  to  or  greater 
than  w.  Then  go  to  the  statement  immediately  under  the 
point  x. 


When  there  is  no  danger  of  confusion,  an  iteration  statement 
is  substituted  by  a  statement  showing  the  operation  and  the 
range  for  subscripts;  e.g. 


TSy 


II  •  Eliminate  Zero  Rows  and  Columns 


XI.  Insert  Zero  Rows  or  Columns  if  Any 
and  Print  A 

© 


o 


M 


APPENDIX  2: 


GATE  PR0GRAM  F0R  GENERALIZED  INVERSI0N  0F  REAL  MATRICES  (GENINV)  M 

F0R  EXPL*NATI0N  0F  SYMB0LS  SEE  [15]  M 
70  IS  HIGHEST  STATEMENT  NUMBER 

DIMENSI0N  C(l)  D(l)  G(5000,K8,l)  H(10000,K14,1)  N 

1(100)  K(30) 


1NITIALIZATI0N  M 

1  K0=0  IF  N0T  END  K1=M  K2=N  HO=E  H1...H(M,N)  C;READ 

K14  -  K2;  K9  *•  0;  K10  0;  Kll  0;  K8  -  K2;  K7  *•  K1 

60,  K20,  1,  1,  K7*K8, 

60  GK20  ♦-  HK20 
TK1  TK2 

58,  K20,  1,  1,  K7, 

TK20 

58,  K21,  1,  1,  K8, 

58  TH(K20,  K21) ;  TK21 

2,  K20,  1,  1,  K7, 

2  IK20  ♦-  K20 

3,  K20,  1,  1,  K8, 

3  I(K7+K20)  ♦-  K20 


CHECK  F0R  ZER0  H0W'S  AND  C0LUMNS  M 

5,  K21,  1,  1,  K7, 

A,  K22,  1,  1,  K8, 

4  00  T0  5  IF  H(K21,  K22)  0  0 

IK21  -IK21;  Kll  •*-  1;  K1  *-  Kl-1 

5  C 

G0  T0  38;  K14  *-  K7  IF  K1  =  0 
7,  K22,  1,  1,  K8, 

6,  K21,  1,  1,  K7, 

6  G0  T0  7  IF  H(K21,  K22)  0  0 

I(K7+K22)  -I(K7+K22);  Kll  *■  1;  K2  K2  -  1 

7  C 

G0  T0  12  IF  Kll  =  0 


o 
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ELIMINATE  ZER0  R0WS  0E  C0LUMNS  M 
K20  0 

8,  K21 ,  1,  1,  K7, 

8,  K22,  1,  1,  K8, 

8  HK20  -  H(K21,  K22);  K20  *■  K20+1  IF  IK21  >0  N 
IF  I ( K7+K22 )  >  0 
K14  K2 

12  K3  ♦-  K1  +  K2;  K4  K1*K2;  K6  K7  +  K8 
G0  T0  48;  H1+-  l/Hl  IF  K1  -  1  IF  K2  «  1 


TRANSP0SE  IF  (M)  <  (N)  M 
K9  -  1  IF  K1  <  K2 
G0  10  15  IF  K9  =  0 
K20  K4 

13,  K22,  1,  1,  K 2, 

13,  K21,  1,  1,  Kl, 

13  HK20  *■  H(K21,  K22);  K20  *•  K20+1 

14,  K20,  1,  1,  K4, 

14  HK20  *■  H(K2CHK4) 

K2  K14;  Kl  -  K2;  K14  «-  Kl 

15  K5  -  K2*K2;  K13  -  (K1+K2)*K2 
16,  K20,  K4,  -1,  1, 

16  H(K5+K20)  *■  HK20 


F0RM  ((a))*X((A))  M 
19,  K22,  1,  1,  K2, 

19,  K21,  1,  1,  K2, 

DO  0 

18,  K20,  K2+1,  1,  K3, 

18  DO  *■  DO  +  H(K20,  K21)*H(K20,  K22) 

19  H(K21,  K22)  ♦-  DO 

20,  K20,  1,  1,  K2, 

20  I(K6+K20)  --  K20 


FIND  AN  ELEMENT  WITH  LARGEST  ABS0LUTE  VALUE  M 
9,  K12,  1,  1,  K2, 

DO  AHO 

23,  K18,  K12,  1,  K2 , 

23,  K19,  K12,  1,  K2 , 

23  K21  -  K18;K22  K19;D0  -  AH(K18,K19)  IF  AH(K18,  K19)  >  DO 

G0  10  31;  TK12  IF  DO  =  HO 


ae-  e>-33 


R0W  INTERCHANGE  M 

24  G0  T0  26  IF  K21=K1 2 
25,  K20,  1,  1,  K2, 

25  H(K12,  K20)  +-  DO;  H(K21,  K20)  -  H(K12,  K20);  N 

DO  *■  H(K21,  K20) 

l(K6+K12)  ■*-  10;  l(K6+K2l)  *-l(K6+K12);  N 
10  *-  I  (  K6+K21 ) 


C0LUMN  INTERCHANGE  M 

26  G0  T0  28  IF  K22=K12 
27,  K20,  K12,  1,  K3, 

27  H(K20,K12)  *-  DO;  H(K20,  K22)  -  H(K20,  K12);  N 

DO  -  H(K20,  K22) 


DERIVATI0N  M 

28  DO  ■**  H(K12,K12) 

29,  K20,  K12+1,  1,  K3, 

29  H(K20,K12)  -  H(K20,K12)/D0 
9,  K22,  1,  1,  K2, 

G0  T0  9  IF  K22=K12 
DO  *■  H  (  K12 ,  K22 ) 

30,  K21,  K12+1,  1,  K3, 

30  H(K21,K22)  H(K21,  K22)  -  H(K21,K12)*D0 

9  C 

G0  T0  11;  K10  1;  K12  *-  K2 


F0RM  INVERSE  0F  (l+( DELTA) (DELTA)*)  M 

31  K12  *-  K12-1;  K20  -  0 
32,  K21,  1,  1,  K12, 

32,  K22,  1,  1,  K12, 

DO  *-  O 

33,  K23,  K12+1,  1,  K2, 

33  DO  DO  +  H(K23,K21)*H(K23,K22) 

DO  «-  DO+1  IF  K21=K22 

32  HK20  -  DO;  K20  K20+1 

MIVNC .  (LHl,ia2) 

K20  *-  K12*K12  +  1 


F0RM  (I/(DELTA)*)  X  (AB0VE  INVERSE)  M 
34,  K21,  K12,  -1,  1, 

34,  K22,  K12,  -1,  1, 

34  H(K21,K22)  ■*-  HK20;  K20  *■  K20-1 

K20  K13 

10,  K21,  K12+1,  1,  K2, 

36,  K22,  1,  1,  K12, 

DO-*-  0 

35,  K23,  1,  1,  K12, 

35  DO*-  DO  +  H(K23,  K22)*H(K21,K23> 

36  HK20  ■*-  DO;  K20  •*-  K20+1 
K20  *-  K13 

10,  K22,  1,  1,  K12, 

10  H(K21,  K22 )  *-  HK20 ;  K20*-  K20+1 
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F0RM  (EA*)*  X  (AB0VE  MATRIX)*  M 
40,  K21,  K2+1,  1,  K3, 

K20  *-  K13 

39,  K22,  1,  1,  K2, 

DO  -  0 

37,  K23,  1,  1,  K12, 

37  DO  -  DO  +  H(K22,K23)*H(K21,K23) 

39  HK20  -  DO;  K20  ♦-  K20+1 

40,  K22,  1,  1,  K2, 

40  H(K21,K22)  H(K13+K22) 


PERMUTING  C0LUMNS  M 
11  42,  K21,  1,  1,  K2-1, 

43,  K22,  K21,  1,  K2, 

43  G0  T0  44  IF  l(K6+K22)=K21 

44  G0  1#  42  IF  K21  =  K22 
45,  K23,  K2+1,  1,  K3, 

45  H(K23,K22)  •*-  DO;  H(K23,K21)  -  H(K23,K22);  N 

DO  -  H(K23,K21) 

I  (  K6+K22  )  ■*■  I  (  K6+K21 ) 

42  C 


TRANSP0SE  IF  NECESSARY  M 
G0  T0  17  IF  K9-0 
41,  K20,  1,  I,  K4, 

41  HK20  -  H(K5+K20) 

G0  T0  48 

17  46,  K20,  K4,  -1,  1, 

46  H ( K20+K4 )  -  H(K20+K5) 

21  K20  +-  0 

47,  K22,  1,  1,  K2, 

47,  K21,  Kl+1,  1,  Kl+Kl, 

47  HK20  *■  H(K21,K22);  K20  K20+-I 

K2  -  K14;  K1  -  K2;  K14  *-  K1 


INSERT  2ER0S  IF  NECESSARY  M 

48  G0  T0  38  IF  K11=0 
K20  ♦-  K4;  K14  •*-  K7 
49,  K22,  K8,  -1,  1, 

49,  K21,  K7,  -1,  1, 

G0  T0  49;  K20  -  K20-1;  H(K22,K21)  *-  HK20  N 
IF  I(K7+K22)  >  0  IF  IK21  >  0 
H(K22,K21)  ♦-  0 

49  C 
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FUINT  (A+)  M 
(_/  38  C 

22,  K20,  1,  1,  K8, 
TK20 

22,  K21,  1,  1,  K7, 
22  TH(K20,K21);  TK21 

G0  T0  1  IF  K0=O 
Halt 

PR0GRAM  END 


O 
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APPENDIX  C 

A  Computational  Algorithm  for  Generating  All  the  Extreme  Points 
of  a  Convex  Set  Mapped  into  a  Two  Dimensional  Space 

1.  Introduction 

The  algorithm  described  here  was  developed  a3  an  extension  of 

a  dual  evaluator  analysis  of  a  linear  programming  problem.  The  algorithm 

is  designed  to  supply  enough  data  from  which  the  maximum  value  ^ 

✓ 

and  the  minimum  value  v  of  the  functional  v  of  a  linear  programming 
problem  are  determined  for  any  given  value  of  a  stipulation  level  w 
of  a  given  constraint  in  the  linear  programming  problem. 

*  V 

Since  the  loci  of  v  and  v.  as  w  changes/  form  a  convex  set  in 
a  two-dimensional  space  the  algorithm  generates  all  the  extreme 

points  of  the  convex  set,  which  may  be  considered  as  a  convex  set  in 
an  n-dimensional  space  ^  mapped  into  ^Yg. 


O 
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2o  Problem 

Let  B  (mxn)s  h  (irtxl),  a  (lxn),  and  c  (Ixn)  be  a  given  matrix 
and  given  vectors  and  x  (nxl)  be  a  vector  of  variables  in  %  - 
Let  S  be  a  non-empty  bounded  convex  set  defined  by  the  system 

of  linear  inequalities , 

Bx  <  h 
x  >  0*. 

Also  lot  ^  be  a  non-empty  bounded  convex  set  obtained  by  mapping  S 
intc/^,  whose  axes  are  w  and  v  where 

w  =  cx 

jnd  v  =  ax<> 

Our  problem  is  to  develop  an  algorithm  which  generate  all 
the  extreme  points  of  the  mapped  convex  set  S. 


3 a  Algorithm 
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1=  Notation 

(LP„0):  The  linear  programming  problem. 


Minimize  w  =  cx 
subject  to  Bx  <  h 
x  >  Oo 


(LPol):  The  linear  programming  problem. 

Maximize  v  =  ax  -  IJy 
subject  to  Bx  <  h 
cx  +  y  =  w^ 

x,  y  >  0. 

Ms  An  unspecified  but  dominantly  large  positive  number 
w.  :  The  optimum  value  of  the  functional  of  (LP«0) 
v^:  The  optimum  value  of  the  functional  of  (LPol) 

T‘  :  A  simplex  tableau  at  the  beginning  of  the  step  (3a.k)  in  the 

iteration  in  the  algorithm,  (k=l,2,.o. )«  In  particular,  T° 

refers  to  an  initial  tableau  for  (LPol),  and  T1  an  optimum 

tableau  to  (LPol), 

PqS  The  stipulation  vector  in  T 

k  k 

P  ;  The  vector  for  the  artificial  variable  y  in  T 

Tj :  The  vector  for  the  structural  and  slack  variables  in  Tk 

(j=l,2,<.o,  rtf-ra), 

Jr  1/  V  lr  V  If 

xi0"  xiy*  xij;  ^he  1  element  in  F3,  and  P*s  respectively 

(i-l, 2, o  o ,  m+l)o 

Xq  . :  The  dual  evaluator,  z.-c.„  in  P.  (j=l,2,oo,  n+m) 

'•'d  J  J  J 

k 

Xq  s  The  dual  evaluator,  z.~c.,  in  P  ,  excluding  Mo 

j  j  y 

A  w.  «  The  minimum  value  of  x^,./|xk  |  among  all  i  whose  xk  <0  and 
k  ^  iu  ay  ay 

X .  n  ^  0  ^  (  1“1  ,<^,00  ,  PH"  1  )  O 
Ap  i0 

i‘i  The  index  for  the  row  from  which  ^ w^  was  derived 

3^:  The  index  for  the  column  whose  x^./IxSp.l  is  minimum  among  all 
k  wj  x 

j  whose  xAp.  <  0,  ( j=l,2,oon-Hn)« 

J 

a  P  . 

P0:  ~  o  +  A  wpPv'  0-  in  the  dual  evaluator  £or  Pt  must  be  excluded 


in  the  calculation  of  PJ:0) 

k  v 


W  Vk+1:  Wk+1=  wk  +  AV  vk+l  =  vk  +  AwkX0y' 
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Zo  Algorithm  3„  Algorithm 

(1)  Derive  w.^  from  (LPaQ)« 

(2)  Formulate  an  initial  simplex  tableau,  for  (LPd),  derive  an 

optimum  tableau,  and  record  v^» 

(3)  Repeat  (3a.k)-(3c.k)  for  k=l,2,,<>»  until  the  artificial  vector  y  is 

forced  into  the  basis  in  (3c.k)« 

(3a»k):  Calculate  A  and  w^+^,  and  record  wk+1« 

(3b»k) :  Calculate  ?n  and  record  v,  « 

(3c»k):  Pivot  on  the  element  in  the  i  th  row  and  the  j  th 

k+1 

column  and  obtain  T 

(4)  Repeat  (2)-(3)  after  changing  the  functional  in  (LP»1)  to 

"Maximize  ~v=-ax-My<>" 


C 


o 


C-6 


The  minimum  value  of  w,  denoted  by  w^„  to  the  above  problem  is 
equal  to  aero.  (The  step  (1)  has  been  completed. ) 

Then, using  this  value  of  w^,  we  formulate  (LP.i)  as  follows: 


Maximize  v  -•  ^  +  2x2  +  Jx.j  -  Tty 
subject  to  3x1  +  2x2  -  <=  6 

(LP.i)  3*^  +  2x2  +  4x^  <  16 

3^  -  bxj  <3 

9/4xl  +  4x2  +  3x^  <17 

x^  +  2x2  +  <1° 

x^+  Xg+  x^  +  y=  0 

V  x2‘  *3^  0 

We  shall  show  the  step  (3)  of  the  algorithm  by  a  set  of 
simplex  tableaus  T^  t\  using  a  Tucker's  (1958)  condensed  form 
of  simplex  tableaus  eliminating  all  the  basis  vectors  from  the 


tableaus. 


Cj  /  0}  3 

c,  b°  Pc  pf  ?1  1 i 

d  £  3  * 

Pr  U  3  3  4 

h  *30 

P7  n  %.  V  $ 

ft  /0  1  x,  /* 

-H?y  0  1  1 

V?  0  -Jn-ti'-n 


T®:  Following  the  ordinary  simplex 
iterations,  we  obtain  an  optimum  tableau  T^«. 
The  element  marked  by  *  is  the  pivot  tt> 


1 


1 


o 


c 


/ 

-H 

r>l 

0 

Fo 

r; 

pj 

r  * 

i  y 

iV 

rf 

/ 

y 

3 

/ 

/7 

Rr 

it 

'/ 

rf 

-7 

P 

7 

/f 

Fr 

1 7 

/ 

i 

-3 

r 

/  0 

/o 

0 

/ 

— / 

.3  n 

0 

/ 

/ 

/ 

*>  ~ cr 

0 

a 

/ 

/ 

j  7/f 
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"p;  From  this  optimum  tableau, 
we  obtain  v^  =  0.  Thus  (w^,  v^) 

=  (0,  0)  is  an  extreme  point 

A 

of  S.  (The  step  (2)  has  been 
completed. ) 

(3a.l).  Search  for  all 
the  negative  element  in  P 
(-4,  -3*  and  -1).  Divide 
the  corresponding  elements 
in  PQ  by  the  absolute  value  of 
the  negative  elements  just 
found.  (16/4,  17/3.  and  lo/l)„ 
Take  the  minimum  value  of  the 
quotients  a3  A w.. .  (Aw.  =  16/4 


=  4). 


Calculate  w,,  =  w^+A  w^  =  0  +  4  =  4. 


(3bol)  Calcultae  P^T  =  The  result  is  given  in 


tiis  last  column  of  T  „ 
1=  (4,  12}  was  obtained. 


v 2  is  12. 


Thus,  an  extreme  point  (w2,  v^) 


(3Col)  Since  &  w^  was  derived  from  row,  we  search  negative 
elements  in  Pr  row  other  than  the  element  in  P  column.  (-1  and  -2). 

j  y 

Divide  the  corresponding  dual  evaluators  by  the  absolute  value  of 


the  negative  numbers  just  found.  (2/1  and  1/2) 
element  whose  quotient  is  minimum  as  the  pivot  to  obtain  T 


Take  the  negative 
2 


(The  element  thus  choser.  is  marked  by  *  in  T  . ) 


X  /,1 

we  discard  Fq  and  take  as  the  stipulation  level 


In  thi3  pivoting. 

Since  the  element 


in  Pr  which  corresponds  to  the  pivotal  element  is  always  equal 
to  zero,  P*  =  Pg  . 


O 
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(  "M 


3"' 

Po 

FT 

Pa 

s 

X. 

?r 

A  X 

p. 

F« 

10 

A 

A 

_ r- 

p 

A 

0 

Vx 

-V 

X 

A 

?t 

/? 

r 

x 

A 

/r 

?7 

-w 

*  V 
/2. 

A? 

Y» 

X 

-X 

Xx 

-j* 

V 

Pi 

A 

A 

-7 

«J 

"ci 

K 

Xx 

nH 

/3 

T2;  (3a. 2)  A  w2  =  1  taken  from 

P~  row.  w,  =  w.  +  A  v„  =  5. 

f  ^  A  *o  ^  o 

(Jo. 2)  Pq  =  Pq  +  Py  as  shown 
in  the  last  column,  v^  =  13, 
obtaining  an  extreme  point 
(w,>,  V,)  as  (5,  13). 

(3c.2)  Since  the  element 
in  P^  column  is  the  only  negative 
element  in  P^  low  from  which 
A  w2  was  taken,  (disregarding 
the  element  in  P  column  and  in 

y 

P„  row),  this  is  taken  as  the 

«  3 

pivot  to  obtain  T  » 


—M 


Bs 

V 

f? 

P 

P/ 

A  y 

p; 

P* 

V 

.1 

% 

-7r 

6 

P2 

Or 

0 

/r 

¥ 

¥ 

'X 

( 

/ 

P, 

3 

-X 

-%■ 

% 

P? 

31 

-% 

& 

-/ 

s4 

jr 

Pi 

X- 

% 

rj 

X 

z. 

! 

4 

/3 

% 

"Xo 

~£tiy 

X. 

T3:  (3a.a)  A  w^  *  l/3 

taken  from  P^  row.  w^  =  w^  +  A  w^  « 

(3b. 3)  P^  =  Pq  +  1/3P|  as 
shown  in  the  last  column, 
v^  =  34/3,  obtaining  an  extreme  point 

<V  V  =  (l6/3’  34/35 « 

(3c. 3)  Since  the  only 
negative  element  in  P^  row 
from  which  A  was  taken  is  in 
P,  column.  P  vector  must  be 

J  *  /j, 

forced  into  the  basis  in  T  , 
indicating  that  the  step  (3)  has 
been  completed. 


We  then  change  the  functional  in  (LP»1)  to  "Maximize 
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-v  =  -x^  -  2x2  -  3x^  -  My,"  and  repeat  the  step  (2)  and  (3)  as  follows: 


S  ft  ft  ft*  ft, 

ft  ft  o’  / 

Rr  /ft  5  ^  * 

ft  3  i  0  -ft 

p7  n  %  ¥  * 

?s  /o  i  *  I 

— .v  P/  ^  /*'  /  •' 


T°:  By  the  ordinary  simplex 
iterations,  we  obtain  an  optimum 
tableau  The  element  with 

is  the  pivots  ettnjP.  Tj 


P'  Po'  Py  Fl  k  ft' 
ft  ft  -3  -  /  -ft  ,} 

ft  /ft  ~i  -I  /  /j 

ft  o'  -3  -3  ~7*  0 

ft  /  7  4  *  %  4 

Ps  ^  -/  /  *  ft 

-/  ft  *  /  /  /  / 


T^:  s  0,  obtaining  an 

extreme  point  (w^„  v^)  =  (0,  0), 
This  extreme  point  has  already 
been  obtained  in  T^» 

(3a-.  1)  Av^  -  1  taken 
from  row,  w^  =  1 

(3bol)  Pg  =  Pj  +  Pj» 

-v^  =  -1,  obtaing  an  extreme 
point  (wlt  vx)  =  (ls  1), 

(3c  >1)  The  element  with  3ft 
is  the  pivot. 


C-10 


-7  -o 

p 

Yo 

fv  P/  p/  A 

P* 

3 

7  x,  -r  ^ 

P 

7 

/3 

Pf  -  //  r 

Pj 

J/7  X?  -'/]  / 

ft 

7  'X  p  % 

f? 

7 

~(  t  0 

*y?  Vi  /?  % 

9 

i  ,* 

/ 

C ; 

j 

— / 

-‘Y  Vr  -/7 

t/-/  7  ' 

T2: 

A  W2 

~  ?/3  from  Py 

(w. 

3°  V 

.  -10  16, 

-  x  3  3;« 

r 

P 

D  a 

)  o 

-n 

n  it  V  A  V 

P4"  p  P  p* 

X 

3 

A  ~(  -7  7 

ri 

/) 

9  -  j?  7r  7 

p 

5  *. 

/f  A  7 

es 

i.y 

1  7 

x’v 

-7  X  X  <9 

ft 

7/ 

/a 

-  £  ft-  'A-  % 

P. 
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-a  x-  X  x 

7f 

7 

-X 

A 

P3 
1  0 

/C  i 

^  ? 
ft 

n 

O 

X 

-»■ 

-K 

3 

& 

sr 

7 

-&* 

A 

P 

S  A 

( 

X 

/x 

-'A 

Jl 

P? 

7 

A 

r 

Fs 

>% 

-/ 

/ 

0 

A 

1  F, 

Y 

A 

Af 

2rc) 

*6/ 

7? 

,0/ 

/u. 

A 

A 

7( 

T3: 

A  K, 

-  4/3  from 

P5” 

(*V  V 

4^  = 

,14  26 
'  3  3 

■)o 

TJ 

It 

•  4 

w4  = 

2/3  from  P? 

o 

(Wy  1 

v  = 

(16/3 

f  34/3] 

>. 

Since 

the  only  negative 

s  element 

in  ?7 

row  is  in 

P  column, 

y 

P  must  bo  forced  into  the 

y  5 

basis  in  T  ,  which  indicates 
that  the  iteration  has  been 

completed* 
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The  set  of  all  the  extreme  points  of  the  original  convex 
set  given  by  (Col)  is  (0,  0 ,  0),  (0,  3.  0),  (0,  7/2,  1),  (0,  2,  3), 
(0,  0,  4),  (8/3,  0,  2),  (1.  3/2,  0),  (?/3t  0,  1),  (4/3.  2,  2), 
and  (1£  0,  0),^  which  are  transformed  into  the  two  dimensional 

1Balinski,  '1961. 

space  by  the  transformation  given  in  (C,2)  as  follows:  (0,  0), 

(3,  6),  (9/2,  10)t  (5,  13),  (4,  12),  (14/3,  26/3),  (5/2,  4); 

(10/3,  16/3),  (16/3,  34/3),  and  (1,  1)«  Tjpse  points  are  plotted 
on  the  following  Figure  C~l»  Note  that  not  an.  the  extreme  points 
in  the  original  convex  set  are  the  extreme  points  of  the  mapped 
convex  set„  Some  are  in  the  interior.,  -But  all  the  extreme  points 
in  the  mapped  convex  sot  roust  come  from  extreme  points  in  the 
original  convex  set  ,^  The  algorithm  generates  only  the  extreme 

^See  Theorem  5«  p°237«  Chames  and  Cooper,  1961, 


points  in  the  mapped  convex  set 
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o 


5*  Discussion 


There  have  been  already  a  few  methods  devised  for  generating 

2. 

-a!  !  t« .  _  extreme  points  of  an  n-dimensional  convex  set  c 


"See  discussions  of  the  double  description  method  in  f-totzkin, 
Haiffa,  Thompson,  and  Thrall,  1953°  See  the  use  of  a  Tarry  procedure 
in  Cham es ,  193P,  and  the  spiral  method  in  Chames  and  Cooper, 

1961,  Ch.  IX*  See  finally  Balinski,  1961. 


The  algorithm  described  here,  however,  possesses  advantages  for 
managerial  uses  of  the  kind  discussed  in  Chapter  IV  and  VI.  It  requires 
'.rily  a  minor  change  in  a  computer  program  for  the  simplex  method. 

The  algorithm  starts  with  extreme  points  in  the  mapped  convex 
set  which  have  the  minimum  value  cf  w  =  w  .  There  are  at  most  two 
such  extreme  points,  between  which  the  algroithm  takes  the  one  with 
higher  value  of  v.  It  then  checks  now'  much  w  may  be  increased 
without  changing  the  basis,  and  derive  an  optimum  tableau  for 


(LP,?.)  in  whicli  is  substituted  by  (k  =  2, 


. .)  via  the 


successive  bases.  The  stop  (3b.k)  is  a  short  cut  to  obtain  such 
optimum  tableaus  without  starting  the  simplex  iterations  afresh,'1' 


*See  Charmer  and  Cooper,  1961,  p.  1?0  ff , 


This  is  continued  until  a  stags  is  reached  at  which  P  ,  the 

y 

artificial  vector,  >rHl  be  forced  into  the  basis  o  This  means  that 
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wq  must  leave  the  convex  set  in  order  to  further  increase  w,  ard, 
therefore,  we  stop  the  iteration  at  that  stage., 

This  completes  the  search  for  all  the  extreme  points  in 
the  upper  boundary  of  the  mapped  convex  set»  By  changing  the 
functional  to  "Minimize  v  =  ax  +  My"  or  equivalently  "Maximize 
"V  =  -ax  -  My, the  algorithm  generates  all  the  extreme  points 
in  the  lower  boundary. 

The  only  possibility  of  generating  an  extreme  point  twice 
is  that  the  initial  and  final  extreme  points  generated  during  the 
step  (4)  may'  have  already  been  generated  in  the  earlier  step  (3) 
due  to  the  fact  that  the  .same  extreme  point  may  be  at  the  intersection 
of  the  upper  and  the  lower  boundary  of  the  mapped  convex  set. 

When  the  original  convex  set  S  is  empty,  the  mapped  convex 

/i 

set  S  is  also  empty.  When  the  original  convex  set  is  unbounded, 
they  may  be  closed  by  the  so-called  "regularization  method11'*'  without 

■*See  Chames  and  Cooper,  1961. 

affecting  the  nature  of  the  problem  and  the  solutions  ^  and  30  there 
is  no  trouble  here  either  and  th©  same  remark  applies  via  these 
regularization  procedures  when  the  original  problem  has  no  solution. 

The  possibility  of  extending  the  algorithm  to  cases  where 
the  mapped  convex  set  has  more  than  two  dimensions  remains  to 
be  explored ,  since  this  is  of  possible  interest  when  multiple 
"indicators"  and  their  related  "divergence  coefficients"  are  to 


be  accomodated. 
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